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prepared on the basis of successful teaching practices and 
recommendations fj^om recognized educators, rnformation regarding 
considerations unique t^ teaching the middle grade learner is given. 

-In addition^ issues in^ mathematics education tod^y such as how to 
teach prbblem-'solving , how to use technology ^ and how to overcome 
mathematics anxiety are addressed. Also included are suggestions for 
ways teacher.s can plan student activities t^t help middle grade 

.learners acquire the appropriate mathemat ical concepts and skills. 
The guide is divided into five major sectionsi (1). developing 
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Mathematici education is reviewed continually £ c; .y level to keep instruction respforis|^e and current. 
Resulting charfges in mat hematics' education are based on developments in theofies of learning, finding^ 
regarding instructional practices in the classroom, public opinion and most importpnty th^^evolving process 



of mathematics itself, ^ ' ? - 

The Georgia Department of Education appointed a committee to review and revise t^ie mathematics 
curricufum guide for the middle grades. This guide* MathematicB for Georgia Middle Grades, is th'e result " 
of the committee's study and writing, - ^ ^ . 

We appreciate the time and effort the committee members gave to this project ar>d commei^d th^ni for t|fis^ 
excellent pubncation. We believe that as educators in middle schools throughaul Georgia use t^l^^iidf ifi * 
their curriculum planning^ the mathematics educatipn in those ichools will improve significantly. , 

A, 

Charles Mcpaniel . ^ 
State Superintendent of Schools 
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The purpbse of this guide. Mathematics for Georgia Middle, Grades /is to assist those who hte concerned 
with improving,mathematics education in Georgia schools, information provided here is intended to Kelp in 
planning currfqulum at the local level. 

The writers have prepared this guide on the basis of successful teaching practices and recornrnendations 
' froni^lrecognized ^educators. Information regarding considerations unique to teachiirg the middle grade 
learner is given. Issues in mathematics education today such as how to teach problem solving, how to use 
technology and hdw; to overcome mathematics anxiety are addressed. The writers have included 
suggestions for ways teachers can plan student , activities that help middle grade learners acquire the 
appropriate 'concepts and skills. 

We hope that this guide will help iDcal planners as they review, revise or develop the mathematics 
curriculum and thereby improve mathematics Instruction for all students in Georgia schools. . 

Lucille G, Jordan 

f \ ^ Associate State Superintendent 

Office of Instructional Services 

j Scott Bradshaw, Director 

Division of Curriculum Services 
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A major goal of schools is to prepare students to function in modern society — both at the present time and 
in the future. In order to plan towards this goal the school system or the schobl should prepare a curriculum 
for each subject area. Such plans shduld be developed by groups representing various sectors within the 
school system and tht community. This curriculum . guide, Mathematics for Georgia Middle Grades, was 
designed to assist thofe involved in planning a local system, local schpol or individual classroom 
mathematics curriculum* 

It is assumed that a local overall curriculum planning committee with members representing all subject 
ar.eas has been established ^nd has given direction and input to' the leaders developing tHe mathematics 
curriculum. The mathemaucs curriculum committee (or individual teacher) planning or revtaing a 
mathematics curriculum should develop steps or tasks to follow and designate people to be responsible for"^ 
the tasks and associate time frames. 

A curriculum cannot be developed quickly. Adequate time rrnist be given for study and discussion of 
(a) trends and isspcs in the field of mathematics, (b) wayi studa/jts learn and (c) strategies for teaching. 

Suggested steps for developing a mathematics curriculum for irif d^^l^grades are presented on the following 
pages. Of course these tasks may need to be adapted to acconuiiodate the local situation. Time frames are 
T^t included since ti/ne needed for these tasks will vary from school system to school' system.. 
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Task 



RespoMibility of 



Resources in 
Mathamatlcs for 
Georgia Middle 
Seliools 



Formulate Mathematics 
Curriculum 'Committee 
cdmposed of 

« local curriculum 
director 

• local mathematics 
supenMspr or designated 
leader 

• representativei from 
mathematics teachers 
in elementary, middle 
and secondary schools 

• media speciaHst 

• representatives from ^ 
other curriculum areas 
4to be called on ai needs 
arise) 

• guidance counselor (to 
be involved periodically) 

• representatives from the 
community (to be called 
on periodically)' 

Develop goals of mathematics 
leanling. 

• Study general and 
mathematics goals 
of local and state 
educational agencies 

and state and national pro- 
fessional mathematics 
organisations. 
^ Study (or formulate) 
philosophy of the 
school system regarding 
generBl education 
and mathematics 
education. 

• Consider local student , 
needs, present and future. 

Study materials and 
provide sufficient * 
time to discuss. 

■ How do students 
learn mathematics? 



Curriculum leaders* 
'general and mathematics 



_Matheiiialic^ CurriculuWi 
Committee 



Subcommittee 
of Mathertiatlci 
Curriculum . 
Committee 



D'2 



Nature of Middle 
Grades Learner, 
Modeling and 
Problem Solving. 
Goal Setting. 
Strandi and objectives. 
Processes, 

Personalizing Instruction. 
Speci^Consideration, 
Support Systems Evaluation, 
Appendices, Resources 



Nature of Middle Grades 
Learner, Modeling and 
Problem Solving, Goal Setting 
grands and Obiectives, 
Processes, How to Begin, 
Personalizing Lnstruction, 



ij 



Task 



Responsibility pf 



Resources in 
Mathematics for 
Georgia Middle 
Schools 



How do ^students 
learn mathematics 

:? As" 



as a 

a science? ^s & * 
collection of skills?' 
As an art? 



Special Considerations. 
Support Systfms, Evaluation, 
Appendices,, Resources 



• What are the students' \ 
attitudes towards 
mathematics? . , , 
What changes in 
artltudes and apprecifitions 
do you wish a 

modined mathematics 
program .to aftajn? 

• Arp* there specific 
mathematical needs 
for your community? 
Are there particular 

" needs in careers 
typicalh' pursued by 
-your students? 

• Does present curriculum 
Include sufficient oppor- 
tunities for problem 
solving and evaluation 
of problem solving? 

9 What strategies of 
teaching should be 
employed?' 
Are a variety 
of strategies used in 
teaching? 

What major topics of 
mathematics should be 
addressed in the currj* 
culum? At which grade 
levels or within which 
units of Study should 
these be addressed? 
Note: Keep notes on 
readingB to help in 
writing the guide— 
eBpecia!!^ actitsitieB 
and referenceB. ' i 

These findings should 
provide a framework ' 
within which the curri-' 
culum can be built, . 
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Task 



Responsibility of 



MpthamatiM for ^; 
■^jK-^r '. . G^orsia Middle 

r.y O'V:.- /Schools ■•■ 'h/' 



'Review the Statewide : 
.Criterion-Referenced % 
- Test (CRT) objectives 
N^' and high schbc^ graduation 
/^requlrenients (bothi 
state and local). 

5, Develop student objectiyea 
for mathenTatics ■ 

^ education and indicate * f 
: those skills which ■/ ; J 
lead to the expe^ed- ' , - -^ 
skills of graduating 
seniors whether they 
entfr the world of 
work or postsecondary 
schools. ■ ^ 

w^^he objectives^ should 
be coded to the state , 
; CRT objectives and 
the Basic Skills Test 
indicator clusters- " ■ 

6, Review the existing ^ 
curriculum to ascertain . 
if the skills exjpected ■ 

<' of secondary school 

students are Included * 
and:4rc at appropriate 
^ grade Ic^ - . 

middle grades to ensure j 
^ - opportunities for students 
to develop these . 
skills; indicate those 
tnissihg from* curriculum 
■ y arid place those, \ . 
desired in the ^ 
list of objectives. 

7, Review ej^isting curriculum ^ 
in terms of stated / ; 

'goals* objectives and 
locarstudent needs; indicate, 
iricpnsistencies and 
: include those objectives 

desired Into ihe revised list of 
^%f/> objecti^s. / ^ 

Develop a format fp^ the 
V V: curriculum guide/ 



: Matfieniati^ 
Currieulufn 
Committee 



Matheniatics 

Curriculum 

- ■ . . \. ' 

^Committee ! 



^ands and Objectives; 
'^Appendices - ^ ■ 



Modeling And Prpblem 
Solving* Goal Setting, 
: Strands and Objectives, 
Processes^ Appendices, Resoi 



Members of Mathematics 
Curriculum Committee 



Members of Mathematics 
Curriculum Committee 



Menibers of Mathematics 
Curriculum Committee 
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Task 



Responsibility of > ^ 



, ResoUFce's in 
Mathemalfcs fol 
Georgia Middle 
3cliobls 



- List topics to studied 
In the middia gradesr Indicate 
1 the grade livel(s) in whi^h ^ 
thay will be placed. Of ^ - 
course some topics will be 
Included in each.grade— '^^ 
introduced, 'dei/eloped - 
and reinforced— as needed 
. ^ for the spiral approach 
^ to laarning. 

These topicf may be the 
same as the strands listed 
in. this guide— or they 
Tfimy be subtopics 
\ withrn thVatrar^s'or a : 
y combinatloji of ^ > - 1 * 

. subtopics fifpih more - ^ . t 

^ standard geomatriG . / * 
^ shapes and measuring area. 

. Decisions on scope %nd , 
sequence of topics 
should be carefully planned 
basad on such constderations . 
as (a) mathematical . :^ ^ 
skills needed prerequisite 
to the ;ptudy pf a given 
toplc» (b) the. movement, 
of students from one class. - 
. or s.chopr to another* (c) 
scheduling the use of - 
available »r<isources (both, 
qnaterials ^nd people)^ : 
Of course flexibility " 
must be allowed so as to take 
- advantage of opportunities _ _ — 
which may present 
themselves,; - - ■.' ^ 

Identify, select or write 
student activities to develop 
each td^ip and to help 
students attain the objectives. 
Code the activities to the 
topics and the objectives. 
Teachers should plan co» 
^operatively so that repetitldn 
from ona grade level to 
another is used for rein^ 
/ forcenient rather than in 
. hapha^a^^situatipns where 
ft is boring and i|seless tO;. 
students. 



Suticotnmlttees and = 
the whole ottha . 
Mathematics Curriculum 
Committee ' .. 



Nature of Middle Grades 
Cearner, Modeling and Probl^m 
Solving, Processes, 
ParsonallElrtg Instrtictfon, 
Special Considerations, . . 
Sample Activities, Append[cas, 
Resources 



Subcommittee of Mathematics 
Curriculum Committee 



^^odaling and Problem 

Solving, Processes, PersonallEiiig 

Instruction, Special 

Considerations, Support 

Systems, Sample Activities, , 
' Evaluation, Appendices,^ ^ 

Resources, Careers in ' 

Mathematics. 
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11. ^ Identi^, aelect^pr develop 
V materiali needed for the 

activities. IdenUfi; select 
Other resources helpful to 
studBiits in achieving the 
objective. :t 

12. Review the offerings deve- 
loped through number 10 
and respond tb the following 

, questions^ ^ * 
. • Have appropriate o^erlngs 
'been provided for all levels 
of students? * 

* Have a sufficient quantity of 
activities tien planned 

to offer students or to 
• ^ offer teachers s^^^ as* 

.(a) to assist them toward 
^ V ' attaining minimurn , 

riquirenients.for high . ^: 

schobi, (b) to prbvlde 
^ , a wide variety: of activities 

' beyond the minimum, (c) to 
^ provide for # variety of 

teaching and lemiing 

styles. 

• Are objectives stated so ^ 
that evaluation of 

student attainment can be 
measured? >■ . 

: • Are there. provisions for 

a variety of itrategles i 

including discovery 
* approachs small group or - 

individual actlvitieSt . 

observation* exploration. 

Investigation, inquin^* / 
^ organization of tdeaSj 

organization of data* 
' ppplications to other , 

disciplines and reinforce* 

ment? 

Is the level of student 
^ involvement as high as , 
possible? 

_• Are the activities 

appropriate with respect 
to student needs, abilities , v 
. and interests? 



RespoMlblllfv of ; 

Subcommittees and the 
whole Mathematics; 
Curriculum Committee, 
additional mathematics 
f eachers and consultants 



Subcommittees and the 
whole^athematics 
Curriculum Committee 
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Rraonrce^ In; - 
Mathematics for ^ 
Georgia Middle 
Schools 



ResQurc^, 

Careei^ In MathemSi^# 
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Task 



iResponsibility of 



^- Ruourera in ? , 
MalUematies for 
. Georgia Middle 



Based on prescrit ^ 
inv3hton/ are all 
needed i^ateriala on hand? 
If not^ list missing material 
ranked from most to least r 
needed. ^ ^ 



- 13. Revise the plans based 
on answers to task 
11 above. 



Mathematics ' 
Curriculum Committee 



14. Identify* select or develop 
procedures for ^evaluating 
" the objectives-^for ; ^ / 
" evaluating both the \ 
program apd individual 
student progress. ' 



15. Develop a plan to fields 
test the program. 



Mathematics 
Curriculum Committee 



4 6« ^Select schools and teacher^ 
to field-test the program. 



Mathematics Cuniculum^ 
Committee, iupervisors 
\and administrators 



1 7- f ield^est the program— keep 
. nqtes regarding cjianges 
needed in the program. 



Designated teachers and- 
supervisors . 



18. Bevlew/revise curriculum- 
use questions in previous 
steps to, develop plan for 
review/revision-. ^ 



Mathematics Curriculum 
Committee : . - 



19. Plan for evaluation of 
mathematics curriculum. 



^ Mathematics Curriculum 
Committee , 



Evaluation 



20. Formulate and implement 
staff development plan. 



Mathem^ics Curriculum 
Committee, supervisors ^ 
and admihistrators 



21. Implement the mathematics 
curriculum plan. - 



Matheniatics teachers, 

administrators 

mnd supervisors » 



22, Evaluate the mathematics 
curriculum each year. 



Mathematics Cumculum 
Committed, teachWs; 
admlnistrators«a^d supervisors 



lEvaluation 



23. Review findings of 

evaluation each year and plan 
revision where needed. 



Mathematics Curriculum 
Committee, teachers "and 
supervisbrs 
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In determining goals and objectives at. the state, systenip building classroom levelrone of tthe first steps 
fnust be a consideration of the phUosophlcal bases of the program'. Beliefs^.^M perceptions a€biit effective 
.. learning will greatly Influence the, nature of the. studentsv eKperiences In a pprticular ichd_oI.Si?steratvSchpol^ 
and/or classrobifi. If educators are to gr^ in effectiveness, it is important that they examirte their basic 
philosophies about mathematics education in the middle grades- These perceptions will naturally include 
some beliefs about the learners themselvesr-the mathematics to which the learners will be exposed and^ 
techniques for combining these two sets of beliefe in an effective program. ^ 

The first section oh the nature of 4he mfddle grades learner^discusses 'the particular characteristics of this 
age studedt and includes some iuggestions for using these chara^eristics to en^nce thp experiences pL 
students rather than let theth serve as deterrents to leafnirig^. Probleni solving as the inajor emphasis in any 
mathematics program is ^e theme of the second^seMu^^Q^riculum decisions should not be made until 
some of thi^issues addressed in this section are considered^ A^§esti6ti^.on goals is then included to present 

: additidnal considerations in setting goals. Once the philosophical bases have been determined and the 
poa'R set, the objectives can then be formulated; A section oh objectives is included which' contains an 

Explanation of th^ role of state objectives and local objectives and a list of statewide objectives for the=[ 
middQe grades. The last section jdeais with the role of pr^c^sses inthe jtiiddle grades mathematics program. 
As with other parts of the guide, the order of presentatiOT of the sections does not necessarily represent the 
otider in U(hi^h they should be studied. The topics in the ^ectioqs are interdependent and therefore should be 
studied as a whole rathe^ than as sepiirate tppic^p > ' : % ^ 
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e Mid^d^ ^pralt^ Learner 



v-W^^re^he. middle grades ^Omtrs^flKat arte they^ ylwy^They are happ^ one minutfe and fad the nejrt. 

iTf^^ one d^SSdiUT^^^^bie tKe^r^^ minute they u/knt to MI you wK^o do'And 

- the next miriute thgy warti^pu^tdtSfr t^ being^logjGal to . 

^ irr^ibitalp clearing to^^Mp^aMng, ^ or^ w^drawn, ierious^ to sillyp^^ 

sophiitidatcdp adult-like grottrth pcctirs in spurts and this erratic 

growth bften results Irt aWKrardn^p^^^w^fc?^^ Md reWfessn^s. The^ cdnstaritly changing* 

: embtionaU intellectual and j^hyiical J grau^h ^ iponfusing to these ^students ^ikl^cause theirf to 

1 cpnstantiy reassess thems^lyei J|Htth^ yeai^,/ when )|buri3^ are approslrnately 10 

- through 14 years of ag^p are crticy>ifcthe^^:tf^ 

'both personal and acadeniic succesi^^^ X . l. - -"" '^"^^ ^ '\ .-^^ .' 'T^^-^^ . -.'^ / ^ 

" ^The*^iduKs whb^w^ 

. knowledge and subsequent Understand!^ of these traits^ are. essential for the effectiveniess of any adult 
lubrking with rnifldle; grades students; Such 

to an Acceptance and tolerance of these To adopt a tojerantp and basically a 

poslUpn rathet than a p could result In misuse, or ev^ losSp of at least, four critiMl y^ 

inrt^rtion\ Stutfentg nil! pxp^jri^"^^ ^ysff-al growth (during tbJr^edod of time. They^hoi^ . 
Intellectual growth as well. ^ ' V " . —^Yr^ 

Almwah there: is some Consistency in eacK >studeht and/br group of studcntSp^ planhihg^^ 
„ ff^i*^ for a clasa of diverse Individuals^wha^will likely be different each day Is not an easy ta^^ Evert 
panning for one unpredictable and changinrfiiddle grades learner Is difficult. Although proc|r4w^lJ^i^ ^ 
g^atlyp a common gorf of each should be. the^ the piflpgram be develbpied cooperatlveli^by Iridi^^ 
ar^ knowledgeable of and sensitive to the;uniqui situation of these students In the middle gra□^^^S^^#:?/^ 

jihe indiyldual characteristics of the middle grades learner have many possible •ramflcation^ f^^^ 
riibthematlcs program. It would not be possible in this section to deal fully with the dMracteristics ^nd hpw^ 
thesr Individually or collectively affect given educational situatipnsr Not only a(re the characteririlcs 
humerpus, b^they are also complex since th^re are some characteristics which mi^ht conflict/when 
irtiplemi^atitfii strategies^ are^consldei^ For ej^mple^-abiUty^^puping, enables tee^ 
efcctlyely with the diyerse a levels present in a middle grad^^bgram. Ability grpupingp however, 

often '^uses^^ere^eif-concept problems at this particular age wheir^^ d^ 

difficult for s^dents* Another ekampld of solutions that assist in one area but ifnlght create pffibfems in . 
another grea^ the us# of flexible scheduling and fleklblf groupings^ yThese^ changing schedules arid 
grouping patterns are excellent for providing a varietV of matheniatical ^^periences but do not provide the 
stability for; those studOTts who need a very secure ^and rfructured en^dronmint. The complexity of such 
: learning situation^ does not mean there are no solutionsi-^ey certaiirfy can be and sh6iLild;be addressed on 
an bngolfig basis at the system, school arid class leveh Obviously^ compromises and tradepfh will 
have to be made and tontlittious evaluatlDn^^^^^^ ' 

Most of the solMtions or decisions concerning the mathematics program for middlei grades students must be 
made atvthe local leyri*. This, section o the guid# will contain some suggestions for eliminating certain 
aspects df mathematics pro-ams that might be counterproductive to the overall groUrth of these students* 
Suggertedi Ways to capitalize on some of the characteristics and use them to enhance the Jntellectual 
growth of these students m 
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Certain! one of th^ most; critlcaL needs of students who are 10 to 14 yeafs of age Is the lieed'to feel good 
about th€ms€!ye& As they reach the age where they begin to, look at t^ennselvei^arid refl^^ on who they 
are and who they would like to be, they are often disappointed In themselves. This disappbint of 
cdurse/manifests Itself in Jn^Qy ways^frp^^he student^a^becotning extremely withdrawn and 'antisocial to 
/ becoming obnoxiously loud and cocky to cover up ffelihgs of ihadequacy/^mdsi everything that Is done in 
th"e schools during this tii^e tj^ll affect this characteristic either positively or hegatively. In general, sichools 
need to provide an envirohnient that assures students th6 best possible opportunity^tb develop self^efsteem 
There are four areas that seem to cauf e more difficulty than others in developing self esteem in middle 
grades students^honiework, testing, eKcesslye competitive aspects of tfie mathematics program ahd 
expectations. : ^ ^ . ^ 

Certainly there Is great support for a retur^^ more homework as a method ofreinforcing barsic skills in 
mathematics. There are* howeverr cei^Mp cautions that might be mentionedMn connectidn With middle 

^ grade leaniers. Since their problem witEmithortty often is more home-centered than school-centered* and 
since many parents have difficulty themselves with mathematics/ homewprk; often creates problems in the 
home which result in setting the student back gather than helping hirn/her ta move 'forwards Several 

& suggestions that might be^ade in the area of homework are to T ^ 

• assign hornework as a follpw^up activity, hot before p student has a fairly clear understanding of the 
concept. -This appfoach miglit require multiple homework ksslgnmerits for different readiness levels in 
the' class.jThess assignment might be dbmpletely different in cotrtent or maybe in quantities of different 
portiohs within the assignmenisi JTwenty sentences of one type nilght'^be hecessa^ for one student where 

' five may be sufficient for another, - . \. . ^ \ . 

• comniunicate with parents concerning their role in the homework process, such as providing specific 
time and place for study #s opposed to giving specific help w|th content, v 

• communl^te with other teachers on long-range assignments and effective ways of dealing with speciflc 
. students In the area of homework. . . . . , . - » 

« provide some choices In homework assignments. - . ^ " " 

"i; make some group^assignments where t^ or three students areTes^onsible for certain tasks^as a groups 
Students will often ftilflll their responsibility to each other when they will not assume it for adults. This 
suggestion nilght also encourage students to Interact and discuss mathematics. This process should be 
r- monitored careftilly, howi^er, to assure that qne or two students do not do=all the work; - * 

Needless to say, there are many possibilities, an^^p one technique will work for all students all of th^ time. 
'Varying tKe format of homework and reducing the possibility of creating problems at home should Kdp In . 
lessening the negative aspects of homework for middle grades learners. Homework should enhance the^ 
school program, not destroy^ the gains which have been made. If ways cannot be found for homework to be 
helpful, perhaps there is Justification for it being elimta^ * ' . ^ 
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Probably trie single most significant fartdr contH^ting to ,the hpstil% agaiiist mat^ and low - 

self-e^eem in mathematics is te^^^^ homework, testmg^certd be 

eilmihated since it needed IFor diagnosing and planning for each stuSeH^ program planning and feedback 
to parents and students^ A major concern regarding testing tjiisj^age student is communic,^^^^ 
Sample, there may be a comniunieation probleih Jiivolved in ^t ^ ; 

Add the fbllowtna^nd slmplifir your answ^^^^ { ^ v;:^ ^ ^l^i \ 

<-x •/. - ao 





'What Is the student communicating to thc{tea.cher on this test?;^ ; ^ . . - ^ 
^ *4 don*t know how.to add fractions.'V fi l^ ^ - ^ 7 ^ ; * 

"I don't know what simplift; means/' ' ^ ■ \ #; ^ 

"I ddn't'^kiibw h€iw to simplift/ m^ . ^ ^ ^ 

"I don't like to simplity my ansvyers, and I h^e you won't mark it wforig/' ; 

*7-m ntot going to simp my answere* That's^bmh^^d+d^^^are if you mark it wrohg. I'll probably 
fail mat^ anyway." _3 , ^ . ; , / ^ . " ' 

What fs the teacher ccmmunicating Vo'thG Jrt gram of 20% on this quiz? j^ ,^ vV 

"You don*t know how to add fractionsr' " ' * . . 

Wou don't knffw how to fonow directions, and you're not going to pass this course until you do," 
: "You dpn*t know how to simplift? yourwanswei^." v % ; ^ 

What was the teacher ftsting and eonscquently^^ trying to communicate^ the student? Was it adding 
fractions, simpli^ng: fractions or followfng directions? Iff all three arcjfoeing tested, is the teacher 
iniunicatii^g to the students'that they have, hi factrfearned to add fraictio'hs but^riot the other two tasks? 



cbmr 



in addfton to the^ cdmmunicatidns Issue, the^dependence on tests, ^with their threatening aspects, as the* 
only soufte of jnotivatlon probably^ turns more middle grades studems against mathematics than any other 
factor. The frequency of tests in mathematics is often a problem\ Giving %ests once a week means the 
practice of (1) reviewing for the test oh one day, (2) testing on the next day and (3) returning the tests on the 
^hird day. This process wiirresult In some negativism toWard mathematics on at least three of the five day^ 
in a week* ^ ' '\ . • ' 

A thorough discussion of asapssmeht and its implications for the middle grades Is inclifded In the section on 
evaluation ip this gulde^' ■ . . " / * ' / 
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4 Excessive Gonipetitioii 



'Although competittoh is norrWal and certainiy basic to the ^mericah wayi of life, most middle grades 
authorities agree that competition should be reduced drastically during this developinental period. They 
often reconirriGnd the *reduct ion or elimipatioq of social pressures 'such as dances and, other fdrmalized 
hoy-girl relationships. Also discpuraged are competitiye sports which rf ward the physically mature, dd not 
provide posit ive^experiehces for the majority df the students and; can actually be detrimer^al to students' 
aelf^cohceptSi^ Likewise, authorities suggest eliminating, or*at least reducing,, excesslv^e competitiveness in 

1 the area of intellectual growth. The most obvious considerations that affect this area are those associated 

r with organizing for instruction. The section of the guide that deals with personalizing instruction addresses 
this concern. Other areas that rnigKt be cdnsidered are required participation in mathematics fairs^ 

*.\ contests or similar events. iBeta Clubs and other secondary school reward systerhs might add to the already . 
complex prbbleni of developing self-esteem for this age groups Authorities citethe-incidence of suicideVthe 
second leading cause of death for this age, as evidence of the inability of these^uu^ to deal with ! 

' pressures in the areas of s6ciah physical and intellectual develi^ment. Decisions in the^iTiathematics 
program should be made with stiff input and be^ased upon research findings. Since these studGhfs livie in 
such a competitive society, if is often difflcult to convince some educators, parents and students that niiddle 
grades students already haVe an abundance* of pressure that U self-induced and that cannot be controlled- 

. Consequently, the schools should be as sensitive as^ possible in progralT> planning to provide ap 

^ environment that Js > supportive of ; all ^cblldigfehi jn? 
intellectually mature student. 7.^. / - \ ^ v ^ > 

l^ot only are there major progranffiiatic cpncernk In mat hematics which need to be considered in the area 
of competitiori, but there are also everyday classroom actFvifies which dre veri^ important. Each classroom 
teacher must strive tb provide a classroom environment where ^students feel free to take chances in 
matheicnatical problem SQlvIng, to guess and possibly be^wrong, and to try ideas and find they might not 
produce results. Since these students often ridicule each other, mathematics teachers must assume the^ 
responsibilii^ of eliminating .as :mucH^ .damaging behavibr :as possible./ A: positive 

atmosphere, can often be accompfished by having students' discussion through the use of brainstorihlns 
procedures that facilitate participatieh by all students. Growth i^mathematics for middle grades students^ 
particui&rily in problem solving or thinking skills, will occur much more readily in a supportive atmosphere 
where students work together and not against 'one anotheV Teachers should be very careftil about . 
comparisons of physical appearance, e.g., height, weight or other sensitive areas when choosing relevant 
examples to use with students. , " » \" ^ 
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: Very few teachers or: school adminrstrmtbrs ha^€ not participated in a parent conferance and heard a 
' coirirnent llki, "I don't really expect Johnny to do well in math. He got that honestly firom me. I could 
never do u/ell in iriath/' Teachers are keenly awire of the negative effect of the expectations of some ^ 
* parents.. Prbfessional educators iometirnes cominunicate this same kind of low expectation and do so in a 
variety of ways. It may * be exhiblteti *n the way teachers organize for instruction (See the^^ection ^ 
Personatizjng /nsfruction). It may also be reflectid in the assumptions some teachers. have that students 
V low in computational skills cannot successfully* participate in problem solying veritures. Anbther examplie is 
°'^^^~^hrpmctira^flfiking"highe^lev quesiions to only the=talented students and then probing for^^ answer 
while accepting, *i don^t know/' from a student for whoirt th 
remarks are made to middle grWes sflidents by school pm 

so difficult to. change the self-concept of these students, it is ertremely important* that the teacher 
communicate positive -CTpectations* ^ . ^ 

- These fo^r areas have; been given as example^ of programmatic concerns that should be addressed by 
every teacher and considered In the development of each mathematics program because of the possible 
negative impact on middle grades students. A more positive approach in considering the ramifications of 
^^^i L^. the characteristics of the middte grades learner on ptograms .wb^d beio identify certain'charactcri 

the learner an^ to use these characteristics to benefit the learner iri mathematics/ The following five 
examples might be used by local syst^ groups in taking this approachV 

■ ■ — ^= - f - ■■ ■ ■ =^ ■ ■ _ ■ \ -- ■ - ^ . . ^ : . / . ' 

'Using Gharactcristic^ 



The BtisdmtB' need for developing th^ ^V/. % 

Since students are seeking to develop their own value systems, pursuing this topic 'might be an excellent 
opportunity to work on positive attitudes towards mathematics. Many children have ateepted the attitudes 
of their parents toward mathematics and consequently may have fears and a dislike of mathematics. There 
are specific Suggestions regarding this topic in this guide in the article entitled Majhcmatfcs Anxieft?. 
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The studehts* ^ctrem^ need Jor peer interaciioh and app^vat f . 

Th^€ are many ways to utilize this characteristic of students to work for, rather than against, the learning 
of m'atheniatical concepts^ One of the most obvious irpeer tutbring. Peer tutoring not only beneflts thie 
student having difficulty but also the student providing ateistance. Verbalising processes increases the 
understanding by the student vbho Is giving tfle explanation. It also helps to develop In the tutor a positive 
: self'^cqncept which is so dIffl'cuR for students to maintain at this agei^The student being, tutored can bertefit, 
not only because of the additional help they are provided but also because they are bften more willing to 
ilsten to a peer tutor. Needless tb say^ there can be problems with anyone other than a trained professional 
being used in the In^ructional program; therefore^ th^ process should be closely monitored and evaluated. 
Also, the teacher should be cautious about misusing peer tutoring. The bright student should not be 
oviBrused In this way and consequently not be provided more Simulating enrichment activities. 




TheBiUdentB^iritereBti^av^ ! v ^ ^ , 

Students* predccupations with areas other than mathematics need not hinder their Intecest in mathemat- 
ics. For example, a student who is extremely Interested In art will likely become very interested in geometry 
taught via geoboards, string art, paper fol Ang, symmetrical designs, tiling or tesselations. Atheletes will 
give almost all tasks In statistic^ their undivided attentfon if the data are related to sports: In Addition to 
capitalizing on existing interests, these youngsters are ofttn willing to explore new areas of interest. 
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Rapid physical devilopmm^^ kpurta . U^^^ . r^^ . . , ■ ' ; : : 

Leanilng centera and other similarly strurtured activities in the classropm are readily accepted by students, 
who sit for many hours a day* ^so; the outdooE matheinatics emphasis cduld change this characteristic to;; 
^ a positive contrlbutihg . fartbr to the inathematicfil growth of middle grades studen|s, lliere are several ^ 
sertlbns of^this guide whid^ should prbvide assistance In t^ particular, see "Ratios, 

Proportions) and the Great QutdMrs" in the "Activities'Vsectioti of the guide. ^ ^ 

the ektremi idmdUsm and need ; v : ' : 

There are many heroes In" the field of mathematics, such as Pascal, Gauss, Pythagoras, Descarttes aQd-: 
Noether. with very- interesting bibgraphies tha^ to studerfts and stiirtulate their interest 

fin mathematics. TTiese heroes might be presented in mini-units as enrichment as a 7ead-in to a speciflc 
unit a^ociated with the matheinatician or as a research effort. There *are also heroes in the community 
that could' be called upon to assist with the mathematics program. If the studenVparent rielationship is 
rather positive, the use of a parent can oft^n" create a pofeitlve attitude for a studtnt In mathematic$. U^hg 
high school students who provide good model^^ fiulfll! this need of middle grades stuSents and greatly 
enhance the program.^ ^: - : . 

In summary, educators should study not only the mathematics curriculum for middle grade students but 
also the learners themselves^ Plaririing mathematics programs in local school systems ^and individual 
schbols should utilize thir knowle(Jge; Certain aspects of^ the program such as hdniework, testing, 
competition and teacher expectations, tend to present Substantial problems unless thei* is deliberate 
planning in the areaSi Finally, rnahy of the^ characteristics of middle gra^ used i;i a 

posSive way^ tcT e^^ 

mathematics teacher in the middle grades is trfmendous. The remainder of-th^ guide will attempt to 
provide assfstahce fo teachers in meeting this challenge of facilitating, growth of the students In these 

I- critical years. , ■ - • .- . ■ y.. . ' / : ? " ■" . ^. \ ; 




..■■3::i'=.-"- y 



^Ung and PrpM 



Learning to iblve problems is probably the most importent single process of anyone's edMMtibn. People in 
every walk of life are faced with problems to solye* -MMy of these problems are routine and may actually not 
' bg problenis at all/ Sometimes it is riot easy to detennine whether a situatipn is a=probleni for a particular 
indiyiduaL What is a problem to one person* may be merely an exercise to another. If a task requires only 
^ routine application of a procedure, it Is n A ^ ' * 

Most problems that people encounter in their lives do not corne tieatly written as textbook type Ujord . 
problems. They are usually encountered problem situations which need t^^ be clarified into problem . 
statements, then approached and solved. * ,.'\.^,^y ■ ■■\./ ''^./\ : ■^■^_^/_.;-y ^'''^^' ' ' ^^/^ 

Middle grades learners should have experiences in solving problems thAt are already" fomiulated and , 
^shbuW also hiave^cperiences ^ problem 

^ MathemrtiMLmodcU seernjo gb haflid^^^^ A model Is representation Of a 

rtaUworld situatibri j ust ^sy:a ma^ pf;^ city (the model) is a representation of thie streets of that city (tlhe 
reality). Learning matherrtatics can be enhanced by underftariding the global uses of m as models 

,^ for phenomena In the world, and problem solving itia^es direct use of matheniatical models. A simple 
"example of "mathematics "enCDunter^^^^ middle grade^u{ill help illustrate this point. Students-learn to . . 
^ manipulates = ^c and c ^ a/b. Specific e^arnples illustra^^^ thp generality 

1 and adaptability of such multi-purpose mpdels an d in* fact the power pf such a simple statement. TOe sarne 
basic mathematical model can represent the relatloi\sh!p between distance, rate and tim^ (d ^ rt) or .it can, 
represent Ohtn^s Law U = E/rJ. pr.'hichard Skempii97lVl979), a noted educational psychologist wh6 
speclsilizes fn the theory cif learning matfieraiatics, makes a case for teaching for such higher levels of 
aWraction. On the^^#^hand, iri order to solve problems, students need to find a mathematical model 
th^t fairly well fits wit^^e^ problem ilttlation, * - ' ^ 

' ' - ' - ' ' " ^ ^ ' ' ' '■ ' ' \ ' -'. 1. ■ _ , ^ . _ - . ' ' * * 

In An As^rida for Action: Recommeri^ ScHool^dthematicB of 0^1980$ (Nationar Council @t ^^ 

Teachers of Mathematics, 1980), the first TecommendatloA Is that vproblem solvihg be the focus of school 

"^mathematics In the 1980s* Inc^ded in the discussion of problem solving istht statement, ''Problem solving . 

- involves applying mathematics to the real world, serving the theory and practice of current and emerging 

sciences, and resolving* Issues that extend the frontiers of the mathemMcal scfences theinselves.^\ 

Suggested actions for the recommendation include the fpUowing. ^ . ' ^ 

The mathejfnatlcs currlculunfi should be organ ize,^^ ' 

The definition and language of problem solving in m . 
expanded to include a broad range of str^egies, processes, and modes of presentation that 
endompass the ftiU potential of mathematics^ 

' Mathertatic^^^ should create classroom environments in which problem solvfng^can 

.■■ flourish. ' ' ' - " . - 

Appropriate curricular materials to teach problem solving should be developed for all grade 
' levels* ;. ^ "' \ " ' / . ' ' 

Mathematics programs of the 1980s should involve students in problem solving by presenting^ 
applications at all grade levels. ; 
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The inlddle grade learners should have experiences, solving routine tvord problems as preparation for and" 
In conjunctiDn with their ekperienc^s oHonnuIating problenis to^ol^^ more reaUworld problems^ George 
Polya, through his book //ou? to Solve It \1957), c&n assist the instructor in teaching problem solving , 
strategies and help students become aware of the strategies and processes they ere using and can draw 
upon for fiiture use/ He separates the problem solving . ^ 

1. Understanding the probleni - ' ^ - i" ' ' . ' \ 

2^ Devising a plan ' 



3. Carrying out the plan * ^ . ^^^^ 

4. Looking back and checking the results . . ; . ~ ' . 

Expanding on Polya's work to include real-world problems that are not clearly formulated^ one might go 
through steps such as these. : % \ 

1. Formulate a problem statement v / ' 

2. Analyze the problem (tmderstand) -^ ./ 

3. Model the problem (devise. a plan) ^ . . 

4. Solve the problem (carry out the* plan) . 

~ 5: Evaluate the solution (looking back and checking) -.-.=.-.^._^-. .^^i ..... 

The flrst step in Probleni Formulation includes the ability^ to ask questions^ or pose problems whose 
answers can shed some light on the characteristics of the problem situation not yet defined. StudeHts need 
experience in deciding which aspects of a situation are important enough to Include in a problem 
statement. Often brain-storming techniques are useM In determining considerations upon which to focus. 
Sometimes there are several Important considerations and constraints of a problem situation. Students, 
must then order th^lr considerations bjfe importance and be willing to make trade-offs. ^ 

Analysis of the problem includes understanding the problem statement. It can involve' restating the 
^problem In different words. Identifying what is known, Le., relevant information or data (or realizing the 
need to collect such information) and identifying what Is not known and needs to be known.' Polya's 
strategies are usehil in analyzing problems at this stage. 

You have to understaiid the problem. What Is the nnknown? What art the data? What Is 
th# condition? Is it possible to satisfy the condition? Is the condition sufficient to determine the 
unknown? Or is it insufficient? Or redundant? Or contradictory? 

> Draw a figure- Introduce suitable ndtfftipnA ^ = ^ ' . 

Separate the various parts of the condition* Can you write them do\^ 

Students can be taught strategies for understanding a problem. - 

Modellpff the problem wlihinclude translating the information found in the analysis into appropriate 
mathematical symbols. This step is important, for the conditions of the problem are made explicit and must 
be. correct. A mathematical model can take the form of sentences in mathematical language, a graph, a 
table or chart, a formula* a diagram, a geometric flgure or a combrnatlon olthese and other formulations. 

A mathematical model must be complete enough to describe the problem fairly well and simple enough to 
solve. A perfect model for a real=world situation usually does not tol^. One hopes for a rather good 
modeL In general, a model should / ; . v. 

• indude as many of the main characteristics of the 

• be designed so that these characteristics of the situation are relate^ lii the model as they are In the 
' original real situation or^rpblem statement and - v ^ 

• be 'simple enough so that the mathematical problems associated With the model can be solved. 

The sophistication of the model will depend in part ^ the mathematical awarenesses of the students and . 
the technology avaifable, e.g., one would not want to use a model where calculus Is needed to solve the 



: m^hemi^ics problems for middle grade itu^^s or to manlpula^^ hundreds of numbers in a ^ 

/Some of Polya^s advice fs tound for the search for appropriate mathematical inodels, ^'v v 

/ Find the connection between the data and the unknown. Ydii may be obliged to cohsider 
v/ : auxjiia^^proble^ if an immediate cbnnectipn ^annpt be found* You should obtain eventual!y a 
' plan of the solution. - ' . =' ~ ■ ■ y — ' ' ^ • ^ - ' ■ ■" 

^^^_^,^ Haye4;olt^^ it before ? Or havg_you_Sf en the same problem in a- slightly d ifferent form?^ _ V 

^ Db ypUsluiow a related problem? ^ 

Look at the unknown! And try to think of a familiar problem having the same or a similar 
-unknown. / ! 

*Hsri^ is a prTbbleni related to yours and solved before. Could you use It? 

Solvios the problem is essentially carrying out the plan. Onfie a niathematical model has been chosen* 
iolving the explicit niathematical problem(s) is nf xt. In Polya's words/ "Carrying out your plan of the 
solution, check each step. Can you sfee clearly that the step is correct? Can you prove that it is correct? 

Skills ^iudehts nee 

this guide., : }. . : . ... ' . . ; • 

Evaluittng the solution indudes Polya's 

Examine the solution obtained. Can you check the resulp Can you check the argument? Can j 
' you derive the result differently? Can you see it at a glance? Can you use the result, or the 
method for some other prob^ v 

rh addition to checking that the solution to the matheniatical problem fits that problem, a broader 
evaluation must occurl Students should look Back to the original reaNworld situation to se^e if the 
solution Is adequate in this less clear conteKt. It may be that this evaluation will lead to reformulation of 
the problem statement since in fact thte sotution is not adequate or that the model needs reyisipn. 

It should be emphasized at this point that th^airagression through the problem solving strategies js not 
necessarily linear and that some back and forth movement may be necessary. For example, once a prbblem 
statement has been formulated, the process of analyzing and.understariding the problem may lead back to 
revision of the original problem statement. Such movement froni one step to another will be common arid 
necessary as understahding of the problem situation progresses and is reflned. ^ 

An example of a problenj situation that is manageable for middie grades ^udents will help clarity some of 
the strategies and processes involved. . - ^ ^ . . 

Problem Situation: Is it better to buy lunch at school or bring a lunch from home? 

Formulate a problem statement. Questions concerning food could arise in many varied contexts 
including an outgrowth of a nutrition unit or as part of a discussion following a polling by students where- 
thev asked others whether they brought their lunches to schooL . 

The initial discussion of the problem can lead students to various interpretations.of the word better in the 
originM problem situation: Is it better to buy lunch at school or bring a lunch from home? Several students 
may consider cost^ others may bring up taste and still others may want to focus on the nutrition aspect of 
school versus home-made lunches. After much debate and . possibly some arguing (with the teacher 
keeping it friendly), students may decide that cost of the respective lunches is their:;primary interest. At this 
pointy the teacher car> enc^rage students to tell which they think costs more— school lunches or thpse 
prepared at home. Various opinions will be given. 
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^ The next part of the.prbbleni situatioh that; needs clariflcatiQh Is €Kactly wbat do students bring frqm honie. 
in their luhcheSp The cost of a school lunch will be fixed and obvious. The students will need to go through a 
similar brainstbrniing process:t6^define:a.ft?picar lunch brought from Jhome,^^ even conduct a 

quick survey of the students in their own class who bring lunch or may consider a more extensive 
information collection, such as a sample of the school population who bring luncKes* 

Once the students clarii^ the vague terrns in the original problem situatibui they will need to decide on a 
clear^iprmulation oLthe problem statement. They will make mistakes and may end up in fhe problem 
analysis stage before they irtually formulae ah "adeq is possibly the most 

difflcult time for the teacher whoiiA^ants to guide the students and help them do it right the flrst-time. 
Allpwing the students to make their own misfafcea is ve^ hard for teachers, but at the same time very 
important for stiidents. An atmosphere that allows for risk-taking and makes it all right to be imperfect will 
help students betffome more creative problem solvers. After all, in an . open-ended situation of problem 
fornnulatibnt there are many" right answers and students must feel free to try to find them. 

Eventually students may reach a tentative problem ^^tement such as. Is it cheaper to buy lunch at school 
or bring a typical lunch from home? where typical lunch is specified precisely. 

AnalyTC the problem* The analysis will lead to a more thorough understanding of the problem statement 
and may^ev¥rilead ^^udents lb modijh/ theif prdbltS m~stat er^^^ Coiisiderat ions of cost may reqflire farther 
clarification brainstorming activities. Students may consider a lunch frbm home to be free since their 
parents are providing it. TTiey may come to^ecidc to include their parents' costs for this analysis. Which 
costs are to be included? . ^ 

Questions that may arise from the students (or be asked by the teacher) include the following. 
\po.we include only the cost of item's in the lunch itself? 

Do we want to include hidden costs such as electricity for the, refrigerator, lights in the kitchen, 
preparatidn time, etc.? \ 

How do we find out the cost of a slice of bread or a piece of sandwich m^ 

Students may decide to ignore hidden costs and focus on actual cbst of the parts of the lunch. Questions 
about the cost of the school prepared Itinch may be minimal^ but a student may bring up the ta^ that 
school lunches are often subsidized. . ' 

Decisions must be made to fiirther clarifi; the problem statem^t even in the analysis stage. Once these are 
settled, modeling the problem can begin, , \ ' ^ 

Model the probleni* Assume tlie studentf have decided that among the typical items in a school lunch 
brQught from home are two slices of bread and a piece of sandwich nieat. The students may decide that 



the cost of two slices of bread is Mfhe prbporHon^ qf two slices^ to the tdtal- number bt s^^ 

Ipaftttines the; cost of one Idaf of bread. This is tteinnathematical tnodeL r \ ; :^ - , v 

i' ,.' '-. :\:-r -■- 2^slices.-6f:bread:-^ ■ ' y^-^. -'f-.:- ■-'^-t^ \. v-^l.'-' ■' a ■ 

xveost of loaf^ cost of 2 shces, : ; ; - - .v^,,. 



: ' total slices in loaf 
Similarly for sandwich meat 

1 slice of meat 



X cost of package ^ cost of 1 slice of meat. 



: Even now in the inodejing stage a decision must be made dn white bread versuA whole wheat and grands of 
both bread and sandwich meat, Th|s decision is part of the problem formulation stage. The teacher must be 
patient andlet students realize the need for such specifics and point out to the students how they heed to 
fluctuate from one step to another and back again. . 

Similar mathettiatical models can bie made for the other items in the well-diflifed t^^al school lunch. 
At this point in the prpcessrihe t^ realize that the effort so far has been worth it. The students are 

exp^rie^iiiS problem solviitg.in its true s^nse, ^ 

Solve the probleqi* This ^age is probably the easiest for . both the students and the teacher. TTie students 
have the niathem^tlcal problen^ 

bought lunch is the summing of all the parts. Comparisons of the cost ot a school bought 1^ and the 
typical one brought^ froni home jcari be made^ ^ / . \ - ' ,^:.-^-^--^-^ ^----:--t^ _-^==^==^ -. .. ^- - ^^ - . 



Evalunte the solution. Does the solution flt the Initial conditions of the problem? Does it fit with the 
students' early guesses and feelings? What would have been the cphsequences bf making different decisions 
related to the typical^lunch? Or to the clarifying of the word better in the original problem situation to 
JncIudcLnutrition or something^else? Have we . answ^ered the origin^ problem?. . During^ the evaluation 
process, the teacher can point out the processes used in solving this problem includiiig the cycling b^ck 
that was often necessary: . V ^ . * ^ T 

The teacher can play an active jole in helping students feel good about theinselves durirtg tlie efttire 
profess. For example^ eliminating references to particular individual's ideas throughout the brainstorrning 
activities is important. Collecting many Ideas on the blackboard or overhead projector and reserving 
Judgment temporarily of any of the Ideas will help students see-the array of possible decision paths and 
avoid embarrassment of individual students. Later decisions need to be made regarding which ideas to 
keep. With a large variety of responses on the board or overhead, individuals are not singled out to be 
disregarded, rather the ideas are chosen that will lead the students down one of the possible paths of 
formulating^ problem statement and solving ftr ^ . — __ _ . — . ^ — ^ _ i = __ _ _ ___ 

More assistance for the teacher in teaching problem solving will be found throughout this guide/ Sections 
with specific suggestions include "Planning Instruction^ Special Cgnsideraticuis— Reading for Problem 
Solving" - . (with particular emphasis on reading mathematics at^^^olvirig word problems) and ' -Setting 
Goals and Objectives' Prbcesses'V (helps clarify '^ocesses students and teachers use) and "'Sample 
Activity— Personal Characteristics" which incliyles some ilNdefined problems for students to clarify. 
Teachers with students in the upper middle grades may want to consult the section on problenra 
solving in the curriculum guide MathemqtiCB for Georgia Secondaty School& (1981) . which has a 
detailed discussion of probleni situations and many specifl^^ 

The challenge to teiach problem solving has been made; Teachers will begin to meet this challenge and flnd 
that they and their students find mathematics more meaningftil through usehil applications. To be able to 
solve piroblenis is, after all, a major goal of all education^ and students and their teachers will flnd the 
achievement of solving a real problem to be very satisfying* 
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In organizing for mathematics iristructlon at the middle grades level, the prpfessidhal staff ofihf school 
system or sctool must take into acqpunt the needs of the community and the par^cular students being 
/ servedi along¥ith the educational ^oals and the te^ources within the comn^^ schools.^lans at 

th# schobl system, school arid dassroom leviels are needed a outline^ in the sertion peuclopln^^^ 
G^des Cymcii/um. There should be much study and discussion, as suggested in this section, regarding 
Je^ing niathematics, attitudes towards mathematics, %^cific needs tor matlranaties in the community 
ani students* Jutu^ career involving mathematics;. The curriculum planners should then come to an^ 
agreernent as tpi their expectations. The^jmst Ilieii^^Mdeirt detern^^ i^the 

preseik mals and offWngJl^ aff appf ofiriyc^llfett ex^cafflor& Th# Would jne 

hi^ schpolsradu^on TCT ^ate and loc al school bp^rds in relation to thos# exp^ctatiotis. 

The curriculum planners then should accept tiieir ptoent goals or re^^se^^^ ' : : ^ . " 

the goali should reflect the Bet of processes the planners have accepted or Identifled from the rtudy of the 
section on processes found in this guide. The goals should also reOect the concepts and skiUs the planners 
eKpect of the students Who complete the middle grades. Concepts and skills may be idOTUfled through the 
use of thtf ohjectiycs for the statewide criteridn-referenced teste and 

Of course more speciiSc objertives may be needed at the system and school levcUV These declbions must be 
nuide prfer to planning the specifics of evaluating instruction;^ both for the progranvand individual 
student^-and, of course, pripr to planning^the Instrurtiori^ activities. . 
Itnniediate goals should also be identifled by using school system and school reports of the statewide 
criterion-referenced tests and other evaluation results to identift? those qyectives needing special attention. 
Local oyertives should then be identified which cbrreltee to thew criterion-referenced o^ectives needing" 
special attention. . - * ■ 

Teachers and other school staff mefnbers must be continuously mindful ofipplications of mathematics in 
today^rworldrThey should also be cognizant of chang^ caused by rapidly advancing technology, ftteny of 
these changes are fouhd as new applications of mathem^ics as well as tools used in the applications. 

the statement of goals should include the expertation that students be ableto use tools such as calculators 
and microprocessors ; in solvjng problems, including applications of mathematics. Instruttional activities 
should then include opportunities for students use these tools in problem solving situations. 

Individual teachers of ^he middle grades must have copies of the goals and objectives in matheniatics for 
the school system and the school and of the processes, concepts, and skills which need speciflc emphasis 
as indicated through assessment. The teacher should sort objectives as to those needed to know and 
nice to know. . ' ^ 

Using evaluations from previous teachers, student test reports and observations m the classjrooni, the 
teacher should identify the needs and strengths of individual students. Those students needing particular 
help because of severe learning problems or advanced levels of learning should be identifled. These 
students should be referred to appropriate staff members for help — dirertly to the rtudent or indirectly 
through the teacher. ^ - • 

After goals are srt both for groups within the classroom and for individual students, then plans for 
assessment pnd for instrurtional activities can be^^ - \ 
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Once ijoals have been established^ speciflc objectives can be deternntnedy This'gulde uses S^nds to help 
, teachers of mathetnatics organiie for instmction. As strands or flbers are tm together to form a ^ppe, 
the strands or central areas of study are twiited tpgether to fprm a mathemattca cuiriculuni. There are six 
explicit: strands in the guide. They are (1) Sets, Numbers and Nuriieration, {2} Operations, Their Properties 
and Number Theory, (3) Relations and Functions, (4) Geometty^ (5) Measurernent and (6) Probability and 
Statistics. . ; .^--^ • ; ■ ' ' ... ■ ■ : .- • , * 

There are no spe^cific strands called Proy em^ S ol ving ot^. Coinp^atl on. Even more thaii^ the other strands^ * 
" theseva^f e TO 

Computation Is basic to"npatHematics-and is a necessary skill in each ftrand. Problem solving is even more 
Inclusive and a crucial area of concern for teacher^ and studerits.\A global goal for instn^ctlon is that 
< students be able to solve problenis that exist today and those that will exist in the Aiture^ Training in how 
to attack a. problem situation Is of the utmost importance. See the section ''Mbdellng and Problem 
Solving*' for a more extensive discussion of this topic. 

\ The ordering of the strands in this guide does not imply- the order of presentatlbn of subject matter; that is* 
one strand heed not be completed or even begun before proceeding to another. Further^ the orgariization of " 
topics Into strands does not Imply that classroom activities need to include those areas of mathematLCS that- 
appear in a single strand. In^factj many activities can and should ^^ut across strands. See the '^Sample 
Activities' Mn this guide. ' / 

For each of the six strands there Is a description of the strand and a list of objectives/ During the nilddle 
grades^ the learner should be encouraged to construct knowledge in order to master the various objectives. '- 
Mastery, however, is not expected to occur d|irlng the flrrt Introduction of a topic or concept. The material 
is to be Introduced and expanded as^he student proceeds through the middle grades. This spiral approach 
allows for the development of knowledge to becbme a continuing process and an expahslon of understand- 
ing as mathematica! thoughts are revisited and refined.^ ~ ~ ~ ^ _ - . 

The collectioris of objectives in the strands should be viewed as units. Therefore* the order of the objectives 
doe^ not^flecessarily Imply the sequence of Instructloup Further^ the yolume of material In the "Sample ^ 
Activities for particular strands or objectives does not Imply that 'one topic ^ is more Important than, 
another. Student activities are presented as examples of how areas df mathematics may be Introduced^ and 
reinforced. The sample activities support the theory that learning Is.eicperienclng. 

Each of the objectives^that follow may be viewed as a global objective for the overall; middle grades 
mathematics program. Particular systems, schools or teachers may write more speclflc objectives to 
meet individual needs. School systerna may alio wish to write specific objictivief for each grade level. 
Further^ the placing of an objective in a ^^rncular strand^ while done with a great deal of forethought^ Is 
Iqlsome sen^e arbitrary. Strands are slnnply ajway of organizing the various objectives^ The objectives arc ' 
to be viewed as a whole. A speclflc ejcample of where a distinction between strands is difficult Is for 
the measurement arfd geometry, strands^ Objectives which may be considered metric geometry are In the 
measurement strand since introducf Ion of vanous geometrical concepts such as volume of a box, area of S 
rectangle or perimeter of closed curves are usually introduced by rneasurement experimentation and • 
' teaching for discovery learning. For this Teasohf these objjectives have been placed in the measurement 
' strand. Using a cross^strand approach to teaching eliminates potential problems associated with the 
placement of objectives into strands. ^ ,h ' 
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Processes that students use to Jeam^ and solve problems are considered to be an important part of the 
mathematics curriculum, ^Jnderstanding the processes involved In problem solving will assist students to 
become better problem solvers. Teachers need to become more aware of the processes both they and their 
students use and how.understanding'these. processes can fecilitate learning/ A discussion.of processes and ^ 
processing follows the objectives for epch strand. v - ' _ j 
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. Introductioii \\\\ ■ ..^^ " 7^ = 

The concept of a set: is a useful tool in the study oT mathematics, and the language of setS; enables one to 
conimunicate mathematical Ideas wit^ clarity arid precision. In the middle grades flnany different kinds of 
sets are studied/ for instance, sets of points in geometry, Sfts of equivalent firiactions In the development of 
^.Jhe^fatroratTiamhei^^ 

nelp pupils develop understandings and skills necessary to identi^, describe and c|assi^ sets.. ' > ^ 

Whole numbers may be defined as properties of flnite sets; more precisely, a whole number is an abstract 
concept associated wit^ a class of equiyalentr(finite) sets* For Instance, ithe number 5. is the common 
property of all sets which can be put into one-to-one cprrespondence with tKe set bf flngers on one hand. 
Counting is the process of assigning a whole number t^^ flnite set. In the middle grades tlie concepts of 
whole number and numeration :,are extended from the foundations for. understanding number ^atid for 
learning the system of symbols for denoting numbers, to .an emphasis on the place value prfnblple used in 
writing V numerals.. Spmf experiences. should^e provided for studenti to ''work^wft^ numbers that are 
' extremely small' or extremely large: The na^^^ 

as many numbers used in science lessons provide examples to use to illustrate a need foV thls skilL These 
large numbers will also provide opportunities for discussinp rounding off numbers. Students will ba able to 
see that a million dollar project does not cost^effittly^one million dollars, ^ 

Certain applications of whole numbers lead to the impoitani concept of ordered pairs off numbers. For 
instance, the whole numbers 2 and 5 are components of the ordered pairs symbolized In the following 

^xamples...._ ' : . , .y . ' \_ . . ^;!. \ '. ' ■ . - J . 

(a) 2/5 (read "2 for 5"), where the ordered pair expresses the irate of 2 balloons for 5 centS4 ^ * . , 

(b) "2/5 (read "2, 5"j» where tRe orderfed pair expresses the date, February 5th/ 

(cj (2,5) (read "2, 5"), where the ordered pair is a member of the solution set for the open sentence □ + 3 

(d) (2,5) (read "2, 5"), where the ordered pair is associated with a point fn the coordinate plane. 

(e) 2/5 (read '*2 to 5"), where the ordered pair represents the ratio of the number of holidays to the number 
bf school days in a particular week. 

All of the above situations Involving ordered pairs of whole numbers shpuld be^^^alt with in the^^m 
grades/lt should be noted that the symbol for an ordered pair has. meaning only in terms of the context In 
which the ordered pair is used* ^ . ■ - 

The ordered pair (2,5) is studied in still another context in middle grades mathematics, the^roction contexts 
In that case, 5 is the count of parts into which a unit or a set of some kind has been partitioned, and 2 is the 
count of those parts which have been singled out or rnarked for attention, a&^n the following illustrations* 









1 







(2 parts out of 5 parts In a unit strip) 



(2 parts out of 5 parts in a unit disc) 



(2 balls out of '5 balls in a unit set) ' ' 

The symbol for the number pair used in the fraction context is generally written as 2/5 and read "2 over 5" 
or "2 fifths." ' ■ . 

•., , J , . • ■ / , ■ 
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Us^oiF thelferin mimiat number pair in this case should be pbAponea uirti^^ 

level of fnathgmatical nrnturity sufflcient to anderstand that a rational number is i^i fquivalence class. Fori 

instance, the inflnite set of Ordered pairs, : . ■ - : i ^^ 1: ^ \ - ^ 

■ ; ■ ■ ;/; ;,; 5 10 15 20 M ::3o^^v. S . . - V 

represents one (eKactiy one) rational number. , j - ■ ' , 

There are several numeral forms which the school pMpil learns to use in expressing fradtiqns (or rational 

(1) The fraction (dr ratio^lke) forms e.g^ 

(2) The decimal nunieraV form, e,g., 2.6^ ^ . 

(3) The mixed numeral forrn^^ e.g., 2 : , 

It should be noted that what one has often called decimal number& or mixed numbei^ are, in fact, fractions 
(or rational numbers) expressea in decimal numerals or in miked r^merals. It Is extremely important for 
pupils to know that the symbols 13/5, 2.6, 2 3/5 all represent exactly the sarne number and that a preference 
for one of the numerals depends, generally, on the application, or use one ma the number. 

In addition to the study of the whole numbers anf|f atipnal numbers, there is another kind of number which 
is an important part of th^ cleveloping concept of number, that is, the integers. As with many of the topics in v 
the guide, there is no particular time or place in the curriculuni when the study of integers should be 
initiated or completed. Certain informal uses of negative numbers or readiness experiences with signed 
numbers can occur as early as the primary grades. Many pupils have experiences with temperatures aboye 
and below zero and with gains and losses in football yardage statistics or other game-related scores. In 
wc^king with a numberline some pupils may wonder about the numbers on the other side of zero. Such 
experiences or ideas should be built oh*and expanded tl^oughbut the grades* 



S-18 



ERIC 



Th@^ud€nt sHouid be able to do the following* 

1. Use the language offsets to describiB'and organize infbrniation W ' 

^2l^Mate"M^d"inteipTe^ 

3. Read and irate large numbers , > 

4.. Use expanded ekponehtial forni to denionstrate place val^^ ^ 

5/ Name the pafr of numbers associated \' 

. 6r Discriminate between a pair of numbers used in a rate context and a pair of numbers used in a fraction 
contekt * . . - ^ 

7. Identify the set of equiyalenf frartions associated with a given^oint"OTr^TOniber"line^'"^^-~^-r 
„^8* UsCfrartlons to repcesent ratio nunibers:_ ^ . ..... ^ u v Li^., JL;, , .^^.l 

9. Use decimals to represent rational numbers 
10. Order any two or more given rMional numbers (whole numbers, ^ deciinals, fractions and ihixeS 
^ -numbers) v. \' , .:' ■■: ' ■ ^ ^ ^ ' ^ ^ 

11^ Recognize different representations of the same numbef and determine if two number representations 
areequivalent;e.g., 2/5^ 40% ^ 0.4 ^ 0.40 ^ 4/10; 2 + 7 ^ 4 + 5^ 9 ^ 18/2 ^ 900%;1J ^17/10 
W 170/100 - 70%; .34 = 3,4 x it) i . ...... .'. ;.. ; .. . ..„./•. v...'../.. 

12. Change one number fepresentation to another representation^ e.g.t given 40%, CTiange to 0.4; given 
2/5, generate some equivalent firactions 4/10, 6/15, 12/30, 4Q/l00rchange 1/3 to 0,3; and -(-2)^^ 2 

13- Apply an approprlaite numbeir repreientation to a particular situation, e.g., the discbunt of a $400 item 
with 25% off can be found by 1/4 x 400 or 0.25 x 400 ..-^ 

IC Determine approximations of numbers by rounding off, such as to the nearest thousand, hundred, 
' tenth or hundredth, e>g.^ 1532.17 is approximately 1500 to the nearest hundred and approximately 
1532.2 to the nearest tenthi arid a calculator print out of 4.367215 is approKimately 4 to the nearest 
unit or 4.4 to the nearest tenth : ' . * 

15i- Recognize and use directed numbers (integers} in describing everday situations - * — ' — 

16. Construct the set of integer^i i.e., the union of the set of whole hi^^bers and the set of their^oppositps 

- - ■-' \= \ ^ i ■ ■ ■ ' '' i.^^ - 

17. Order any two or more given Integers^ ; . ' — ^ - 
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T^e purpose of this strand is tw©-foId. One is t«^uild the concept of operations and their propertl^p and the 
lother is to-develop inte»ist in number rela^ - 

In buildihg the concept of operations and thm prpperties, it is impbrtant to distinguish between operations 
and coniputatlons/ An operation is a partlculair association^ of a ceijaln member of a set to a given f 
- pair of numbers of the set* Conrtputaition is the manipulation of numerals to determine the numbeF that j 
results firpm coihbinihg two jfiumhers by means of an operation. _ , \, . r l " ; _ 

Operations and their properties in the guide are studied in terms of their meanings. The student is 
intrdduced to each 61 the; four fundanliental operations; of arithmcti through some physical situation. The 
initial interpretation of the operation is derived fronn the physical situatipn. ♦ ' ^ 

The concept of number operations evolves from two main physical sources — one is the number associated §f 
with sets of discrete objectSt and the »other Is the measurfemeht :of continuous, quantities* ThereKririhe^ 
lirtlvitieS Inlthlf Srand^rt 

In using the operations* the student must know which is applicable to the situation In the problem at hand* 
For exarnple, the number pair (6, 2) can be associated with 4, with 8r with 3, or with 12. The students must ^ 
select the appropriate .operation for solution of their, problem situation, and they must know which number 
is associated with the operation* ' ^ 

The four ftindamental operations with integers or rationals cannot always be Introduced to the pupil iislng 
physical situations: Therefore, separate artiVnties are needed tointroduce the student to an interpretation of ; 
theseSperations for these sets of numbers. As with whole-numbers^ writing symbols for the operations Is 
more effectively understood by the student after generalizations havesbeeh flrmly grasped. For example» to^ 
be able to write ^3 4^ "^5 ^ ^^2 with understanding thf students iwst have experieoCe with rnterpreting a 
physical situation such as: If one goes east three miles (+3) and tnin west five miles (t5), ones location is , 
then two miles west of the place one started ("2)* 

After acquiring a basic understanding of operations In a number sy^em, the pupil may use this knowledge \ 
to explore number ideas through number theory.. In working with operations one begins with a pair of 
humbers to which a single number is assigned by a specific bperationi in studying number theory dnfi; 
gncciunters such experiences as looking inside a single number^ a nd s tudying the relationship between 
numbers of a particular set^ For example^ one may look closely at the single number49 to find answers to 
que^ions as:Js It a prime number? Is it. an odd number? Is it a square number? The student may also 
investigate number patterns in. order to recognize numerous relationships of numbers, for example, 
extending patterns, skip counting classifying numbers as odd or even, prime or composite^ and many other 
topics Included In typical modern middlp grade / 

Investigating numbers and numbir patterns provides more challenging and appealing activities for a 
student to use in learning mathematical concepts and basic facts than the traditionaLdrill artivities or 
practice^xercises. The study of number theory is especially interesting in that a solution to one problem 
often becomes the basis for. another problem. . ^ 

-Insome modern teKtbooks number theory Is treated as a separate topic. In others the concepts are included 
under topics such as multiplicatipn otwhole nuttibers. It is Important for the teacher to see that concepts of 
number theory should be taught as a foundation for other concepts. For example, the study of least 
common multiple" woiftd be riecessa 

In the" early grades the students should learn about properties of operations by manipulating objects and 
observing the number relatfenships on which the propei^es are based. It is nert as Important for them to 
know the names of th&propertlp,as It is f^ them to a^ 
pupil should be able to identify the propen^^ 
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^Operations^ Their Propeities and Number Theory 

The student should be able to do the following^ . ■ ^ ^ : 

1. -Select the ^arithmetic Dperatton(s) appropriate to a given physical situation br illustrate a giveir 
arithmetic operation by a physical situation v - 

2. Identi^ odd and even numbers ^ ~ ; ^ ~ r'^r^^ ~v _ . . . 

3. Generalize results of operations with odd and even numbers . v ^ . ^ 

4. IdentiA; prime and composite numbers - * . 

5. Determine the factors of any whole number ^ . 

' 6. - Determine the greatest common factor of a set of numbers - 

7. Determine the least common multiple for a set of numbers ^ . 
^ 8. Identife^ and continqe number patterns _ - \ _ . ...^l . . . = ^- . ^ _ 

9* Demonstrate immediate verbal recall of any basic facts 
.10. Recognize and apply properties such as commutative, associative and distributive " | 

11. Compute efficiently— both with and without a calculator— using whole numbers, fractions, decimals ' 
and negative numbers 

12. .Use estimation to solve a problem situation if an approximate answer is adequate- or to check the ' 
"feiisdrta^ieness of the. resuhs of a calculation ; . ^ : - - : ; : 

13. Use properties .of (a) additive identity and addrtivj^ inverses and (b) tnultipllcatlve identity and 
multiplicative Inverses - v ■ 
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- RelationSi the idea of pairihg or correip^ In a certain order, is basle to all mathematics. Beginning . 
xeven at the preschdol level, the pup|I^ can leprn through experience t^recognize relations^ to; use the m In^^ 

formulating their own ideas and to s'how in communlcatin^^ 
r pattern of of ganlz^^^ thinklhgi in" nonnunief Icpl situatiq patterns in their 

earli), experrenceSi they establish readiness for extending these concepts In mathematical situations as tf^^^ 
encounter them in their development. Therefore, the teacher should see that ^om the beginning a 
foundation 'for correct concepts is laid so tha unlearning u;ill not be necessary later. 

Pupils encounter many nonnumerical relatipnsr many can be found In stories for children. Some of thest 
nphnumerlcal relat Ibm, such as belongs iOi ib brother of Bnd fs; In thepamm house qb should be used Jbefqre 
numerical relations to illustrate the meaning of relationsp These relations can also be used to lead Into 
numerical relations^ since they can be examples of correspondences of one'to-one, mdny-to-onef pne-to- 
-^many or many»to-mdn|;i Such^^^^^ equal tOp^ 

less than and more than, and to the operaitions with numbers. If these concepts are not fully developed 
pripr to the middle grades, some attention should be given to thein before considering other mathematlra^ 
relations./ . ; / . • . * \ - ■ ■- 

There are several special kihdrorTelations^^ s^eclalTiamfesrbnie'of these, called Bn equivalence 
relation, is associated with the process of classlflcatlon. Classification Is the process of partitioning a set of 
elements into differenf subsets in which no element can belong to mora than one subset. This, too^ can be 
introduced through nonnumerlcal situations. For examplera set of blocks can be separated into classes on 
the basis of color provided the colors are distinct. Or* a set of coins can be partitioned Into subsrts 
according to value. Such subsets; or classes, are called equivalence classes, and the relation eKemplified by 
their membershlpi ^ome color as or same value as^ is called an equivalence, relation. When school children 
are classifled by grade In school, if no pupil can be in more than one grade, jhe diffttfrent grades represent 
equivalence classes, and the equivalence relation is is in the mme grade as. Equivalence relations are very- 
Important In mathematics. The most faiTiiliar Is the one called is equal to, but many others are encquntered 
\ as the pupil progresses throi^h mathematics. 

Another special kind of relation Is that known as a function, or mapping. Although the concept of a ftmction 
is one of the unifying themes^bf mathema^ unwise to introduce pupils to the concept by giving a- 

V formal definition. If the pupils have sufficient practice in pairing elements of one set with elements of 
another while studying relations lo general, those having the special property required of ft^nctlons will not 
be difficult to identify. ^ ^ : \ ^ 

It Is also suggested that pupils make graphs of relations^ As the pupils observe many different kinds of 
graphs, those graphs characterising functions will stand out in shar^^^ ^ . 

^so important in mathematics are the special relations called order relations* such as" more than and less 

- than. These are used when such concepts as.heouier thtan, longer than, darker than or thinner than are 
being considered. Measurement such as that of time, capacity and length ponsists of ordering the quality to 
be measured and then assigriing numbers to correspond to that ordering. Thus the numerical order relation 

u nriakes precise the intuitive one, , ^ , 

The activities in this strand include suggestions for introducing pupils to relations In general arid to the 
special relations discussed above. As withjsther strands, teachers will need to select ^those. which are 
appropriate for their class and supplement them as necessan;- It should be reemphasiied, however, that 
familiarity with relations in general should precede formal work with special relations. ^ 
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MathetTiatlcs can be viewed as an entity of system^^^ following conipdnehts^s^ 7 ; ; . : 

elements, or basic units such as Al/hole nurnbers, rational nunibers/#or points; relations or comparisons of ^ . 
tKese elements, such as eJuo/ ro,.5^M than or congruent to; and operations such as multiplication or set^ - 
union. Therefore, recognizing and using relations constitutes a basic activity in which the pupil must \ 
engapie in order to understand the concepts included in that strand ^ 
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Functions - '^^ 



The stu^eiri should be able to do the fo^^ = / \y . . 

1.: Classi^ elerhents of a set according to specified propertiea 

2* Dernpnstrate correspondences (a) one-to-6hej (b) one-to-inany, (c) many-to-one and (d) many-to-many 

3. .Apply equivalence relations to elements^ such to firactiorist ratiosi percents and measures^ c 
geometric figures/ e.g., set up a propoitfon V - v i 

,4. Find some pairs of elements when a relation is giv^n, e.gl^ given the relation aquari fhe number ^om 
pairs of elements aiy (2^ 4), (3. 9). (S • 25), (10, ldO> : > . 

5. Find the missing element of a pair when one member of the pair and the relation are given,, e.g.', given 4 

and the relation mu/Wp/y by S^theri the mlssftng element is. 12 
'6/ Find the relation when a set of ordejred pairs is given, e.g.; given the set of pairs (3, 6), (4, 7), (5, 8), 

(7, 10), the relation Is add 3 v ^ T : - . . - 

7v Order a set of elements according to a ^ 

8. Use the addition and rnultiplication prpperti^^ of equality to sqive one-variable open sentences, c-g., 
A ^ / • i^/then / ^ A/uj dr solvie for X 

9. Use a graph on a number line to represent ' ^ ; ^ ^^^ - * ^ 

(a) a number or numbers ; / ' v ^ 

(b) the solution set of an equation - ' 

;(cl the solution set of an inequality : : \ ' ■ _ ^ \ \ . ^ : . ; i . 

10* *Usie a graph in a coordinate ^lane to represent ; v ■ - 

.^ordered pairs ^ \ ; _ ■ 

V (b) thij solution set of an equation v ^ ? _ . / 

(c^ thelsolutidh set of an inequality . ^ y / ^ 

11. Interpret a graph (a) on a nuniber line and (b) in a coordinate plane 

12. pet^imlne if a given relation is a ^nrt^ v : ^1 

13. Repre^nt a function using a 

j(a) sentence . : > / ' ' 

^-•■:-^?(b)^formula^"-— -^.^---^-.-i---.- _ 

- (c) mapping- . " "\ ^ j * ^ ; 

■ . .^(d)Sable/ ■ ^" ^. _ ..^ '-^ ' ■:■ ' -^"^ 

/(e)fgraph; ;,. . , >. , ■ ^ ■■ ■ ' ; ' ' ■ '■ 



■ ^ 
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Geometry In the early grades Is often character Ized as a study of the names and simple properties of 
comnipn geonietrlc figures such as triangles^ rectangles and circles. Although these , concepts are certainly 
a part of geometi^ for the middle grades; a more reasonable characteriEa^jon would include the stu^y of 
relations among sfts of points. Consider the difficulty many pupils have lii learning to use a protractor^ 
: Given the task of measuring the angles in the accompanyingillustratiori pupils may report 120^ for (a) and 
60° for (b). • * ■/ 




They are not likely to reject these answers unless they recognize that the angles are congruent. That is, 
students can make use of a relationship if they first of all recognize it. The activities in this guide are 
providf d to give opportunities for pupils to discover relationships and to recogniie the conditions which 

t^.give^rise-to.thQse-relationships*.?i^w 

For this reason it is helpfijl If the study of geoinetry below the high schobl level is thought of as exploration 
of space. Exploratidn means searchingi probing or making discoveries. The activities suggested are 
intended to give a pupil the sort of firsthand experience which can properly be called exploration/ By 
pulling, turning^ sliding or folding students learn to predict the appearance of geometric figures under 
different conditions; by designing a pattern for a model students learn for therhselves what parts must be 
assembled and what arrangements of these parts will arid will pot work ^nd by creating larger and smaller 
copies they discover prbp^irties w v - ; , : : ^ ' " ^ ; r : ' " - : 

Explorers do not sjet out^ith a 'ready-made Itirierary and an immut^ it is helpftil if they 

can consult fifom tirne to time with ^pmeone who knows the terrain and can give them sortie advicer ln 
exploring geometry/ the teacher can be this consultant by suggesting other things to try* posing the right 
sort of question and encouraging the pupil to find answers by eKperinienting with o^ije^^br reprfesentatioris 
of objects. 

PInallyf explorers take notes as they go, but write the final report at the end of their Journey. Thus>in 
geometry, formal definitions and precise, statements of generalizations should \m the culmihation father 
than the beginning of a Journey through a topic. The teacher plays a vital role h^e« for the young explorers 
canridt^iscoveT^names f o f what they have seen; these must be suppl ied by ae I eacher^THe pop ll pull s* 
turns, slides and folds pieces of balloons or pieces of paper with drawings on ihem and sees how drawings 
appear afterward. In discussing what they have fbund, they will find it helpftil to have a sing^word to usd 
Instead of repeating the sequence, "Pulling, turning, sliding or folding-' The teacher can J^R supply the 
word transformation or motion » Students, however, do not need to know this word befoMMey start €Ut; 
they can learn what the pictures look like without ever having heard the word J' LikewiseSBlscusf Ion it 
may be helpful to have a word to use instead of "all these ways the drawing might look^lp' turned the 
paper/' and again the teacher can supply the word equivalent for the set of drawings^in question. The role 
of language in geometry should be to facilitate learning^and communicationi word study should not he an 
end in itself* A note of caution, however. Is in order. Some words in geometry are also used In everyday life, 
but with a slightly different meaning. In these caset^. it may be wise to call the pupirs attention to the 
familiar uses of the words and ppint out the restrictions relative to geometry* A good, example Is the word 
straight. "Going straight down the road" may not be straight In the geometric sense. 

Since this volume of the guide is Intended to ^P^n grades five through eight, some of the activities outlined 
here are tooTdifficult for fourth^raders. Teachers will need to select and pursue those activities they choose 
to a depth' appropriate for th^frAclass. Provision has been made in some activities for considerable depth of 
development. Supplementary suggestions can be found in the references given In the media listing. 
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The students should able to do th^ ^ : 

1, Identify and name a point, line, ^I^^ 

2T Identic and classify closed curves in a plane such as a square; rectangle/bther parallelograms, trlanglt 
and circle ■' \- - , _ 

3. Identify and classify three-dimensional objects such as prism, pyramid, cone and cylinder 

4. Identify shapes that are alike under stretching, shrinking or bending ; 

; 5. Identify shapes that are alike under rotaftions (turns), reflections (flips) or translations (slides) 

6. Determine relations between point sets or between geometric figures such as tnstdet outside, parallel, 
perpendicular, similar cohgnient - ■ ' ; : 

7. Use relations between and among point sets or geometric flgUres to deduce other relations, e.g^j 
dongruence of alternate interior angles to prove that two lines are parallel 

"^ 8, Determine lines of synrmietry^^^-^^^^^^ ^^^^ ^ . .i.^, 

9. Measure angles and classify as acute, right or obtuse ; 

10. Use formulas to solve geometric problems involving perimeter, area and volume 

11. Identify a center, radius, diameter and other chords of a circle 

12. Apply the formula^ for finding (a) the drciimference of a circle and (b) the area of a circle 

V13,. Solve simple geometric problems by using properties of righ^Wangl^ . L :v . := 

.14. Solve simple geometric problems by using properties of similar figures, e.g., indirect measurement 

15. Solve sihfiple problems which require the basic mier and 

16. Assbclate three-dimensional objects with their two-d^ 
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Introduction '''^ -;v ; " V^V .IW v;. V ■ ".' 

Measurement is the process of relating a number to a property 'of an object or a set. Measure is a number 
whfdh tells how many speeiHed units have been assigned or^ determined. Measurement activities^shouiy 
include ^acttvities related to time* weighty capacity and volume, area, and length, * 

Counting, the meagure of hoi« maiiyVH*M^s the only exact measure. In thi^strand, counting is used to find 
the number of units of measure.- Activjttes of this type should precede those In which the pupils find 
measuremgnts from reading scales of mekyurlng devices. In using a device, the unit of measure, which has 
the same property of the object to be mea^red, is compared to the cibject. The resulting measure is niv^r 
the same as the true measure even with the most accurate instrument. V - < 

Measurement is a\ process of doing. It should bii studied In this manner at all grade leveb and should 
develop through a number of stages (1) making .gross comparisons of objects or sets, (2) using units of v 
measure devised by the students and (S) using units of measure called standard units. After these actiyltleSt 
the students should have opportunities to derive geometric formulas an^ to use them successfully. Even 
though students in the middle grades have had spm€ <iKperiences In stage one In the primaiy grades^ som^ 
students may need additional activities in the flrst^^^ge in order for them to realiEe that measurement Is a 
comparison. \ ; ' \ . 

The second stage should develop firom the first stage. Units of ' measure will be needed to relate 
comparisons. The first ones should be improvised or homemade ones. Students should be encouraged to 
measure many objects with their homemade units. The third stage should be introduced only after the 
students have had eKperlences In the earlier stages and have seen a n^ed for stahdard measure. The 
teacher can deyise situations where the students will see that a standard measure would be more practical 
than Individual students using their own. 

An illustration of the various stages in teaching the concept of area might be one- of these. ^ - 

1. Have the students use a small circle to measure the area of an object like the top of their mathetnatics 
^ books. They will quickly see that a more appropriate measure would be 9 square or a rectangle. . 

2. They could then place the squares on the object to bieasure it. If a drawing is used, they could glue the 
squares on or dmw them on the object which is much easier than Just holding thtm on as they count. 
They could alsoTefer to them later In; deriving the formulas. It would be helpftil if they use different size 
squares or rectangles, to niieasure so that the concept of standardness could be discussed later. 



3. An acetate grid of centimeters or inches could then be placed over the object as an "easier way'' to 
count. This could be done after the class has decided that they need tb use a standard measure. They 
could continue to draw if they preferred. ^ , / 

4. uThey could discover the forrnula as the number of units in the length times the number of units in the 

width and could see several examples of this In their previous work. 

. ^ ' \ . . . . ^ ' ■ '■ . \ -J ■ . . _ , *■ = 

The students should have experience in measuring and performing computations In both the English and 

metric systems. The emphasis should be placed on working within each system and so much on the 

conversion from one system to another. However, approximate relationships of the most often used units in 

the two systems should be discuised, " 

They will need more opportunity.for actual measuring experiences with metric units since these are not as 
familiar to them. " — 
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Tlie tyj^ of activities for measurenieht givert in this strand are not all inclusive. Pupils in the middle grades, 
should be introduced to precision of nrteasurement and to other measurenient topics, such as the fonowing. 

• Speed, measured in mil^ per hour or feet per second - % 

• Light— brightness measured in footcandles" or magnitudes of 

• Heat— the intensity using Fahrenheit and Celsius scales, and the amount of heat using the untts 
" BTU and calorie - ^ :^ - = \ - : 

• Sound^he intensity and pitch . 

• Pressure of both air and water ^ - 

• Elertricity— pressure measured in volts,^ amount of energy measured in kilowatt-hours and rate of flow 
measured in amperes 

• Hardness of rock of other substances measured by a scal^df hardness of minerals v . 



Measureineiit^ 



The student should be able, to do the^^^ • 

1. Determine a time interval between two events !n , : 

2. Determine (a) flnal time reading or date if given the initial reading" or date and the time interval and (b) 
the initial time reading or date if given the time interval and the final reading or dat^ 

B. Determine the mass (weight) of an object using (a) nonstandard units and (b) standard units ^ 

4. Make a reasonable estimate of mass (weight) of an object or substance and verify the estimate , 

5^ petermine capaciti; or volume by counting (a) nonstandard units and (b) standard units 

6. Use experimentation to derive the formula for the volume of a rectangular container 

- 7 Make a reasonable estiniate of capacity ot^ volume df a rectangular container and other three^ 
■ - _ ^dimensional objects and verify the estimate , — . 

8. Darive formulas for the volume of three-dimensional objects other than rectangular ones by 
experiment at i by the application of formulas ^.^^v- - 

9. bet^rmine the area of a rectangular region by counting (a) nonstandard units arid (b) standard units 

10. Derive the formula for the area of a rectangular region by experimentation 

11. Apply the forrnula for the area of a rectangular region to derive formulas for the area of other regions 
12V Make a TMsonable estimate of the area of a region and verify the estimate 

13. peterrnine a length or distance using (a) nonstandard units and (b) standard units 

14. Make a reasonable estimate _ 

15. Oerlye formulas are finding perimeters simple clo / 

1(6. Select the appropriate .type of measurement needed for a given problem situation, e.g., length; area, 
volume ■ ' ■ ■ ^. . ' •' 

17* Select, the appropriate fdrmula(s) for finding the measurement for a given situation, e.g., area, 
perimeter;^rcumference/ volume 

18. identify the precision appropriate for a specified measurement / ; 

19* Apply measurement to other fields such as science and social science^ ' 
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Basic to statistids are the techniques of collerting, p^anizing, summarwlng arialyzii^ data. Ontethe 
data are sumniariEed and enal^ed, the predictions that are made^bMome the study , ^^^b^^^ 
Therefore/statisttcs arid probabili^ ■ ' ' ■ v : ; • 

Becaus^ statistics is used in areas of science and social science such as insurance, marketing/ astrpnomy 
and genetics, it is necessan? to acquaint pupils early with the use of statistics. In addition, one of the easiest 
ways to develop problem solving techniques is though the collecting of statistical data that are real to the 
pupil. Probability and statistics are good vehicles by which the teacher causes the.pupil to make choiceSg 
Iriferen^s and valid Judgments* , ^ 

The student in the middle grades; as well as the primary^adeSp should have many experiences collecting, 
recording and exhibiting data as these topics form the baSts for the study of rtatistics. The pupil should then 
begin to h^ve some experiences in interpreting data threugh the study of distributions, range, central 
tendency and deviation. ^ 

^Tiiaking^^^SionsTtfom^^ 
mathematical definition of probabilityi the pupil should engage in many game-like experiments in which he 
^dies the chances of related; outcomes. In identifying outcomes and assigning probabilities, pupils leant 
the concept of sample space and some counting shortcuts, "niese countii^g techniques are particularly 
helpful with experiments involving a great number of events, / 
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Prob^abilitir and Statistics 



/ The student should ba pbl€ to do the fol^^ " • / . 

1. Idiinti^ diffefent techniques for ra^ data ; ^ , , • 

2. Sort out what are relevant and what are. \ ' 

3^ Detnonitrate the need to collect a large enough sample of data to^e representative ^ 
4 V Distinguish between a biased ^nd an unb^ ' ^ ' 

^5. Give an example pf how sampling affects the_ interpretation of the data 

6^ Identi^ various methods' that may be used to record raw data and be able to select ah appropriate way 
to represent a partlcul^ set of data . ^ " - 

7* Construct and interpret graphs ' ^ a 

8. Make predictlons.basfd on data represented in a chaH or g 

, . 1 9. Rind the. range, and .measures .of centrai tendency, i;e* , .mean^ mode and median^of:a set. of ' dat^ ^ ^ 

10^ Identify^ uses and misuses of measures of centrar tendency > . / 

il^ Compare a given number to the mean of a set of numbers by finding ifs deviation from the mean 

12. Identify the sample space, for a simple experiment by ^ ; * . 
a^ describing or tabulating outcomei \ 

■ L tr^e diagrams ^ ; . ^ . = ^ ; : ■ . 

y C-. counting princip^ \ \ : . , , ' 

13. Find the prpbabilities of outcoilies includi ^ ^ ^ 

' gu certain to occur ; ; : ; : : * * ^ 

b- certain not to occur , / - ' v< 

c* equally' likely , " ' . 

d. not equally likefy \ - - ^ - 

14. Use probability to decide whether or not two outcdrries are equally likily " ; ^ * . 

Ifi.^Use probabinties to nrtake pfedictioiis^^ — - — — _ _ — : ;_ 

16^ Find the relative frequency of an outcome in an experiment . 1, , 

17. Compare predictions based on probability with actual results of an experiment 
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Why should the teacher emphasbe ptdiemB^^h^ m mmBfit by procetsing iiv mathematics education? 
What implications far teaching can be fo^ . ' ♦ ; * 

Whkt Jm Pwocmmmmm 

Consider your own knowledge of ih^heniatics. You Uno^ a fairly extensive art of ideas, including concepts 
(e.g., frartiont length, rertangleg prime number or multiplication) generalizations (e,g., A ^ r^, lao/s of 
exponents, or the distributive property), procedures (e.g,, how to phd the greatest common factor of two 
counting numberst hoW^to construct paraUelHnes or 

of prbblems (e.g., how many diaftdnals in a 20-sided p aspects of your mathematical 

knowledge mai( be easily recognized. t ^ : 

Thefe is, hdwever, another dimension to your 'knowledge which is often more elusive. As you developed 
your concepts, geheralizatton^^ etc^ Vou were also developing your knowl^ of how to coMtmct mw 
idteas in mathematics for yourself These involved many prooesses^ perhaps including abstracting, general- 
i^ngi simplifying, patterningi differentiating, guessing, conjecturing, assuming, recalling^ concluding and 
qtiestiMiria. Without and rrtnemenf of thir mental operations your groii^ mathe-- 

m^lcs would surely have beeii hampered wd limited. It is through the use of such processes in building 
knowledge that the processes become more fcinctionair more powerful and more readily available for later 
use./ ^ -.-...^ , .. ■ ■ ^ • • " ■;. . -. ■ ' " ■ " . ■ - . ■■ 

It may be possible toY^cognize and, to a certain extent, coritroi the use of certain cognitive processes* As 
humiuiSg we are able to reflect upon. the ways arid means by which we come to know. Thus, by thinking 
back over the steps followed, the self-questioning used, the decisions made, the reasoning employed and 
the results bbtained. we may come tp.«nder^and more clearly what mental atactics we may have follawe A 
Through such reviews of our ||^p^riences we may be able to undei^and the essential processes/ What was 
used at this time to^iiild ujia solution or un ders tand aco nce pt may be strategically helpftil in a future task^ 

How to Einphaslze Processing ^-^^^ ^ - : ; ^ 

How might middle school mathematics teaehers promote the child's awareness and application of such 
processes? Perhaps a key to such teaching lies in the act of looking back upon a learning episode with the 
learner^ Scmie advice for doing this Will appear througho^ But intuitively it nnay seem sensible 

to conduct this looking-back phase as close in time to the actual events about which you are reflecting* 
thus, many teacheri.may 0oint out processes throughout a lesson^ or summartie pnd discuss the processes 
used near the end of a lesson. Of course, sometimes you might lopk back over an entire series of lessons in 
order to emphasize certain tactics used in processing the tasks of the mathetnatics learned during thlB 



Labeling the process being used may not be so important as the effort to help the child become more aware 
of what or how he/she may be thinking at a particular step. Furthermore, the extent to which you treat 
processes will certainly vary with each cjiild. One caution may be to avoid becoming too centered upon 
identitying processes useS/You will need to develop a balance in your focus upon thinking about such 
cognitive processing. As-you become more attentive to thinking processes, you may find that many times 
you will make note of how you or a child may be approaching a task, yet you may choose not to say 
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J \ anything about it. - In pur struggle to ihdividualke our: instmctipn it may be impoitant to mrice : 
process-oriented observations about a in order to understand the child's thinking as a bisls for the . 
jristmrtionml: decisions ; ^ , — * - 

r ; In the foregoing discussion we have advocated tHe identlficatlc^n and erticulation of impbrant cdgnitive 
y - y processing to be found in the child's or the teacher's thinking as they do mathematics. Let us express one 
p^lpective about matheniatics learning and teaching which may provide ai foundation for choosing to 
em^asize processes^ What is mathematics? What is knowledge? These two fondamental questions can be 
approached as follows.! Mathematics^ as a discipllnep can be viewed as an extensive, ever-growing body of - ^ 
Information— something out there.to be studied, learned, ignored, hated* 'etc. But it can also be described 
as a way of thinking about, or processing, problematic situations. In these terms mathematics is a human, 
constructloh, built-up by individual thinkers^ 

^ One consequence of%uch a view is that each person musi he an active^ responsible builder of his/her own 
knowledge. It is impossible for. any wellMntending person, fuch as a teacher or parent, to give knowledge 
to the child. Through mathematical instructlprii stimulatian and guidance are provided the Jearner as 
he/she builds and rebuilds ideas and develops new ideas. So the focus should be upon showing the students 
. their responsibilities for constructing their own knowledge. Of courie, the role of the teacher should be to 
: ^ . : assistiJn^ the=xhild's conrtructfons^^^^b^^ tasks,., advice, ..and .encouragement. 3ut 

^ te^^hing mathematics as a task of simply displaying information, such as a page in a teKtbook nnight be 
designed to rdo, may nc^ be sufficient. If a teacher always demonstrates procedures or solutions without - 
allowing students to construct their own responses, important eKperiences in building knowledge may be 
lost for the child/Tasks niust be $et for learners in such a way that individuals have opportunities to/ 
construct fh^ir own processing responses. 

- ImpIicatioM for Teaehlng J ^. r . . ^ ...^ /. 

Of course,'' throughQut the child's experiences the teacher will often serve as the principle source of 
information. But we must be selective in how we give information when what may be needed is guidance in 
using what the child already knows. This may become clearer if we recognize that what we are trying to 
teach includes not only the observable material (e.g., definitions, written steps, flgureSj problem state^ 
ments) but also the means (i.e., the processes) for dealing with this material. We must be aware that 
students are learning about how^to^learn (e.g., how to solve, how-to generalize, how to apply, how to feel 
toward mathematics) when they are learning a particular bit of content. ' 

Thus, a teacher needs to recognise th^t, ultimately, each individual must construdt the knowledge which 
_ Lhe/sh%=.comes tO-possess.^We can help .by p 

from the child. There must be a challenging but open and accepting climate. Risks can be taken and errors 
can be made since students benefit firom jrial and mistakes In the teacher's efforts to construct his/her own 
. solutions, generalizations and procedures. At the same time, the tasks must be niotivating and the attitude 
of productivity must be valued, for we seek to have students enjoy and respect their own efforts and 
achievements. If the teacher approaches each new mathematiGal task as being a sensible response to a 
reasonable situation, students may feel challenged y^t consent that they will build useable knowledge. 

Tasks of the Middlie School Mathematics Teacher 

We have noted that learning Is a person-centered, constructive building prbcess. In order for learning to 
^ ocCij(r,'studentrf mutt be actwe builderB of^their own conceptions. Instruction is a context as well as a 
process for stimulating and guiding these builders in terms of their own constructive processes. 

Effective instruction of mathematics can.be viewed in terms of the many varied tasks which engage the 
teacher. What are the broad instructional tasks which confront middle sAooI mathematics teachers? 
Basically, teachers must help students to construct complex constellations of ideas and /ee/ings about 
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m^h^matics; in iadttion students must be helped to leftrn ^ctfid^and s^t^jfet for cphitmct^ new 
mathein^cal idea^ : 



: Mathemadra 
Tfy^hmtm Tasks 




\ . guiding 
students t© 
construct 





. . guiding 
students to 
earn abo^t 
cohstrueting 



-Facets of. 
/MatheniaQcal Itaowiedge . 

Solutions to problems 
Generalizatisns*^ 
.Concepts 
Skills 
' Prbcedures- 
Comniunicatioiis 

Structures 
' Justificationi 
Feelings 
Attitudfes 
Values and beliefs 



Learner Outcomes 




Figure S-1 



Mathematics teachers must view their own instructipn^l t|sks so that the child's I learning Includes 
partieular items of knowledge (such as a concept of area or a procedure for adding frictions) as w^ll, as 
generaiizable processes (such as an ability to generalize, or to evaluate the reasonablertess of an answer^ 
It is an important purpose of this curriculum guide to encc^rage and assist teachgp in developing 
instruction which includes both emphases. \ \ 

^Tradltionallyp mathematics teachers have focused their instruction^sn the learning of mathematics content 
In many mathematics classrooms students do learn about the^rocessea for building mathematical 
knowledge becausetihec^ 

learner may be unaware" of what^helpft them to know a new algorithm or concept 



process-oriented considerations are only implicit, pther teaclvirs give i^plfcit 



because such 
conscious attention to the 

^rategieg of thinking which could be used in building the idea. These teadhers often focus discussion on the 
mental operations by helping students to ''look back," reflecting upon whaWorked well today which might 
be useful u^hlrte V * 

In the following sections we will Identify and illustrate specific teaching ^ycthods which incorporate 
concerns for both asperts of teacher tasks: guiding students t^ constructions and to learning aboUi 
cdnstructirig.. ' ' % \ 



too 



Teachsrs use processes. 

Throughout this guide we have encouraged a constructive approach to learning and'ieaching of middle 
school mathematics. Additioriallyt we have emphasized the importance of process-orientpd strategies and 
outcomes of learnfhg. There are equally ganerallMhle teaching processes which teachers may use to 
complete the instructional tasks discussed in the previous s ■ ■ ' ^- ' . - 
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What are some teaching processes for helpin and leaming-how-to-learn mathema* 

/ties? Any attempt to identify comprehensively the processing which an effective teacher ernplo^s helps pne 
i to- appreciate^ hou^Jruly complex teachm important aspects are shown below. \^ = ■ 



Teaehlng Processes 



m 
0 



09 



Challenging ' 

Questioning/Answering 

Experimenting/Searching 

Observing ? 

Hypothesizing/Conjecturing 

Justl^lng/Proving . 

Assuming 

Guessing/Intuiting 

SimpI i^ing/Interpretlng 

Geheralizing/.GQncluding. : :^ 



^ Teaeher Tasks 



9) 

m 



M 



■ g 
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m- 
^ m 
m 

m 



Stating/Asserting 
Explaining/Clari^ing 
, Describing 

Exemplifying/Instancing 
Characterizingv ^ 
Demonstrating/Modeling 
Defining ^ 



Planning 

Directing^ 

Prescribing/ Assigning" 
Organizing . 
Summarizing/Reviewing 

* Evaluating/Reacting 

Adjusting/Adapting 




. , , gurding 
students to 
construct 





, . . guidini 
students to 
learn ^bout 
constructi ng 



3 

0 

/J 



Motivating ^ 

Valuing/Recognizing 

Praising/Rewarding 

Encouraging 

Alio Wing/Risk-taking 

Judging 

Imposing/Expecting 



Though tiiis list is q^^^ teaching proci^ses which you can find iri '; 

your own ihstruction. We have drganized the identified teaching processes into four clusters for discussion 
^u^oses, but your interpretatior^ imight easily resuU: in diftrieirf groupings. In iomie cases cbmplementai^/^ 
or related proc^ses are hoted together, such as Mpsriinentfiil^ . ' \ * ^ 

' Uiis list of possible teaching processes is not interided to pr It is not a checkll^. 

^Rather^Jrt isMntended to help you reflebt upon^ and describep^^ 

:THlnk about your own instruction as yoiif wtirk with children. Consider these questions*^ ^-Z ' 

• iWhich teachlhg processes dp you engage? Are the^e any which you do rtcrt employ? 

You may find that your teaching generally Involves only a few of the processes. For example, your 
lessons may include stating* demonstratihgV clarift;ing/answering, assigning, recognizing and evaluating. 
You may find that you never use challengingi experimehting, justifying, characterizing or summarizing. 

• U^ich pfbcesses are dominant in your teaching / 

Some teachers find that their lessons Involve mainly questioning/answering based upon textbook 
developments. Others, primarily use stating and; mbdeling/demonstrating at the chalkboard; Still 
ahqther dominant pattern may employ only assi ^ 
Do you predominately draw from a particular c^^ / ^ ^ 

You may realize that mbst .of 

give definitions, describe, give examples, point out characteristics and demonstrate or model procedures* 
' - On the other hand, perhips your teaching activity is focused upon giving directions, iissigning 
l^sks, reviewing completed assignments and evaluating progress, all aspects of the manasing eluster* 

• In what ways ara different teaching processes used to individualize your instrurtlon? Are pi^ticular 
processes always (ot never) u^ . 

Teachers often behave differently with different students or classes. You may jflhd that with students 
thbught to be^ less able you never engage in experimenting, cbnjet^urihg or generali^ingv in spite of the 
fsict that they may need these experiences more then other studentf». 

• How do you use diftrent teaehins prpces^^ as a student passesthrough various phases of construrtion 
of an idea? • ' .' , ' . ■ . 

Perhaps one of the most sensitive ways we can provide for Individuals is to recognize that each learner 
may ^o through differing phases as he/she builds a new item of knowledge. Some teachers may/place 
early emphasis upon challenging* questioning/answering and conjecturing when a child Is confronting an 

: ■ . unfamiliar situation. Others inay resort to mainly explaining, modeling and prescribing In these early 
stages. ■ " _ v;^ ' T^- . " ^ ^ ^ \ . / ' ^ ^ ^ ^ 

V* How do^yourSS t^ 

With a belief in constructivism in education t becomei a crucial concern; It would seem that the 
^ following considerations may be impphant* ■ . ^ 

' - Students need to realize their own responsibility and control over the building up of their knowledge. 
You can help by motivating, allowing risk-taking and expecting as the climate for learmng. 
You may need to encourage students to formulate and share their own Interprefations or procedures. 
Of course, these may be incorrect, whereupoh you may guide them in moditying or rebuilding 
• their idea. * . . ' 

No rtiatter how an initial formulation of ah idea is stimulated, it will be crucial to attempt to "get in 
touch*^ often with how the student Is thinking aboutthe Idea. Thls will probably require personaliied 
queWoning and observing in order to get the studenf to reve^ 
. \- Throughout your own awareness of instructional processing is the associated goal of guiding students 
to a deeper awareness and understanding of their processes used in constructing their own 
knowledge. You would probably help students to mature in their explicit knowledge of processes by 
modefing your own thinking, using inquiry processes in the guiding clu^er and reflecting back with 
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< students upon which processes have been used in building up a ^articulafsoi^^^ 
V V, procedure or concept: ; ' • : r^- - ■ " • ^^A- • ■ '.' . ' V" • "^v^ 

• What rplationships d you see between these teaching processes end the learner protesses? 
Often the processef used by the teacher are dlrecitly related to the prdcesses adopted bj? the Ifearnerl If 
students can participate in the teacher's questio exemplifying/ they Biayengage such 

strategies in approaching other learning tasks. A teacher who can approach a concept or^^pcedurc with 
an open, que^lonlhg attitude, allowiQg in th^iirterpretations or coh^ 

; a flexible style. On the other hand a teacher wfco instructs pnnnarily by autocratic telling, di^ 

prescribing may instill an attitude that tnathematics is nbf sornething to be acted upon but ii inforniation 
tp be received from an authority. Be pware that sometimes students may adopt processing strategies 
quite unlike those modeled or advocated by the teacher. These learner-initiated processes should be 
considered as impoitant sources of information in your efforts to knw? your students. Ask your students 
to explain ho^they think about a p^icular prpble^^ P^ocedurep Wh^^as^a rtudenfs^ 
may not be^athematically sophisticated, it is often: intuitively sound and worth sharing. Knowing how a 
student bfocessea a/task provt^^ a bails for guiding the refining or con"ectirig which may be needed. 

Review;4gairi^the Facets of Knowledg in Figure Do you employ different teaching proee^^^ for 
helping a child build a particular aspect of knowledge? You may be aware that certain mathematical tasks 
lend themselves to a'particular development gr app exaniple, you may always ^proach the 

teMhing of genW^ 

into cornmon language, developing Instances, Jii^ifying its truth and prafctTcing Its use. Creatfye teachers 
niay be able to recognize that any item of knowledge may be construdted by a variety of process options: ' 
For example, you may try to help students to design their own algorftfnmior:^ mathematical tasfc;^ from 
. which you then guide them toward modi^ing and improving their invented procedure. 

Indeed, it can be a complex and strenuous matter to. examine the details of one*s own teaching/ Such " 
relfection must be deliberate^ for it appears to be morexommon to teach withQut conscious attention to t'he 
choice and conduct of such ^t^ching' processes. Becoming more awaire of what you do 'may holdj^te 
promise of becoming a more ef^ctive teacher. ^ ^ . r 

Process skills as discussed in this guide includes the thinking skills listed and discussed in a sectioh of the 
EB$entiQl SkiU$for Georgia SchoolSf a publication of the Georgia Department of Education: A copy of the 
faxohomy and defrnit ions stated in^ the ^ ' 

In the EBBential SkiUs for Georgia SchoplB a listing of concepts/skills is given for each of the major prodess 
^ills. The grade level intervals, K-4, 5-8 or 9-12, at which each concept/skill migMr be introduced, 
developed or reinforced is indicated ih the listing. ■ 
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in selecting the taxonmny of thinking skills for Georgia public schools, thed^elopere of this manual have 
Aawn upon the durrerit knowledge In the field asj^pi^ented by the foregoing discussion, peflnitions of the 
^^chosen tenns' follow. :,. - '- ' - /'"X. 

i RecaUittB-irecoghiklng in^^^io encountered such is farts, concepti or specific elemeiits 

< in a subject area. ■ •• ' •/ . . : • .. - ■ ■ ^ 

Identltyin^-^scertbinrng^^^ the nature or d^niiiv^^^^^ 

' Observing— obtaining information by noting, perceiving, noticing and describing. Observation may 
involve looking, Ustehing, touching, feeling, sm 

Perceiving— direct/y becoming aware of an item ^/irough any one o/ the senses, especially to see or hear. 

• Comprehending— -understanding inforniation that has been communicated* ^ 

Translating^hanpmg m/ormadon /rbm one form to another. This is judged on the basis of accuracy, 
ihails- the extent to which the original cbmmunrcation is preserved although the form has changed, 

^ Maklnl^a 

alike tn fAher respects^ i = 

• Hypothesizing— assuming, making a tentative eKplanation.- 
Predictir^— ie/Hng or declaring beforehand. 

Imikgmngr-forming o mental image, representing or picturing something to oneself . 

• Applying-^putting to. use. . . • . .-. .' .. J . • ... . - . . .:- 

ClaxifyinU^f^oking something easier to understand: ; . ; / 

• Testing hypotheses— ^lyi'ng out ideas for possible solutions. ^ , 

Defining pperatlonaHy—^Jrcrenng Ideas into a step-by -step plan. - 
- Decision making— choosing the best or most desirable altematiffe. : ■ - . 

Projecting consequence&^e/ming /urther steps toward probable solutions or identifying^ cause/effect 

relqtion^ips, ■■■ ■ - • ; ■ . '■; ' ;• . . / ' .' ■ ." ... '•' 

• Ahalyzing— systematically or sequentially breaking dpwn a concept, problem, pattern or whole into its 
component parts so that the relationships between parts are expressed explicity. - 

Comijaring— ^fefermining^ similarities and differences on the basis of some criteria, , 
Class^ing—plQcin^ elements (e.g., objects, ideas, events) into arbitrarily esiablished system^f 
groupings and subgroupings on the basis of common characteristics. 

Selectin^^hposing andiementfrom a set ^elements (e.g., ob}^ events) on the basis of some 

criteria. . - • -. - • _ . , 

Associating— re/oting elements (e.g., objects, ideas, events) either as given or as they come to mmd. 
inferring— draining a conclusion based on facts oi\ evidence. ,. 

Interpreting— expressing meaning of or reaction to an experience, e.g., a reading, an excursion, a graphic 
representation, g work of art. • ' . 

Qualifying— cfescnbmg by enumerating characteristics. 

• Synthesizing— putting together elements by Ranging and combining them to form a structure, 
pattern, or product. . .^'^ 

Summarizing— expressing a hn^ or concise restatement. 

GenexaWzing-f ormulbting or deriving from specifics (to make universally, applicable) a class, foun or^ ^ 

statement. " ^ ' - ' ' y 

Formulating concepts— <)riginating or expressing ideas. 

Iritergrating— /orming into a whole, uniting. tt ^ ' ' 
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Evaluating— making judgments regarding quantity and/or quality on the basis of a set of criteria. 

JuMfyln^^showing adequate reQson(&) for something done* . > 

Imposing standards— ossunng equar companion u^^^^ 

Judging— /orming on idea or opfnion about any ^^o^^e^. * 

Viewing internal consistency™undei:staading .fhfli.ai/. the parts of a^mcesB fit together. 

Valuing— €stab/ij/iing toorth or esteem. 
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Once goals and objectives based on a given philosophy have been determined, the planning for instructioh 
can begin. There are obviously many plans that need to be developed at every level— the state, the school 
system, the school building, the classroom. Suggestions have already been provided for the school system 
and individual school in the part oF the guide entitled "Developing a Middle Grade^^ 
Curriculum/' The suggestions in this part of the guide are written primarily to assist classroom teachers as 
they plan the d_aily instruction fpr^students ih the nniiddl% grades. The first section gives suggestions on how 
to begin to plan daily instruction ^dr th^^ middle grades Ifarner; The second s'ectlbn deals with the most ; 
basic of^ll concerns in planning— providing instruction that attempts to meet the needs of each person who 
is a member of that individual classroom.' 

Following this- sertiph are several articles that present some very specific considera^^^ The impact of 
technology on teaching techniques and the curricular needs of students is the thrust of the first article. The 
nekt article discusses d Ifflcu It ies that students encq^unter In reading mathematics and In solving word 
problems. Many students arid teachers in the middle grades have aniiety about matheniatics which; 
prevents optinium learning from taking place/ The addresses this concern. The next article 

deals with students who have special difficulties that affect their progress in mathematics. There are 
discussions of argas^ of exceptionality and recommerid at ions are made for modi^ing techniques fo meet the" 
Individual needs of these students. The last .article on special considerations provides suggestions for 
planning instruction for students who are gifted in mathematics. 

The task of providing effective instruction for all of the individuals In a classroom in the rniddl a grades can 
become an overwhelming one for teachers unless they have an adequate support system. The intent of the 
section on support systems is not only to identify niany of the sources of support but also to make 
suggestions to teachers for more effective use of the various aspects of available support. 

The section on strategies Includes a discussion of tasks that face teachers in their daily instruction. Several 
classroom episoderBre included to illustrate these tasks as they relate to a given classroom situation. 

peveloping appropnate activities to meet all of the nee^s discussed in the/other sections of this part of the 
guide entitled **Planhing for Instruction" is a time consuming idea. The remainder of this part of the guide 
contains suggestions for such activities as well as some activities that have already been developed. There 
are a variety of formats for the activities since some teachers might prefer many ideas from which they 
could selfti those they wish to develop while other teachers might find the fully developed activities more 
useful either as they appear in the guide or as a sample for developing additional activities. In addition, 
since teachers also have individual needs and teaching styles, some formats of the activities may be usefiil 
during one time per) od, while others may be preferred at other tinies. If the task card activities are used as 




they appear In the guide, there should be some coordination amdng staff members as to which activities 
will be used at the various grade levels or modifications of the cards could be ma^e and agreed upon foi 
different grade levels* e.g-, deletions or extensions. Clearly this agreement is necessary so that students will 
not be given identical activities for several consecutive years. : 
Planning for Instruction is an important task for every classroom teacher. Understanding the complexity 6f 
^Tfiilhdividuais in the middle grades* their special needs and how to begin to meet those needswlUmak&the 
task more manageable, » : 
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. Planning for instruction In a broad sense includes setting goals, pelecting materials, using support systems, 
assessing and other activities discussed In preceding sections of the guide. This special section of the guide 
has been developed to give added focus to the concerns of tM as they attempt to plan daily instrufction 

: for thi students assigned to their classrooms. Many groups of teachers and others may also be involved In 
setting program goals in a local school system and in. selecting the basic mathematics teKtbook series. . 
Class size, schedules, assignments of individual students, etc., are often determined by administrators. All 

-of these decisions ai^eextremeli^jmportanti^ of quality mathematics instrurti on 

None of these, however, exceeds in importance the actual planning for instructioh that is carried put by the 
individual Classroom teacher. ' " . 

The expansion of subject area content needed for a technological society, the call for increased attention to 
problem solving and other higher level skills; and the unbeiievabl^ number of tasks asked of teachers that 
take away instructional time, are factors which cdntrtbute to a national concern for maximizing the time 
spent in mathematics instruction for each studeht.. ^ ^ T ^ 

The National Council of Teachers of Mathematics appointed a study committee to provide direction for the 
teaching of mathematics in the 80s. The results of the study were published in An Agenda for Acttom 
RecQmmendationB for School MathematicB o/ f/ie J 9S0s (National Council of Teachers of.Mathematics, 
1980). Included were eight major recommendations. The fourth recommendation concerns standards of 
both effectiveness and efiRciency which must be applied to the teaching of mathematics^ lu stressing the 
sigiiiflcance of what happens during the hour of mathematics instruction the report stated that 

Instructional time is a precious commoditi^, It must be spent wisely. Learning ip a product of both 

the tfine engaged In a learning task and the quality of that engagement. Teachers must . 

employ the most effective and e^'cient techniques at their command. They must apportion 

~ instructional tiirn^ accofding to the impolf^^^ ^ 

or knowledge is suyect to change over time. v . 

. / - " , - ^ * ■ ■ ' '' - ■ = . ■ 

Modern technology and educational theory and research have made accessible to today's 

teacher approaches, materials, and strategies that were not pf eyiously available. Teacliers at all 

levels must learn to use this enriched variety* of instructional techniques, materials, and 

resources to teach mathematics more effectively. (NCTM, p. 11) 

The Georgia Board of Education and the Georgia Department of Education have demonstrated their belief 
in the signiflcance of teacher-controlled activities by the development and implementation of Performance=based 
Certification for Teachers. These agencies .strongly support the concept of the significance of the 
teacher-controlled activity within the classroom. 

With the assistance of many professionals from various educational settings throughout the state, the 
Georgia Pepartment of Education and the State Board of Education have Identifled ^eclfic generic 
-competericies which are essential for effective teaching In the Georgia classrooms. 

1. Plans instruction to achieve selected objectives. 

2. Organizes Instruction to take Into account Individual differences among learners. 

3. Obtains and uses information about the needs and prbgress of individual learners. 



P-3 



60 



EKLC 



V uses intomatlon about the efertiyeness of instructi^^ when necessary. . ■ ^ 

I: ' : 6, Ua^s instrurtional techniques, methods and ttiedia related to the objective, r - > - 

j 7. Gonimunicates with learners. ■ 1 / . ■ * \ 

: 8 ^bemohstr^^ : . : ' ; . V 

' 9/ Reinforces and encourages leanier Involverne . * / , 

id. Demonstrates an understanding of t . ^ . 

11/ Organizes timet space, material^^ 

12. Demonstrates enthusiasm for teaching and learning; and 

13. Helps learners develop positive self concepts. V ; 
, 14* Manages classroom interactions. ^ 

Specific suggestions have been included in the guide which are Intended to provide assistance In each of 
; these competency areas to teachers of mathematics in the middle grades in the state. For example, 

1. The evaluation section should provide assistance w 

2. The section on support systems addresses ^ 

3. The section on the nature of the middle grades learner should assist the teachers in competencies 2, 7* 

V ; 9, 13 and 14.^. ^ ^ ;\ ^ v . ^ ^= . ^ \ ' / 

4. The section on persoMlizIng deals very s^ 

5 Suggestions for corhprten^^ 13 and 14 are irichided in the flVe articles under the section 

"Special Considerations/' 

6. The section of the guide which contains very specific help to the teacher in planning learner tasks and 
" teacher tasks should provide assistance to the teacher on almost all of the eompetencles. Competencies 

i, 2, 6t 8, 9 and 11 are given special attention in this sectioh. 

Although all of the sections of the^ guide provide assistance to the teacher on several of the cpnipctencies, 
there are three sectibris that deal almost totally vylt 

basis. The section on structures for individualizing is devoted entirely to topics such as grouping of students, 
use of learning centers, learning activity packages, mathematics labs and the like. Another section provides 
II muftitude of Id^ topici normally taught during t he middle years (Se% the section 6^ 

Learnlrig and Teaching Middle Grades Math.*') The section on support systems should provide assistance 
to the teacher in the area of planning for instruction. 

In summary, the planning of daily instruction by individual classroom teachers will probably influence 
the progress nlade by students more significantly than any other single factor. This entire guide 
has been developed to assist classrooni teachers as they plan-^with the goal of providing ^timal 
coriditions for irteeting the criteria of effectiveness arid efficiency in mathematics instrurtlqn in the 
middle grades.^ 
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^BrsanaKzing instruction 



There are several factors that complicate the process of dealing with individual differences in learning 
during the middle grade years. Although students already possess different abHities, attitudes and Jearning 
styles when they enter school, these differences arf magnified during the middle grades. In addition to this 
eKpanded diversity, many students during the middle grade year^ may temporarily lose their enthusiasm 
for learning. The academic growth of these students therefore Is often dependent on eKternal motivation or 
a revltallzation of internal motivation. Unless the Instructional prograni is designed to meet individual 
needs thw experta^tlon that either7;wiil day_to_day instixijction^is 

planned and executed with high regard ^r each indlviduai in the classroom, academic ^owth should 
be expected^ ^ v / 

Personalized instruction in/ thls section is defined in a very broad sen^ to indicate Instruction that is 
designed to meet the needs of indlviduai students in the classroom. One of the greatest challenges in 
teaching at any grade level may well be the challenge of attempting to personalize or Individualize 
instruction to meet these individual needs. 

In recent:years, the term individualized instruction has taken on a very special meaning. It has been 
used by ;some educators to describe a program where students use a sequence of learning packets or 
units and move through the material at their own pace. Passing a pre^test and/or postrtest is a 
prerequisite to progressing to the aext unit. Tlie curriculum itself is structured and sequenced and is 
e same for each student even though each student moves through the^program in a continuous progress 
mode. By the late 1960s the merging of dual schoor systems/ social promotion and the tendency of 
governmental agencies to require a return to heterogeneous classrooms magnified the diversity of 
acadjimic levels in a given classroom and promoted this concept of a separate program for each 
Indtvldual student. As federal progranns were funded for curriculum development and implementation of 
programs, many systems for^self-paced instruction were developed and^arketed to schools throughout 
the nation. Textbooks were revised so that they could be used In this tnanner. As schools purchased these 
programs, many classrooms w^ere transforitied Into reliance on one particular mode of; instruction. If any 
flexibility remained for teachers to use other methods of lndlvldualizing« these teachers often changed 
to this format for a variety of reasons. Although many of these programs violated one of the basic 
philosophies of most educators, i.e., that no one method is best for all children and all teachers, 
they continued to gain acceptance as the answer to the challenge of meeting the individual needs of ^ 
students in individual classrooms. The cost Of these programs was probably the only reason for a class» 
room in the state to Individualize in any other manner. 

By 1976 Harold Schoen had completed research that seemed to indicate that this type of individualiza- 
tion was no more a panacea than other methods. Although the research has its limitations^ there were 
several findings that seem appropriate to report. 

1. At the primary grade levels the ft'ndings appear to be ambiguous, but the results In grades five to eight 
very definitely favor the control (nonindividuallzed) teaching approaches (p. 91). 

2. In grades five through eight the self-paced approach has very definitely not been effective In 
mathematics as measured by any criteria used by these researchers. InTact^ it Is rare that a question in 
educational research has such a dear-cut answer. The few studies supporting the individualized 
approaches are far outweighed by results favoring the traditional approaches even on affective 
measures (p, 94). ^ ^ _ 

/ ' ■■ / ' p.5 • . . 



3/ the educational of the pupilHteach^r iirterariiori in the self»^aced dassroprti^ potor, 

cortsiriing mortly of iproc^ 

Sch^eYi ^olntt out that ieacher or prtncipal should not jfeel that he or she Is necessarily failing to alldw for 
individual differences If he or she decides not to implemenfr a self^paced instrurtional approach* 

The self-paced method of indlyiduaiiilng Instrurtlon priinarlly varies the curriciilum for Individual students 
by manipulating the aniount of time spent on a given topic In the curriculum. There ate some authorities 
who feel that the variables associated with how students learn are more significant than the yariable of 
time. A review of the literature will reveal other Variables that are often considered to be significant. Many 
of these tend to emphasize learner style as qne significant variable to consider in providing for Individual 
differences In the classroom. Klingele (1979), in His discussion of Instructional coordination, suggests 
categories such as tactile, auditory, verbal and combinations of these three. He lists implications for 
individuallzihg for each of these coriiblnations- , , V 

In Mathematics in Science and Sociefy several of the cpgnltlve styles such, as field independent or 
analytical as opposed to depender^ or global are discussed. The authors Illustrate that the; global style 
students will have difficulty finding simple figures in complex drawings or pertinent data in a word problem, 
table or graph and they give some Instructional Implications for thip aspect of learner style. The reflective 
and impulsive^ learner is alsp jdlsi^ssfd.^he ft^ igtuder^ In^th^^ e^ 

each of these characteristics such as the; Impulsive student who gives so many Incorrect answers that his 
self-concept is at stakel The authors suggest some implications for comblnaitions such as discovery lessons 
for the fleld Independent reflective student as opposed to the field dependent, impulsive student tirho heeds 
much niore direrted study. - . / 

Another significant factor often discussed in the lltf rature is group size as it relates to interaction needs pf 
studeiits. Some students work eKtremely well when working alone. Some seem to be most productive in a 
small group while others do vieiy well in a large group.^ ^ ; " " % 

If Schoen's research casts some doubt -on the effectiveness of manipulating only one variable in . 
individualizing instruction, it becomes even more complex If other variables also need to be considered. 
What then are sdme other instructional methods of providing for individual differences? In 1977 the 
National Council of teachers of Mathematics published a yearbook entitled Organizins /or Mathematics 
instruction. This yearbook attempted to give classroom teachers alternative methods of individualizing* 
The collection of essays submitted and accepted for the yearbook did riot present all of the alternatives or a 
definitive treatment of any one of the organizational alternatives possible. A review of the chapters gives an 
indication of the solutions proposed. V 

Iv Organizing for IndividuaHzation: the IGE Model — _ _ — _ 

2. Organizing for Individualization: » Departrnent iviod ' ^ ' 

3. Organizing for Individualizations a Classroom Model ■ ^ 

4. Organizing Independent Learning Units 

5. Organizing Goar^^ferenced Instructional Units 

6. Organizing a Learhlrig Cooperative: Suvv^ al Groups 

7. Organizing for Simulations 

,8. Organizing for Masten? Learning: A Group-based Approach 
9. Organizing Instruction: Logical Considerations ^ ' 

10. Organizing for Alternative Schools: An Integrated Curriculum ^ = 

11. The Teacher-centered Classroom \ : ^ 

12. Implications of Research for Instruction in Self-paced Mathematics . 

13. Hand-held Calculators: Past, PreMnt and Future 

53 ■ ,■ ^ v.: ■ 

P.6. 



A review of th^ chapters sofnc of the suggestlpns are concerned with grouping patterns,' 
-\ some curriculum and some teaching strategic. These suggestions could be helphil to the leadership of ' 
-local schob! systems in systemwtdspiannmg ^mathematics, as well as to individual teachers. * 

■ . There are many administrative techniques that might fecllitate dealing with individual differences in what 
students learn and. how they learn. Some of the techniques include special classes in mathematics^ 
departmentalization, fleKtble scheduling, team teaching, homogeneous groupings and mathematics 
laboratories. Many times, however, the teacher has a^ection of 25 to 35 students that have widely varying • 
academic abilities and learning styles. The suggestloris rnade in the remainder of this section are for those 
teachexs of heterogenedus classes of approximateli? 25 to 35 middle^grade students although they could 
certainly be used in classrooms or situations resulting frorn one or more of the above administrafive 
' techniques. - 



What Students Learn 



Instruction for middle grade students certainly must include the cohcept of varying what students learfi. If 
an individual classroom teacher is faced with^the total Fesponsibility for providing instruction for 
approximately 30 students in a heterogeneous setting, he/she will likely be planning for students whose 
mathematical achievement has at least. a Ave year span and whose learning styles, rates, and the like are, 
equally as diverse. The plans that the teacher develops for a given unit have to be plans that are refeisonable 
to implement given the nature of his/her own personality, the^ature of the students and the natui;e of the 
resources available. The extent to which a teacher can individualize mathematics Instruction through 
varying the content for the students will be affecfed by all of the above. Most teachers realize It is 
unreasonable to expect the same content mastery from every individual in a class containing at least a five 
. grade span in achievement but that it is equally unreasonable to attempt to provide meaningfu! instruction 
for 30 students with individual programs for each student. The suggestions presented for consideratipn in 
this section exist somewhere between every student assigned problems on the same textbook page and no 
two students on the same specific topic. The suggestions involve a combination of total class activities and^, 
fntraclass' groupings. Although the entire class would be working on the same topic, eig., decimals, 
fraotions or geometry, the groups would be pursuing the topic at various levels of difficulty. . 

_i To illustrate thejsoncept of di^^^ 
decimals for a seventh grade class. At the beginning of the unit when the class is looking at place valui 
notation of decimal fractions, the group with a poor background in mathematics would be working with 
^ concepts such as .34 34/100. Another group might be writing out the meaning of 34 hundredths in 
expanded form such as (.34 ^ 3/10 + 4/100) or (.34 ^ 3 k 1/10 + 4 x 1/100). Another group might be using . 
negative exponents in their expanded notation (.34 = 3 K 10 - + 4 x 10=^), Sorne advanced students 
might even be working on scientific notation as an extension of decimal notation (.34 = 3.4 x 10 *), 
The entire class is dealing with the notion of the meaning of 34 hundredths but the level of difficulty for 
each group varies considerably. ^ 

In multiplying«decimals, the groups would probably range from simple multiplication such as 42 x ,05 in a 
y ... probleni context of figuring sales tax to ^42 x.,13 or 4.2 K 1.3 to problems such as (4.5 x 10^) x 

(3.6 X 10^). Each group is multiplying decimals but the content i& certainly different for the various groups 

of students. ^ ^ * ^ 

- - ^ ^ ^ _ ^ . : . _ . . 

In writing the unit plans, the teacher might write different objectives for each group^i.e^ 

Group I - The students will be able to write a decimal fraction as a, common fraction. (.34 — 34/100) 

. Grqup II - The student will be able to write a decimal fraction in expanded notation. (.34 ^ 3 x 1/101.+ 
- . 4 K 1/100) or if desired (.34 ^ 3 X 10 2) , ; i , 

Group ill ^ The student will be able to write a decimal fraction in scientific notation. ,(. 34 ^ 3.4 x 10^^) 

o 
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^The teaGher^^ to write phe gen^^^ 

various groups. A general objertive might be: the student will be able to eKplaln the meaning of a decinnid: 
' fradtibn such as thirty four hundredths. The objedlve might contain specific parameters ^uch as tenths 
- through ten thousandths, * ^ . - . v 

No m^ttep how the teacher dhooses'^^organize the contend heterbgeneous cl^^* it will Hke 
difficult to implement the plan successfally* The m 

instructionV hbwei^, seems to be one method that has potential for enhancing the instructional program in 
a heterogeneous class. Since the total class would be working on the same unit, some total class tnttrii 
could take place. Teaching via bulletin boards, learning centers or confelated enrichment activities, would 
also be possible. The group work, however, would break the content down so that there would; be 
reasonable expectations for each student. - 

Haw Stttdents Learifa 

Although most teachers would agree that learner style is a variable that is equally as significant as 
intellectual capability in providing for individual differences in a classrbomt it is certainly mor^^ difficult to 
diagnose and prescribe appropriate activities for a diverse class olf middle grade students. Not only do the 
Individual students have vastly different learning styles that are difflcult to diagnose, but the styles will likely 
vary from day to day becauser^f t he nature of the middle grades -learner. A particular student may be a - 
reflective learner one day arid impulsive the next deperiding on his or her nnood. Although individual 
students usually "work best in a small group interaction mode, on given days they might not need this 
* type of instructional forrnat* J ^ 

It. certainly would seem that the teacher should be aware of these learner styles but it might not be wise to 
attempt to classify students riorprescribe activities on the, basis of a classificationv Rather it would seem a 
reasonable approacli to plan a variety of "activities JFor the total class or intr a-class groups so that at best 
most of the students needs are met most of the time or that at least some of tlie needs are met some of the 
time. Certainly the mode of operation in some classrooms — checking homework, teacher explains new 
concepts and students work a few prpblenns in claims and finish renialnder at heme—^pne day after day for 
ISO days stands little chance of individualizing learnrf%yle to a 

In providing for individuar differences in learner style, there are at least three factors that might be 
. considered, i.e^ materiaISi activities and interaction modes. 



Materials and Activities 



In providing for individual differences in a heterogeneous classroonij the teacher could Use three different 
level textbooks if the system has a single textbook adoption. For example, for the seventh grade class 
studying decimals, the teacher might use a sixth, seventh, and eighth grade book for the various groups in 
the class. Since most textbook series provide assistance to the teacher for enrichment and remediation, 
this arrangement would provide for approximately a five year span. Multiple assigriments could then be 
made for the students using the various books. Since the teacher would not want to call attention to those 
working below grade level, the assignments could be placed on the board by group name rather than by 
book level. Some groups might like to suggest their own nante or the teacher might simply refer to those 
using the sixth grade book as Group 1, seventh grade book. Group 2 and eighth grade book as GrouprS. In 
multiplying firactions a sample assignment from a current textbook series would be 

" Group 1 - pages 195^198 . 

- Group 2- pages 104-106 

Group 3 - pages 92- 93 ' 
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This particular series of one publishing cdmpany has accompanying ditto masters on rnultiplication u/hich 
, the teacher,^ could also cross reference and use effectively. Most major textbook companies not only 
provide addtUonal materials but also provide^ on correlating the materials. ^These rnaterlals 

can certainly^^e used as a foundation for the teacher who fs planning to use a combination of total 
class and ii^ra^ass groupings in attempting t6 individualize mathematics instruction in a given classroom. 

There are many*L other materials that have been developed commercially or can be developed by a 
classroom teachei;^to assist in individualizing via materials and activities. The choice of materials and ! 
activities is a difflcuU one btit one that is very significant if one considers it a viable way to address the issue 
of varying mathemai|cs instruction according to how students learn as well as what students learn. 

Most lists of suggestions for varying the materials and activities in a classroom u/ould include these/ 

1. : Learning centers \ ^ 
, = 2. Mathematical gamesv ^ 

8. Learning activity pacl^ges (LAP) - 
; 4.. Contracts • X " ' ■ --- - •■ 

. - "5. .ftojects ■ \ ' ■ '"■ ' ' " ■- • 

-.i..:.fi..fiulletin.. Boards: J, ..^\;^_^../..A^ J..:.,;^. -^:-^.,i:C^.\^J:^.,.-,^.^^^ 

7, pupplemehtal activities such as tasks and materials that might be available for individual students or 
bmall groups of students to ramplete their classwork or to substitute for their classWork. These are 
. usually housed in shoeboKeSp file folders, plastic bags, etc. If np materials are needed, they might be 

. 0osted in the roorn or stored ima card file, 

' ^ • " ' ■ > • ' . ! ■ ' ■ - = ' 

The choice of materials and activities u/ill vary greatly firom school to school and classBsom to classroom. 
There are many coi^sidefations that u/puld seem significant in determining which of these or other 
materials to use jn a given clas^oom to a^ist in individualizing tnathematics instruction for that particular 
set of students. For example: \ . ■ ^ 

1. Are the materials and/or aictivities related to the ©y 

2, Are they appropriate for the student, i.i.^ ' 

a. Do they present the materiaron the aeadeinic le^ 

b. Does the student using them have the ar^ount of independmqe required? Some students may b^ i 
mature enough to handle contracts and sbnie may not be a^e to do so. Some students can operate % 
jFairly independently with the Jnstriictiohs for a game^ and some can not. Some c^ handle small 
materials with care and others tend to thrdw them away or misuse them in some way. 

^ c,~ Are they compat Ibl e wit h the nature of t h e Jearner? Mtf nymi dd lergrades st ud ents dovery well with~^ 
the LAP'S since they are short mini units. This type of material is consistent with .their enthustastic 
but short lived interest in a particular subject. Some do well with learning centers, because of their 
excess energy and their need to. move around while some cannot assume the responsibility 
associated with learning centers, 
U^. Are the materials and activities relevant to the student? Many times the additional materials and 
activities can be built around student interest. Some can be interdiscipjinary in nature and 
consequently be more relevant to students. 

3l Do the activities and materials for the unit collectively provide for a variety o^eamfng styles? Are there 
. some activities for the student who is a very poor reader, for the student who is very visually oriented, for 
the very bright student, for the student of average academic ability but very independent arid so on? It is 
nice to plan sorne of the extra materials and activities that will be available to all students. This is 
particularly true. of the supplementary activities which are often not available to the slow, deliberate, 
and conscientious students because they never complete their regular assignm 

I. Are the activities and materials that are^used to assist in individualizing instruction appropriate for the 
taaehsr? This is probably the most important consideration of all. Teachers should feel comfortable 
with this consideration. Teachers have varied personalities and teaching styles Just as students have 
varied learning styles. Some materials and activities are eKcellent when utilized by one teacher and.a ' 
failure when used by anotherl It should be left up to the teacher to plan the materials and activities that 
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blend witH tjhcir own personalities. One ixrtnrtpic of this would tfe the use of mathematics gmnesv Sbitie 
teachers he! very uncon^OTtable with group^^f children ill over^^ gani^ ^ 

but respbnd very well to a game that involves the entire class. There are many ways to effectively 

- individualize through a total class activity. Almost any of the standard games can be iridividualiEed by 

V color coding the activity cards given to various groups of students. For example, using a dec^ 

; : caUs ''95 HundredtlWi^acardgiveat^ 95 or 95/100, 

^ a given to average students might contain to coyer up, 

and a card given to a more advanced student might show 9 x 10-1 + 5 8 10 ? in the section to b^ 
covered up. The usual Bingo mies could be played. If teachers are free to select materials and activities 
that are appropriate for theff teaching responsibility of selecting, 
modifying or preparing materials and adivities that will reflect aii attempt to individualize in^ruttion 
according to learner style as well as academic ability. \ ^ 



Ihteractibn Mpdes 



In considering how students learn* the last variable for discussion is thpt of interaction mode. One of the 
major criticisms of some of the qriginal individualized programs where students used a sequence of 
learning packets or units and moved through the material at their own pace was that in most instances 
rtudents were expected to operate in only one interaction mode. They worked on their riiateriais alone and 
interacted only with the teacher on a one-to-one basis. Forborne students this type of interaction mode was 
ejrtremely e^^iveV TTier^ 

they are stiniulated by interactions with other st in small groups or in clasraiscusslon led ^ 

a teacher who facilitates the interaction by asking thought provoking questions and utilising one student's 
bbservatioris to stimulate another student. The current emphasis on critical thinking and problem^solving 
in mathematics almost mandates that students have a variety of int^action modes. The sociayemotional 
needs of middle grades students would tend to lend support to the argument that students need at least 
some experiences interacting in various group siies. . . . " ; 

In addition to group size, the type of groupi that are planned for ^udents would seem to be a factor In the 
overall discussion of interartion modes. Cbnsideraribh should given to types of intraclass groupings 
other than academic ability. Many students h 

Intraclass groupings based on student interest, student learning style jDinvarious tasks. If students have 
opportunities to participate in groups of this aescription* there should be less stigma attached to the ability 
groups. It should lessen the situations where students perceive themselves to always be in the ''dumb" 
group. Since learning to work tpgether on a dommon task is also an important aspect of small group 
interaction, using these various types ^f groups as well as the ability groups should provide yet ftirther 
eMperienqes in this area. ^ . . ; 

In addition to total class activities and various types of sma|l group artivities, there certainly should be 
some experiences planned for students U/here^^ are working alone or independently. Even though this 
might not be the most effective interaction mode for some students, almost all rtudents neW and enjoy 
some activities of this nature. Ultimately, much of a student's learning must be done on an individual basis 
so it is important that opportunities be provided in this area. 

the most difficult aspect of implerhentirig^^a^^ to; incorporate many of these suggestions Is 

developing an appropriate management system tfiat suits the teacher, students and curriculoni. One viable 
management system would be one that includes the concept of unft planning. Within the unit, after the 
bbjectives for the class or groups within the class have been selected, the teacher would probably begin to 
identity » large set of materials and activities to match these objectives. If there is a basic textbook series, 
4he first step would probably be cross referencing the different grade levels of the text that the teacher has 
issued in his/her class. A list of all these materials as well as ideas for activities can be stored in a unit 
notebook which also contains individual lesson plans. Since the notebook would also contain copies of 
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quizies and tests, it would be easy for teachers to then evaluate their unit to detirniine iifthey have made 
some progress towards individualizing instruction for the individual meniberr of their„ classroom. 

.Although no one middle grades teacher can plan instruction on a daily b&sis to accomodate students' 
varying levels of achieyement. r^t^ styles, the unit plan is one practical way of attempting to 

provide niore individualiEati^n in how students learn as well as what students learn. The development of an 
exciting unit in mathernatics^or rniddle grade learners, in order to include these attempts at individualizing, 
is a time consuming task. Many times teachers at the sarne grade ievel share the responsibility. This may 
be accomplished by wbrkmg ^tbgether on one unit or sliaring units that are developed individually. For 
example, one teacher may del^Iop a unit ori decimals and another teacher may develop a unit oh 
geometry. Even thdugh no two classes are aHke, the units usually contain a variety of activities and can be 
easily adapted for several classes^ ^ 

In sunfinnary, if IndividualiEatiQh Is interpreted In a broad sense toMnclude meeting all the needs of individual 
students ifi the class, many factors must be coiisidered/ These factors should include considerations Of how 
students learn as well as what they can an^ should learn. Since a given teacher with 30 students and a 60- 
minute block of time allocated to mathematics can only spend one to two minutes per individual student per 
day, it seems important to develop some techniques for ind|vidu|ilizing within the structure of the total class 
' by^using a c 

student work. These techniques will involve the use of a variety of materials^nd aictivities. One method of 
organizing mathematics instruction to Incorporate different academic levels and learning styles is unit ^ 
planning. The extent to which teachers can manlpiulate all of these variables will largely determine the 
extent to which they will be able to meet the individual needs of the students In their classrooms. 
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>' Using Technology 

■ ' ^ ^ /f^ .4; - ■ . / ' - ■ " ^ . 

Middle grade stij^^^tSIJ^re growing up in a highly sciantifiCp technological world. Nearly every facet of their 
liye^ lis affefctq^^^^fc^nology. One obyious influence on these students is television. As teachers and 
i^sdhools ^r^y^^e^ i^^y^ents' attentlonp use of technological equipment can be advantageous. Communis 

^^t^*io '^P^rtWt aspect of ever^ 
"mathematics instructor as well as all teachers both in confmunicating to students and in building students' 
own comotiunication skills, ^'^^ > - . 

Multl^^4ia« Periodic us0 of eqi[iipfii%^ a^^ overhead projector can enhance teacl^ing and^ 

iearnih^xpjSgfncei^.- Slide-tape presenfations as well ai fllmstripSs flims.and video-tapes can help teachers 
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vary theife^Semhing strategies for their individual students witK different learning styles. Materials are 
available^fcommerici^lly and can be teachpr-made or student^niade. Slides, for example^ are easy to learn 
to make* and students can be encouraged to produce s^^ch products as slide-tape presentations for different 
groups^ e.g.p students bt otKer grade levels In the school or various groups in the community* 

Producing their own videotape on a particular lesson or unit will help students not only to understand the 
material* but will help them in builditigtheir awareness. of communication skills which are as important to 
mathematics as to any other ^rea ^of study. For assistant in locating support for learning how to make 
slWes^^and videotapes, obtaining materials and selecting materials see **Plannmg Jor In&tniction — Using 
Support Systems" in this gu^^- . ■ " . i ^ ^ 

Calculators and epmputers. Obvious tools of the technological world available to students and 
teachers which seem even more specific fb mathematics are calculators and computers. Why should 
eKperience with computers and calculators be included in a mathematics curriculum? How should niiddl% 
grades mathematics teaching and learning involve su^h tools? " 

Why u^e comptitars and ealeulators in mathematics Instruction? Mathematics teachers hdvi. 
explbred possible uses of calculators and cbmputers In the learning of mathematics for over tw^ decades.^ 
Many interesting ideas have developed. The reasons that teachers migjit include one or bbth of these tools 
in the classroom are the following* r * ,^ ' 

1. Motivating— Students usually enjoy, indeed preferp working bri mathematical tasks by using a cqmpu 
or calculator. They are often curious and excited by tte idea of getting a machine to help ,sp 
mathematicai problems or complete exefclses. With the vast array of electronic games and ho 
calculators students are often more comfortable than adults with such microprocesso^s^ 

2. Problem solving— When the focus is upon learning to solve a problemp it may be he^ful to reduce or 
eliminate the computational demands. If students are encouraged to focus on analyzing the probleiti and 
on developing a method of solution rather thail on computing the results, they may be more willing and 
able to learn to solve challenging problems/ When the activity Involves applications which include 
numbers obtained from actual measurements, students may feel less bogged down with calculations if 
they are permitted to use a calculator or computer 



3; Algof Ithmic learning— Students can be encpuraged to build their own procedures (algorithms). ThougH 
many teachers will still wish to emphasize a Itandard or conventional- procedure, it may be valuahje to 
V ^ ask students to explore their own alternative procedures on a calculator or computer* For eKamplejTiow 
might a calculator be used to find a quotierit without using the divide key? Or a student m 
• , test and refine a computer prpgraifi for simplifying fractions. In such activities students, may learri 
about algorithnris (i.e., algorithms are built by people who can test, revise, and improve their 
■'•v' :■ creation).. J, ^ ^r-. ^ ■ . 

4. Practicing—After: fundamental meanings have been developed for a new idea, students often benefit 
from practicing with specific examples. Computers and calculators can be used by students; to practice. 
Computer programs which offer a jsractice session for a student often feature the following: (a) taiks 
individually tailored to each child, (b) student resppnsep required, (c) immediate evaluation of student 

. response followed by feedbatk to the child, (d) repeated trials offered when errors occur, (e) encouraging 
'r^einforcers given and (f) perforniance records stored anid reported to the student and. teacher. 

5. Applying and reinforcing— Many teachers assign computer/calculator tasks which are chosen to 
reinforce the ideas developedMn a. lesson. If a student applies his or her newly constructed knowledge, 
these ideas may become more meaningftil and better remembered. For eKample,^ students may be 
introduced to a definition for addition of two .fractions. To reinforce this 'deflnitiori, students might 
complete a computer program to find the sum of twa fractibnsr- -i^^^^^^^s^^ ■ - - > ™ -.^^^^.^-^^ 

10 ^ INPUT **FIRST FRACTION*'; A, B Numei^tor and denominator are typed ^^^^ 

arateli^ for each fraction (el, g.r 2, 3 for 2/3) 
20 INPUT "SECOND FRACTION": C. D O 

30 PRINT A; '7 B; " + C; D; " . The PRINT instruction types the addition 

phrase Xe^g., 2/3 + 4/5 i). The blank could 
40 END be completed with (A*P + C*B), V/" B*D 

By running the^rogram and checking the output (which involves student pra^icing, top), the student's 
concept is ftjrther tested and reinforced, " . ^ . : 

6. Demoristrating and experi me nt in cj— Because numerous examples can be Y:alculated and displayed 
easily and quickly^ compu^r^alculators can be effective aids to denionstrating (and exploring) various 
instances. For example^ students might find and record 1 ^2, 1 +,3, 1 +4* ; . ., 1 20 using a calculator. 
After e^arnining the^ljst of decimals produced, van^ patterns^ might ^e npticed_and described. 
Conjectures about these patterns could be elicited fromihe students. For eKampIe, the number of digits^ 
in the part which repeats for decimals of the prime number.denominators appears to be one less than 
the prime each time. Such conjectures could then be tested with hew instances. A different example of 
demonstrating/experimenting rnlght involve a computer program used by the teacher.'For e^mple, the V 
program presents a picture of a region which can be subdivided according to values input by the class. 
For a value of 16 the computer shows a rectangular region being cut up into 16 congruent parts. Then an 
input of 5 shijfivs fi^^ parts with a different color and the ft'action 5/16. The computer program can acceptj 
many different such inputs* drawing in each case a correct area^ representation for a fraction 
printing ttie fraction name on the screen. Through the use of such' a program the teacher is able to 
demonstrate (with an exploratory erhphasis) models of fracti ^ 

The possible forms and extents of microprocessor technology are being explored in mariy Georgiflr middle 
schools. Perhaps the attitude which middle school mathematics teachers need to adopt is an\c^en, 
questioning but receptive approach. Technology has gireat potential to enrich, extend and support effective ' 
mathematics teaching and'learning. It will be important for each teacher to construct understandings for, 
and predispositions toward, using such technology. ^ 
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^Hpw W Me tnlcrocompu^ calcWator* far mathsmfitic* le^ ^ \ 

During the past 20 years there has been a variety of cornputers and calculators used .m 
initructipn These uses include programniing, practicing* tutorm gaming; .simulatingr testing and 
hianaging. A thdirough understanding of them will go beyond the scope of the current guide, . but a' brief 
characterization^ and illustration of microprocessors in progr^nnming follow* = • 

Mathematics students of all ages throughout the wbrld are writing and enecuting their own computer/' 
calculator prograrhs/ When a student build a program, the emphasis can be upon valuable/outcomes of 
instructliDn, A tearned noncbm^t*er/.calcuIat6r procedure might be reinforced as the Student Sinalyz^s 
the steps in order to tell the ^s^thine how to do it. The teacher may begin by demonstrating on the 
chalkboard or overhead projectoi the steps of a procedure, such as finding the greatest common factor, . 
^ Several specific number pairs mre tried as the teacher models a procedure. Then students might be 
given an ihcomplete program and asked to complete and ekecute their program; testing the output to 
, check their prograrn, ^ 

Prograni notes 

A REMark helps label a program. 
15, Sets up a loop of possible divisor 15, 

15/D. Test for even division by comparing 
quotient with ihteger part of the quotients 
For values of D which are factors of 15, : 
Jumps to line 50^ Otherwise, next D, 

D. 24/p. 40. If D doesn*t divide 24, jumps to 
40. If D is a Jfactor of 24, gp^ to line 60. 

Line 60 types the answer, D, th^Jargest 
value which d^ides both 15 and 24. 

.70./ ^ END;/ ' ^ " ' -.r.:-- - ■ 

A student would heed to reason how the computer could perform the steps iti order to find the GCF of 15 
and 24. Usually students will think about the computer actions, tracing through step-by^step tKe flow of 
events. To do this, the student must be aware at some level of operation how each instruction in the 
computer programming language is performed during prograiti execution. Natural computer programming 
languageS| such as BASIC, make it relatively easy for beginners to understand a program. Often a wide 
variety of possible programs can result from ihy algorithmic task set by the teacher. This requires tfiat the 
teacher jfccept solutions which are different. Of cpurse, each program can be tested for correctness by 
running it on the computer. The significant idea is that a student has constructed his or her own algorithm 
which incorporates the child*^ meanings and reasonings. 

Sotne implieatiaiis. Along with the introduction of the computer and calculator into students' jives 
Should come an increased emphasis on teaching estimation ikills. Formerly tedious calculations, can now 
be eliminated by using the hand-held calculator, but people must know if their answer on the display is "in 
the ball park " Errors in entering data or operations, weak batteries and various other phenemena 
sometimes cause answers on a computer or calculator to be wrong/ Humans must be able to make 
decisioni with respect to appropriateness of answers* Middle grades students need skill in efficient, quick 
calculating for estimating. Rounding off skills, placement of decimal points and simple computations; 
should be stressed. ■ ^ ' 

Processes for problem^ solving become more important in middle grades students' lives* There will be more 
oppprtunittes for students to set up problems and select which operations to use as they spend less time 
on tedious computations. , 

Technology can be used effectively to help teachers and students learn in a modern world. Flexibility and a 
willingness to t^ new things will inevitably hielp create an atmosphere where both the teacher and students 
can grow in an understanding of mathematics in a changing world. 



m REM FINDING GCF OF 15 AND 24 

20 FOB D ^ TO 1 STEP -1 



30 IF 15/D - INT ( ) THEN 

40 NEXT D 

IF 24/ ( ) THEN 



60 PRINT *'GGF OF 15 AND 24 IS"; 
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Many reading factbri affect, students' abilities to .function successftilly In matheiiiatics. These factors 
^ naturaily affect lha students' abllitligs to ^olve word problarns rnore than any other area of the niatheniatics 
program, but overall petforrnatice In mathematlci^ Is ^Isb dependent ugon thest ^fo There are nmany 
sirnilaritles between reading sTcills necessary In a school reading program and those necessary in 
mathematics. Consequently, most students who experience difflcultles in their rearding program are likely 
to have difficulty In areas of mathematics that are dependent on the same skills. Thereare also Important 
differences which suggfst a need fpr Increased emphasis on those whicHare speciflc to mathTOiatics. Need ; 
for these additional skills makes it nipre likely that students with very few reading problems In general 
might have difficulties In mathematics because they ^ck these additional reading skills. When these 
students encdunter difficuhies In nf at hematics, conslderatton should be given to whether or not they do in 
fact pdssess'^those reading skills specific to mathematics/ A few.of the factors and some possible solutions 
are presented in^this sedtion to assist teachers in providing quality Instruction jn matlfematlcs. 

The vocabulary of niathematics» onfefactor which can cadse student difficulty, can be catagprized Into three 
\qlasses; technical, specialized and general; Techtiical vocabulary consists of numerals and those symbols 
and words which ar^ specifically mathematical, e.g., 5, 67, 2000, , — ^ mjllimeter and decimal' 
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C4ASS n^OL^J 



Techrrical vocabulary may be alphabetic or nonalphabetlc. Specialised vocabulary niay consist of words 
found in general use outside mathematics, which take on other connotations, more specific meanings or 
extendted meanings in* sl ^mathematicaiL context. Instances in the class of specialized vocabulary include 
product, difference, improper, ^yard and axes," General vocabulary Is made up of all the words used In 
mathematics. These words are probably in the reading vocabulary of the students but their comprehension 
may be hindered by the unfamiliar cpntekt, e.g., and, or,Jf, then and only one (Pachtman, 1978 and Earle, 
1977K//- . 



72 



Many of the words in the technical vocabularv have no meaning for students until they are taught. Theie 
can be taught in the usual ways such as through the iise of context clues, graphic or word struriurc. 
The teachers and students need to be aware that there is a mathemattcs vdcahulan? that must be developed 
in the same way that otfTer vocabuiary is developed. The other type of technical vdcabularyt Symbolisth, 
pdses a prbblem for many students in mathematics. There may be several reasons for this difflculty.^^ 
all, there are no c/ues such as those used to build word attack skills. Ahother reason is that some symbols 
have several meanings. For examp^ the symbol might be used In expressions like 8-2, ^3, -y- to 
Indicate subtMctionr the oppdsite ofp and ^^d^^ by. These symbols are to be taught as translations or 
represegitatidns of ideas. : 

Wordi that are alr^Ss a part of the students' /vocabulary but which have different meanings in a 
mathematical context may cause more difficulty than the technical vocabulary. When given a word 
association activity in a mathematics class, students gave the following responses: volume— radfn 
prim^^eef, mler— king, plant— fly, yard^rass; power— king. Thereforep words sneh as these used in 
mathematics class could be conftising to the students if they think of the meanings c^f the words as they are 
used in everyday experiences rather than the mathematical contest. To minimize this difflcultyp the teacher 
might have the students list words that have different meanings in mathematics than in everyday 
experience and discuss them in both cbntexEs. The studeints could prepare a bulletin board or other 
demoristrations to iilurtrate both contexts to include words th&t have the- 

same meaning as, or at least can be associated with, the root word. For exaiinple, perimeter of a polygon 
can be associated with a perimeter highway which may be familar to students. Ap^bar example^ the 
associative property used such as (3 + 4) + 5 = 3 + (4 + 5), students can understand that the numeral 4 cetn 
choose to associate with its friend 3 or its friend 5. The studer^s may also be familiar with commuting to 
and from work which may assist them in understanding the word comrn^^ 

Fluency . - • ■ ■ • •. • ' . -.' ^. . 

in addition to vocabulary, the fluency with which students attempt to read mathematics may cause 
difficulty. T 

Students are often encouraged to increase their reading speed and, in the process, may develop the 
misconception that a fast reader in rhathematics is a good mathematician. Fluent readers may, however, 
encounter difficulties in mathematics due to their reading speed/The fluent reader does not attend to each 
word in a prose context in order to comprehend. Mathematical problems are written In brief and condensed 
language which involves special meanings for otherwise familiar words, unfamiliar words and/or symbols. 
Readers of mathematics must therefore slow their pace and attend more closely to the words and symbols. 
Rereading is often necessary in mathematics. Several suggestions for~^^ 
fluency of reading are these. 

1. Choose a selection containing compact symbolism. Tell children to translate the selection into w^ds. 
Compare the lengths of both fofms of the selection. Ask why if often takes longer to read a selection in 
the language of mathematics. ; 

2. Choose a selection containing a question to be answered. Allow children to read the selection once. Ask 
them to answer the quiestion. Can they do so? If they can, why? If they cannot, what do they need to 
reread? Help them find the necessary information. 

3. Pair children with one another. Assign a selection to be read— silently at first. Next, have the children 
read the selecttpn aloud. Assign a selection of equal length from a reading book. Repeat the experiment 
of reading silently and aloud. Which selection required more time to prepare and read? Why does one 
selection require more time than the other? 

4. Before beglnniiig a chapter, and upon finishing the same chapter, have children write a three sentence 
summary of it. The summary based on a detailed reading of the chapter should shmv greater 
comprehension of the contents than the summary based on a preliminary skimming of the chapter. 

/ (Kanej Byrne and Hater 
7^ 1974, pp. 41, 42) 



"Directionality /' ■ ^- ^ 

A third feature in reading that might cause some difficulty in rnathematics is directionality: Reading of 
prose or poetic te^t is essentially a reft to right, top to bottom activity. Frank Smith (1978) has indicated in 
Understandihg Heading that there are right to left regressions and bottom to top regressions in reading, but 
it does remain for the most part a left to right, top to bottom task. Mathematics, on the other Hand, 
contains a variety of directional modes. Within word problems, directionality does not become a factor of 
major difficulty until students begins to analyze the relationships'between the Jnformation given and the 
applications of computational knowledge which must be made. The first information which must be utilized 
is generally found in the last statement of the problem. The final information relayed to the student is most 
likely the purposp for which all the other information is given, that is, what they are asked to discover Js the 
last thing they read. Depending on the problem, the students must back up through the information 
relating what is given to the stated purpose, or they rnust take that purpose given in the final statement and 
begin reading the problem again in the light of the purpose they have discovered. This configuration can 
cause difficulty for students who are accustomed to predicting and comprehending on the basis of only one 
reading of the material. 

Expressions such as $5.68 are often found in mathematics. The directiohality in such expressions requires 
much more- than a left to. right, reading. The reading here reverses the^ symbols 

returning to the decimal point for the concept of cents. Another instance of change in directionality is 
within the statement that there is a 4/5 probability f hat a blue ball will be chosen. When the students reach 
the fraction they must desert th^^left^b'right direction and adopt a top-to-bottom direction. Then they must 
resume the left-to^right mode for firrther information. Although the problem of directionality will be most 
severe in the earlier grades, there may be some middle grade students who are still ekperiencing this 
difficulty. It might be helpftil to discuss this concept with the students And let them chart the direction. This 
activity will reinforce the necessity, for reading mathematics more slowly. More specific examples olthis 
skill and suggestions for developing it are.found in Reading MathematicBf a publication of the Georgia 
Department of Education^ 



$5 



68 



Five Dollars and Sixty-eight Gents 



Solving WOTd ProblejnM , ^ ^ - 

All of the above considerations of reading factors combine to make the solving of word problems a source of 
fi^ustration for most middle grade students. The students are called upon to use their skills in understanding 
vocabulary, adapting to unusual eye movements and dealing with adjusting their fluency to interpret the 
various pieces of information contained in a ^yord problem. In addition, they rtiust picture relationships in 
regard to Information given in the problem. Richard Earle (197-7) lists perceiving symbols, attaching 
literal meaning, analyzing relationships and finding solutions as the reading steps involved in word 
problems. In analysing relationships the students must employ the skills of critical thinking, even though 
many of these relationships are unstated. Further* the students must draw logical conclusions with 
.which to work and arrive at an appropriate solution (Ley, 1 9 79) ^ After all these processes have been 
accomplished correctly, all that remains is the mathematical calculation and checking the results with 
the problem to see if they indeed answer the question(s) posed. 

Perception of the relationship of application to computation is the step in reading mathematical probjems 
that appears to be crucial to the solution of those problems (Ley, 1979). Reading a given problem at this 
point must serve several purposes* First, the purpose for reading or comprehending is to make the question 
ask^d comprehensible to the reader. As has been noted previously, this task has been made more difficult 
by positioning the question at or hear the end of the problem. Second, the readers must interpret the 
information given in light of the purpose they have determined. They must filter out information which is 
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irrelevant to sol ving the prpblem. This process is especially Important mhm it applies to information 
containing nurneripal designatiorts. The readers must then esta^ relationships among all the pertinent 
ihformatibn^THesB relationships mus^^^ inferred by the readers because usuplly they are not stated In the^ 
problem^ Students may feel frustrated if they h^ve not been led through successfi^l eKperiehces in making' 
relationships in the past. At this point in: their readingr the students must reafch fiirther Into the: 
cbmprehension eKperience that is requited in literal comprehension of the symbol and word vocabulary.; 
Finally* the readers must translate the relationships the^^have. discovered into hiathematical operations 
and their symbols; . .' ^ '.' ; 7 : 

Although students approach solving a problem in various u;ays — and this diversity should be encpuraged 
— steps can be formulated to provide a foundation for students to use in solving wbrd probieras. Of course 
the steps become more critical as the problenis become more complex and some students will not need to 
use every step. Some of the steps follow. 

1. Locate the question V ^ 

2, Find the given information ^ ^ 
3/ Sort out the relevant and irrelevant information, 

4. Find and state one or nriore relations, w . ! = w .^J 

5. Translate the relation(s) into mathematical synibols 

6. Compute to find the solution 

7. Use the solution to answer the question 

8. Check to see if your answer is reasonable 

Although steps 4 and 5 will likely be the steps where most middle grades students have di^culties, many 
win experience difficulties with other steps. The following four suggestions are provided to assist the 
teacher in working with the students on solving word problems. 

1. Allow children to use varied techniques to solve problems. Have materials available to help children see 
concrete examplies of the problems © be solved. ^ - 

2. Whenever possible, introduce a new lesson by posing a problem to fee solved. Allow rfiildren to use their 
own methods. Then complete the lesson development by dealing with the concepts involved And 
showing how various approaches lead to the same answer, and how this equivalence mpy then be 
expressed using appropriate symbolisrii. To find the area of a 3 by 3 inch square, children can be led to 
see the equivalence of the following cpmputations and the symbols used to express them. 



1 


1 


1 


1 


1 


1 


1 


1 


1 



1+1+1+1+1+1+1+1+1 - 3x3 ; ^ ■ _ 3 

counting squares multiplication expressing area 

jaddition) ' using exponents 



3. When a problem is to be solved, ask questions like the following. 
What are you to find? 
What information is given? 
Do you need all the information? 
Is needed information missing? 

How could you solve the problem? ' 

Could you solve it another i^ay? /O 



4. Have children describe to each other the niethods used to solve problenis. Help them see how varlbiis 
methods may lead to the same answen^sk them to dAlde what they think to be the best rriethod of 
solution from the point of view of saving time and usingihe least number of symbols. Then ask them td 
decide what they think to be the best method for* determining a solution from the point of view of 
understanding the solution^ . 

: ^ ^ ' V ' ■ \ ■ (Kane, Byrne and 

;. .'• • ■ ■ Hater. 1974. pp 66) 

Notice th"at these suggestions include activities for the entire class or at least groups within a class to solve/ 
problems With the teacher leading the discussion. The choice of interaction mode and the amount of 
teacher direction will vary as students become more independent in their ability to solve word problenib. It 
IS very iriiportant when working with students who are unsuccessful solving word problems in mathethatics 
for the teacher to be aware of growth in the affective domain as well as growth in the cognitive domain. 
Many students have a negative attitude about solving word problems and as a consequence do not spend 
enough time trying to solve them, . - 

The follQwing plan of action demoniitrates one way in which the affective domain » vocabulary development 
and critical thinking can be rheshed into a prbgram to assist students to beconie more successful solving 

Stag^ One. It will be essential to begin this plan with special eniphasis on the attitudes and feelings of tHe 
students. Towards the enhancement of the positive aspects of these feelings and attitudes, it Js suggested 
that work be done with small groups of students who are having similar difficulties. A one-to-one situation^ 
may be necessary for students who have had many failure experiences or who have poor self-concept. By 
working in the small^roup it will be easier for the teacher to control attention, response and organization in 
the students. Teacher interaction must be present in this stage but it should not become teacher 
ititervention or teacher dictation. Assistance should be the criteria for teacher action, initiative should be 
the desired behavior for students. In this stage the teacher would work closely with the group by giving 
ieveral word problems and then working with the group as^they solve the problem together. 

The students would work through a set of steps as a group identifying the problem, locating the information 
needed to solve the problem, finding irrelevant information and on through the various steps^ 

^age Tivo, The material used in this ftage should be presented to students who are working in pairs. They 
a?^4owork together and come to concensus on acceptable solutions to^he problems. The students should 
aware^rtat they may obtain assistance of the teacher only after they havie attempted to come to this . 
concensus but have not been able to do so. Care should be taken that none of the problems presented 
contain mathematical computations with which the students 

Stage Three^ At this level the students should pursue the material on their own. Teacher intervention 
should opcur only when a student becomes frustrated and unable to function with the material. This final 
stage should be carried on in an individual setting. This setting may be as formal as a learning center or as 
casual as working alone at a desk on the materials. The students should not be put on their own until they 
have enough successful reading eKperiences to make this' a comfortable experience. 

One of the priniary objectives of this program is to make the students aware of the difficulties and 
differences they may encounter in mathematical word problems. Reading competence does not insure 
mathematical competence because of the variety of demands mathematics can make on reading 
comprehension: The students can be led to discover adjustments they need to make in their reading to 
achieve succcessful results. Another objective is to develop and enhaace the critical reading and tRinking 
powers of the students. Since the analysis of relationships is crucial to the solution of mathematical word 
problems* it is important that these critical reading skills be given attention. Assumptions about vocabulary 
competence heed to be explored^ by*the teacher. It is not possible for students to form the proper 
relationships if they are not using the vocabulary correctly in context. * 

Being able to solve word problems is, after all, crucial in terms of basic skills for every informed citizen. 
Problems that students encounter in their present lives and in the friture are seldom found already stated in 
mathematical expression. Problems are more likely to present themselves in the form of a situation which 
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thi students mUst Interpret and in efte^^ create "word prpbleml" of th^ 

fiiture courses in mathematici and in their everyday liues they will need skillf In solving word prpbleiM 
^^ccessfally. The irnpprtance of these skills cannot tie over^ernphasized. ^ : / ^ T ; .\ 

In sunimary* it is evident in the school situation that althdugh reading and mathernatics require sirnilar. 
skills, there are. differences ^hlch cause difficulties V These difficulties account for some children being 
competent in reading but unsuccesftjl in reading mat-hematics- This situation is particularly true in the area 
of reading and solving word problems. Vocabulary building Is basic to any plan for Improving reading In 
mathematfcs. Attention should be^iven to the technical vocabulary In rnathematics including syrnboISi 
specialized vocabulary* which ihcludes words already" in the everyday experiences of studeirts but with 
special meanings in mathematics as well as general vocabulary used in mathematics cohteKt. Assump- 
tions about vocabulary coriipetence need to be explored by= the leather. It Is impossible for students to fbrrn 
proper relationships If they are hot using the vocabulary cbrrectly in the conteKt.pirectionarity and fluency 
are also factors that need to be considered. The students should be guided to discbyer adjustments they 
need to make in these areas of their reading to achieve successhil results. Solving word problems provides; 
mathematical eKperierices that require proflciency in all of these skills. In addition to^^ these skills* the 
information must be analyzed carefully and relations formed and solved in order for the solution to the word 
probrems to ernerge. Any procedure utilised by teachers to provide successful experiences for their students 
iiTVeadihy^ matKema^ culminate in students' achieving isrgt^ter degree of indep^rid 

reading mathematics and golving word problems, v 

Underlying the total effort is the teacher's awareness and consideration of the aspects of the affective 
domalhi Many mathematics students do not do well because of negative attitudes and feelings within 
themselves. These attitudes can be overconie by the patience and cooperation of a sensitive teacher and 
students who come to see the relevance and value of the work. Successftil experiences In reading 
mathematics and solving word problems are keys to positive attitudes and self-con^^ _ 

Matheniatics Anxiety 



The mdst stressftil content area of the middle grades for many students Is mathematics. This stress is often 
times demonstrated In fearful feellsgs, slckn^sSp hostility, anger or restlessness. Mathematics anxiety can 
be the so\irce of discipline problems as well as academic problems. The following scenarios are provided to 
assist In examining sbitie of causes and possible sol ut ions to this anxiety." ^ ~ ^ ^ 

Possible Causes ^ 

Readiness* Richard is a oHght and creative student In the seventh grade. He is an avid reader and has 
made eKcellent grades In readme language arts and social studies. Because of his overali performance in 
school Richard has always been eKpected by his teachers and parents to perform in a similar manner In 
mathematics even though his aptitude in mathematics is somewbat lower than his verbal aptitude. His 
experiences in mathematics, therefore, have always been inappropriate for his level of development or 
achievement. He has always struggled to keep up in mathematics and even though he has average 
ability In mathematics, his auKlety has compounded each year. Consequently, by the seventh grade,. 
Richard experiences serious learnihg difficulties. 

Language. Larry seems to have the potential to be a good student In mathematics although he is having 
many problems In reading/and those areas of the curriculum that are extremely dependeht on reading 
skills. He is very responsive in group discussions in mathematics classes but is highly frustrated when he is 
assigned work In his textbook. He refuses to even attempt any word problems. He is even more firustrated 
because mathematics was his best subject in the very early grades. 

Motivation* Mary Is not a typical math-anxious student but she constantly says that matheniatics Is 
dumb. She complains about working page after page in her mathematics book and is always asking why 
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she has to leam things like dividing fifactions? Her negative attitiide i$ particularly harni^l as newtopfcr 
are mtrodticed in the mathematics cumculonrii This attitude and lack of motivation niake lt diffleult for her 
to leam these new concepts and thus she becomes arixipUs an4.Wntr!butei to the anxiety of p 
in her class. ' , ■ ^ _ ^ . , ..• . 

Home, Harry is a very happy student in school until the mathennatics iesspn begins. He becoines shy an6 
'withdrawn at that time. His self-concept Is very poor, and he becoVnes frustrated very easily" in regard to 
mathenriatics, A conference with his parents ceveals that bot^ of hiS parents had dlfficultie^in studying 
mathematics, and they have donyinced Harry that this destiny is his also/ # - - 

Stereotyping. Sue is typical of many girls in her grade who are math-anxious students because of the 
sterotyping that Is perpetuated. by parents/ teachers, and other students/ Sue is a victim of the nnyth that 
girJs do not need to know mathematics for success In their futurie lives.. Also Sue must. bvercdriie the belief , 
that it IS not feminine to do well in mathematics. ■ ^ * :\ ^ 

Testing, Tracle Is a student who does rather well in mosfc^f her classes and even In her mathematics class * 
until it comes time to take a test. She can answer questions orally but freezes when gfvjen a paper and pencil 
tesj.s Although testing is a problem for her In all of her subjects, it seems to be more' of a problem in 
^Tathematics, This rhay be due to the frequency of tests In mathematics or the right or wrong nature of 
answers ori a mathematics test/ Failure^ in these'testirtg situations Increases the exiirting anKiety; \ ^^^^^ 

Whether a student's rnathematies anxiety is similar to Richard's readiness difficulties, Larry's language 
problem, Mary's motivation or lack of motivation, Harry's honrie situation, Sue's stereotyping syndrpme, . 
Trade's testings trials, or something entirely different, it is nevertheless uery real to a middle grade, student 
and a concern that needs to be considered In planning a mathematics, prograrri. ^ . ■ 

Mathemattcs aiiKiiety is not confined to students of mathematics^ There are many middle grades teachers 
who have anxiety about/ teachi_hg mathematicSi The uneasiness of many teachers ki thie area of 
mathematics may be attributed to a ^variety of sources* Many classroorh teachers confronting a 
mathematics class have not been trained speciflcally as mathematics Instructors, Some may have received 
training but have not had the opportunity to. update their skills to accommodate the changing mathematics ^ 
content and/or methodology. This lack of adequate preparation in the concepts and processes of 
uhderstandtng mathematics is a . major cause of professional anxiety among middle grade teachers. 

Many teachers may have had unpleasant expiBrienees in mathematics classroonns during their own 
schooling/ These bad memories can cause uncomfortable feelings toward the subject matter and this 
anxiety on the part of the teacher may transfer directly to the students. . 

Another source of anxiety may be created by the amount of formal testing that ir dorie in mathematics^ 
classes. Although this testing Is used to evaluate student's progress and mastery, hiany times teachers will 
use the student test results to evaluate their own performance. This single factor evaluation may not only 
be a rriisleading indicator of student achievement, but also not a conclusive nor encompassing instrument 
for the measurement of the competence of a mathematics teacher in the complex atmosphere of the middle 
grades. This erroneous assumption that low. scores indicate an inability of the teacher can certaii 
contribute to the anxiety level of the middle grades teachers. 

An additional source of anxiety may be a confrislori in the roles and priorities the teacher Is to address 
during the school year. Many teachers do not feel that they have the directions they heed to meet the 
many-faceted demands of the modern mathematics classroom. 

Mathematics anxiety, whether on the part of the student or the teacher, needs Immediate and continuing 
attention. If it is allowed to go unchecked. It can fester until It becomes completely unmanageable. ^ 

Possible Solutions 

After a mathematics anxiety problem has been established, one of the first steps In the treatment process 
involves an open discussion of the problem to assist in further djagnoslhg and attempting to find a soli^tion. 
For the math«anxious student, this would involve an attempt to bring togettier the student,, his or her 
parents, the teacher, and any other Individual who could contribute to the analysis such as a school 
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counselor^ another teacher, «c. Once the probU is thbroughly; dlagnbsed and a prbgrarn 

should be planned with deliberate assessnnent rnade of the prOfl«ss^^^ 
- r V ^ the previous sceheribs* there are Additional sectiorts of the guide that prpvide suggestions that might be 
V helpful. For ©Kample, sihce Richard's problem was his own readiness at each level of; the instrurtional; 
. process* the section on personalizing instruction sh^ some assistance.^ - : 

; I^rrv*s language ^p^^ the section on reading fn mathematics. Linguistic conftision 

seems to be prevalent in many students. Reading In mathematics is a specialized skill which receives little 
attention: IVords have different definitions in the mathematics class. Reading is done In a variety of dfrtBc- 
tlons and symbols are used in a specialised way. Letters have new meanings. It is no wonder that the 
i language of mathematics can cause uneasiness for students. The teacher can counter this confusion by 
^ spending some time on the particular features of the language which change within the concept being 

taught. = = - - ■ ; ; • • . ;.• ■• • • . • ■ 

Teachers who wish to increase the enthusiasm and motivation of students like Mary have many sources of 
help. Middle grades teachers can try hew channels of learning and new teaching environments. The^ima^^^ 
use transparencies, films, flimstrlps, slides (commercial and home-made), and other audio-visual^^ to 
demonstrate relBtionships and processes a^ well as algorithms. They can vary the seating arrangement of 
. - their room to encourage small group work or one ta one ln^ructibn. R^rtnersjn learning can b 

seating students In pairs and helping them to be responsible for each other. Materials can be gathered firom 
many places to supplement the textbook. Many items such as cereal boxes and empty cans can be brought 
from home. Locai business firms may be willing to donate a variety of items. -Involving the students in 
decisions concerning the how if not the what of teaching can relieve many of the conflict areas In the 
classroom. Adjusting curriculum to the students can provide succe^ftil experiences for students and 
consequently both the students and teacher may feel more positive about mathematics and themselves. 
. ^ Additional suggestions for students like Mary are included In almost every secyqn^o^^ 

Harry's home sit%^tlop^well»meanlng parents who excuse poor performance or minimal effort In their 
children with the explanation that they also had problems with mathematics). Is a difficult problem for 
classroom teachers. The building of good relationships with the parents can do hiuch to improve the 
situation. It is Important to help the parents to see that their attitudes can be limiting or destructive to their 
child. A parents' workshop In mathematics can create a greater understanding of the mathematics content 
and foster better attitudes toward the mathematics their child is 

Progreis Is constantly being made toward alleviating the stereotyping "that has created Sue's anxiety. Girls 
should be given the opportunity to fulfill their potential in the mathematics classes just as they are In other 

_ ^1 classes. An awareness on jhe part of middle grades teachers can c^ 

, of anxiety. . ^ 

Tracie's test taking anxiety may be reduced by introducing a variety of evaluation procedures rather than 
relying on a single factor mode of pencil and paper tests. Alternative evaluation methods to consider 
include discussion (class br small group), observation, projects, reports, classwork dnd homework. The 
solution to Tracie"s problem may also reduce teacher anxiety related to^he use of testing situations to 
evaluate a teacher's own competence. The other concern of Trade's (right oN^mng nature of answers) can 
be alleviated in many instances. For example, if asked the probability of a COTain event, 3/6 may be as 
correct as 1/2 and this should be pointed out to students. | w 

For the teacher, the solutions are not as obvious or as attainable^ The primary help for the anxious teacher 
of mathematics In the middle grades must come from within. If the[teacher can admit to his or her own 
insecurity and anxiety and recognize their existence and prevalence among middle grades teachers, it will 
be possible for that teacher to seek and accept help from a variety ^^^rces. Fellow teachers can often be 
the first line of support for the teacher who feels the need of as^ 

pleased and eager to share their favorite activities and teachin^iethods for particular concepts and skills. 
The key to this type of support must be the readiness of the anxiou^. ^ ^acher to ask for help and suggestions. 
It is then incumbent upon teachers who are more secure In mathematics to share appropriate methods and 
materials and to explain and demonstrate their use thoroughly. If a teacher charged with the responsibility 
of mathematics education Is not able to gain sufficient or appropriate support from fellow teachers, it Is 
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; pdssible to cohtact many other individuals to assist. The section on support systetrts in this guide suggests 
many other apurces. Many times teachers may prefer to talk with someone outside thf ir building about 
their mathematics anxiety because they are uneasy about the problem and someone they see^dally might 
Inhibit their progress. On the other hand, someone in the building ;Would be available on a daily basis to 
support them, so the best source of assistance wpuld have to be the determination of the individuai teacher. 

In summary s anxiety concerning mathematics is a signiflcant factor in the lack of achievefnent for man v 
students. This anxiety may be student-centered anxiety or the student may have difficulties that result from 
teacher anxiety in mathematics. Richard, Larry, Mary, Harry, Sue and. Tracie represent only a few of the 
facets of this complex problem. The solutions to these problems are equally complex and require much; 
open discussion with the affected parties. The other sections of this guide contahi many suggestions that 
should be of assistance tp the teacher once the anxiety itself and its d^ses have been deterrnined; 
Although anxiety has developed over a long period of time and consequently cannot be corrected 
overnight, students' and teachers' feelings about mathematics can be changed and the potential forfe 
mathematics achievement enhanced greatly if a concerted attempt to alleviate the causes is begunv 



:^ Students with Spcrf 

• ... — • ; ..... ■ ;= ■ ' ■ ' - " '- ' ' ■ ■ - ' ■ ^ ^ ■ ' i : - ■ . 

Rare is the student who has not at some point had difficulty learning mathematics. The severity and thf 
persistence of such a difficulty varies. Individual characteristics play a part in shaping the Jbreadth and 
depth of one's potential for academic achievement. Whether that potential is realized depends upon 
environmental factors including the school environment, \: - - , : 

One individual characteristic is intelligence. This trait partially determines how far a studeijt will progress 
in learning matherriatics. It is difficult to specif limits for any person, yet intellectual limits do exist and 
■ may be a factor in a learning difficulty. Physical limitations such as percepfual or rnotoV^ coordination 
problems, chemical imbalances, language difficulties or loss of vision or hearing can^also. be obstacles to 
learning mathematics. Emotional well-being likewise affects one's desire and ability to attendjo instruction 
arid might well be one source of a person's problems with mathematics; 

Hare is the teacher of mathematics who has not experienced thefirustration of helping students who have 
learning difficulties, included in this guide is information about s^rie aspects of matheniatics instruction 
which can be modified to avoid or minimize difficulties rnany students experience in learning mathematics^ — 

Modifying Instruetipnal Approaches to Meet Learner Ne^ds ^ . 

Learning style is a ternfi used to refer to a manner in which an individual takes ii^ and processes information. ^ 
Examples of characteristics of learning styles include inductive vs. deductive thinking, a visuaNspatial vs, a 
verbal approach to taking in information and an impulsive vs. methodical manner in pursuing an idea or a 
task. Students vary with respect to learning styles, and each indi\TOuaI varies with respect to learning style 
for a given concept, depending on the material being learned and the student's level of cognitive 
development. Teachers who provide for variations in learner fetyle Increase chances for students to learn, 
(For more information see the section in this guide entitled, "Structures for Individualizing^'') 

A selection of variations in learner styles are addressed here. They are (1) the level of abstraction on which 
a mathematical concept or, skill is learned,^(2) modes of communication, (3) divergerit and convergent 
thinking and (4) the amount of time needed to learn a mathematical concept or skill. 

Level of abstraction at which a concept or skill Is understood. Learners progress firMri the ^ 
concrete level (manipulating physical objects which model a mathematical concgpt or process)^ito the^ 
pictorial level and finally to the abstract level (expressing mathematical Ideas fei symbolic notatiori)*^^ 
Instruction on the second or third level before the learner has observed the results of m£inipul^ing 
concrete materials might result in the student memorizing facts npt'bas^ on understanding. The lack of 
understanding could cause a learning difficulty for the student. ; " • -^^ ; ■ "^'l' 
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Mod^s of communication. Some students learii best if the primaiv mode of receiving Information !& 
tactile, others if it Is visual and others if It Is Md^ indlylduflls lear^ 

combination of these modes. For example, jin demonstrating multiplication of fractions the teacher mighti 
jcut an apple Into halves and subsequently £Ut each half Into fourths, producing eighths (1/2 x 1/4 ^1/8).: 
Another might prefer to use an eighth note jn^music being half as long as a quarter not^/ Instruction which 
is consistently provided in only! one iriode will be significantly less effective for the student whose strength 
for receiving and expressing ideas is in a different nriode. ^ : 

Individuals also va^ in ways they pursue a solution to a problem. It is necessary at times to direct students 
through a logical sequence of Ideas (convergent thinking); it is also necessary at times to allow them to 
explore ideas in their own ways (divergent thinking). For example, a scout troup is to sell 126 tlpkets for a 
fair. There are 9 children In their troup. How many tickets should^ each get if they are to recieve^e same 
number. As students find how many nines are In 120, some may be ready to use the standard division 
algorithm while others may use repeated subtraction. A variety of methpds to solve a particular problem 
should be encouraged. ^ 

Amouht of time netided to learn a mathematical concept or skilL If a student Is forced to move on 
to activities for learning new concepti or ikills before enough time has been permitted for under^anding 
the prerequisite^ concepts or skillsr both prerequisites and -subsequeDt ideas may be partially learned. If 
this type of situation happens repeatedly In mathematics jnstruction, the cumulative effect could cause the 
student to have significant learning diflftculties. " 

All students need a mathemattcs instructional program which allows for manipulation of variables such as - 
these (level of abstraction, modes of communication, thinking styles and time). Students with physical or 
psychological disabilities may suffer more than the other students if these variables are not manipulated.'^ 
Who are these students, and what factors determine the extent of the effect of their disabilities on learning 
fnathemati'cs? Terins which are associated with disabling, conditions include speciflc learning disabilities 
(SLD), behavior disordered (BO)* educable mentally retarded (EMR), trainable mentally rrtarded (TMR), 
speech impaired (SI), hearing impaired (Hl)t visually irnpaired (VI), physically handicapped (PH) and 
other health impaired (OHI). The feducation for All Handicapped ehildren Act of 1975 (PL 94-142) 
specifies that all handicapped children are to be provided educational services; 

At least two factors Influence the extent of the effect of a disabling condition on learning mathematics: (%) 
the attitudes of the student * teachers and peers toward the disabling condition arid (2) the extent an^or 
combinatloh of disabilities. The role of attitude is crucial to aeademic achievement. The extent to which a 
student's disability is a handicap in the pursuit of academic goals can be a function of how the student 
perceives the limiting effect of the disability. Thi when dealing with the- 

preadolescent or adolescent^student. During and preceding adolescence, peer approval ^nd b^g like 
(rather than different honn) one's peers takes on great Importance. Having to deal with a dlsabil^ which 
sets the student apart from peers sets the stage for an Inner conflict. The extent to which dilabled students 
can confront and resolve this conflict influences how open student? are to the frill use of their academic 
potential. 

How classroom teachers ot mathematics view disabled people and how they feel about the- inclusion of 
these students in their classrooms have an effect on the disabled student's opportunities to develop in these 
teacher's classrooms. Increased knowledge about irnpairments, clarification of one's values regarding 
people with Impairments and clarification of responsibilities of all<Involved parties In educat|pnal agencies 
(both state and local) are crucial considerations for the classroom teacher. (See Cole* 1977; Glass* 1973; 
Jones* 1977; Kavanagh, 1977; Lilly* 1975; Meyer* 1976; Roubinek, 1977; Wiederholt* 1977.) 

Among the values to be considered by classroom teachers i^ the desire to change Instructional approaches 
to meet disabled students' needs. Willingness alone Is not sufflcient for translating goals Into reality. Many 
other factors, such as class size and the needs of other students might well limit how much teachers can do 
for disabled students. Accepting these students and learning about their specific needs will help teachers to ' 
do what is possible in given situations. Just as teachers have had to confront the Issue of knowledge about 
impairments and attitudes toward disabled people, so they might also need to assist students to become 
sensitive to these Issues. (See Aiello, 1977, for information about suggested approaches to meet this need.) 
It Is In accepting environments that most hiiman beings can best grow* academically or otherwise*' 



Just as short peopler tall people, hea slim people comf in different heights and 

weights, so too disabled people come with a multitude of differences, Some^^ s^ 
learning disabled ^have visual perception difficulties,fand yet have adopted conripensatihg behavior s 
thfir Impairrherit results in little or no disability for learning matheniatics. Other s^ 
disabilities are compounded by additional difflculties such as menrtory deflcits and p 
prganizing information. This combination has a greater effect on learning disability. Some mentally 
retarded people have niiotor problems, while others do not Some cerebral palsied people are mentally 
retarded* some are of normal intelligence and a smaU percetitage of them are within the genius category^ 
! Thus being learniiig disabled^ ni<entally retarded or cerebral palsied implies no guaranteed Jearnlnp 
difficulty. Rather, the extent of thfe impairment and the physical or psychological abilities affected by t ha? 
impairment play a role in determining how haridicipped each individual is In the educiltional arena, (For 
ah in-depth discussion of the ieffects of specific disabilities on Icarriirig rnathematics and strategies for 
teaching students with specific difflculties, see Reisman and Kaufman, 1980*) \ 

Sacking More Speeifle Informatlbn 

A teacher. should first gain a clariftcation of the responsibilites of the locaP school system persoftriel. 
involved in delivering speciar services tp^j^ Jf no special services: have yet been provided for that, 

student, it is the teacher's responsibility to (1) refer that student for assessment to determine whether a 
need for special services exist^(2) cooperate with school personnel in assessing needs apd in designing the 
Indiyidualized Educational Plan (lEP), which includes specific services to be delivered to that student and 
(3) implement and assess the effectiveness of that part of the lEP which pertains to instruction of subjett 
matter for which the^ teacher is responsible. ? \/ 

In carryihg out these responsibilities the classroom teacher of mathematics will need to turn to and 
cooperate with people in school system. Either the principal* the special e Jucator or the building: 

supervisor is responsible for providing answers to questions about the teacher's role Jn planning provisions 
for student services. These people can be particulairly helpful in the initial stages of referral, in planning and 
in implementing lEPs^ : 

To clarity the responsibilities of all involved school persoi]ineI^f4e^cher should ask questions such as the 
following. . . ' ■ 

^ Who is reponsible for writing lEPs? v ■ ^ ^ 

Each special education- student must have an lEP designed to meet the identified rteeds: The 
Education For All Handicapped Children Act specifies that a person who knows the student's 
~ educational background must be present when that lEP is written. This person is usually the 
classfoom teacher. 

Who is responsible for debermining whether objectives listed in the lEP have been attained? 

* Who will report academic progress to parents? 

* If no special educator or school nurse is in the building, what steps should be taken in an 
emergency situation? c . . 

(For more ideas about deft'ning the roles of the special educ^or and the classroprn teacher in 
delivering services, see Roubinek, 19770 ^ 

To gain a better understanding of the nature and the educational consequences of a student's impairment, a 
teacher might ask questions such as. the following. 

What is the nature/ or if known, what is the cause of the disability? The information could be 
important for instructional planning. 

* Has the dlsabilitS^ been present since birth? For example, if the student is blind, "the use of 
visualization in thinking,(visual imagery) is absent in those born blind, and tends to disappear if 
sight is lost before five to seven years of age. Individuals who lose their vision jater can usually -A* 

I retain a visual firamfe of reference; that is* they can feel an object and compare it mentally with 
their visual memory of other objects." (See Mordock, 1975, for more information^' 

^ What are the student's most effective channels o/ receiving and communicating information? 



*Js there any behavior whi sen«ally chararterizf s mdivfduais w what ■ ^ ; ^ i ;^ 

X ■ ^ kinds of situatfons is one m a ^ . '^'r^ J '^-^ ^r-^' } 

*.What are the student's attitude and the parerits'' attitudes about the dlsabilityy and what are the 
- ; academic expectations ior the student? , ^ ^ ; ^ ^ '■V^^= 

f What is the jnterpretation arid what are the edura^ 
: - : jn the assessment reports, e.g^ those ftoni audidlogist/ophthamolq psychologist? For [ 
' exarhple, a learning disabled student might need all test questions read aloud. If the student is 
scheduled to spend part of the day ivith a special resource person, perhaps this person could 
read the test to the studeiit -Or t he ipecial educator could suggest alternative procedures. 

* What:are alternative ways the classroom teachei: could assess a Articular student's learning? 

* Are there other resources from whom^^m 

occupational therapist might provide inforniation about a student who Is orthopedically'^ . ^ 

" v. ^; impaired. • ; ■ - .= ■ ^- . -^-^ : / ■ ' . . ' --y^ - ' ■ ' ' : ' 

Um B. teacher 'needs more information, the specigL^ducator/ the pfe^^ or. the school sytem special 
"jtducatipri ponsulfa 

the local Cooperative Educational Services Agency tend the Georgiajpepartment of Education^ 
Plahning land Ifistructioii 

Planning matHematics instruction for the disabled student requires that a teacher combine two areas of 
knowledge ■— first, the knowledge of the effects of a disability on a student's learning and ^second, a 
knowledge of m'athematics .and a variety of strategies for teaching ^Tiatheniatics. The integration of these 
two areas of kribwfedge is a complex process'. Knowing more about' each ofthesi areas should help the 
teacher identity necessary modrfications in the instructional environment and effective teaching strategies 

for each, disabled students ^ , ^ ^ 

-^^ ^ . ^. , ... .■ .= ...... .= - v:. .V 

The process of identityfng effective teaching strategies fof> a given individual will have to be one of 
experimehtation. Guidelines for dealing with specific types, of dfeabilities suggest characteristics of 
activities/most likely to be appropriate for a student with those disabilities. Each individual within a given 
categdry of disability will vary with respeqt to degree of handicap as well as learning strengths and 
'weaknesses; therefpje, the classroom teacher must try a variety of teaching strategies to determine 
speCifically^^)tiaf khids dtapprM : 



7 ^1^^ some wpiyi from stude 

^ ? shares similarities with them. Note that spgiia variables of instruction (level of: abstraction, modes of : 
V- comrriunicatiori, divergent and convergent thfoking) which need to be manipulated for disabled students 
are also the same variables, to be manipulated for all students^ No ^udent. with a dis^^ty^^^ n^ a 
mathematics program entirefy different frorn otHe^' students. A^sound principle of teaching rnathemdtics is 
/ ^ that all students should be exposed:^© a concept in a variety of conteKts and througfi the use of a 
variefy of matterials and exam v 

" - ' ' ■ . \ ■ ' . -^^ ^ ^ 

Specifying Alternate Itistruc^^ Disabled Students 

' ; , /Examples of teaching practices follow in; order to give the ieacher of mathematics ideas ^f^kihds ot z. 
S instructional modifications studenls 'may need^he teacher who wants more help is encouraged to consult 
the special educajfor The specialist's suggestions may pert§m to general learning needs; thereforerthe^ 
classroom te^icher ; may need to apply these general v . 

^ Sortie disabled students have memory problenis. They may forgetJ oral direiitiorisive^ 

heard therrir they^^ niay not differentiate between facts which need to be committed to short?teritl mem 

I., i^e.g., the digit^ Jn a given'fipur*digit nymber to be copied* and ldng^ternrt menioryt e*gM basic mathematics 
% -\facts^ or a multitude bf.|tlmuli may^'cluttef m^ centers in the brain. A meflioiv problem^^o^ 
, I in th^^nability to jnemorize balic mathematics ^cts> It is ijnriRortant to reeogniEe that the plight oif thes6 

f ^'^'Mudehts is not the result of laziness or poor motivation; One should huildl on the ledirning strengths % 

-1. 1^- • - ■ -v^ . P'26 : ' ^: 
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:V \ ; ;bf th^se stiidctits..Oh disabled adolescent was' observed determining th standard number : -. 

= : : haine forS K 8 in the following mannerr^ : . . ^ ^ ^ j ^^^^^^ ,^ • : • > 

"^-'.-.'".^ • ./ ; 'S^^x 4 ^-M^and^32- + 32" - 64^ ''--'^ir^^' ^ ^ ^ 

-One interpretation of the mathematical properties applied in t 1$ that this stijderit ttrtored . 

'■):'■. 8 as 2 X 4; 8 x 8 - (2 k 4) x 8; used the associative property: (2 x 4) x 8 - 2 x (4 x 8); . ; 
, and Interpreted multiplication as repeated addition. 2 x 32 ^ 32 + 32; Whereas a discussion of this 
' student^s work: takes a few minutes, the computation was complefed within seven seconds. Though this j /; 

' ^ student was incapable of rhemorizing all of the basic multiplication facts* he had devised solution strategies / 

which indicate sound mathenriatical thinking. This strangfth is his compensation for a particular weakness. . 

- - . Students who do not readily adopt satisfactory strategies' benefit from instruction in which behavior like 
that of this student is explored/When computation becomes more im/olved, for example 0.5 x 36, the use 
of the calculator might well be the best strategy. Other students wfe want to compute. For example, one 
student mentally calculated i/2 of 30 - 15* 1/2 of 6 ^ 3 and iS + 3 ^ 18, Not all students should have to - 
apply identical procedures for answering a question. Teachers facilitate learning when they guide rather 
than discourage students who seek alternate solution strategies. . / ; j 

Teachers might consider adaptations of the physiciil activity of cutting an apple and displaying its ; : 
'^^^ y -' h^ctidhnl^^p and l/4;>"Suppd^e"a hi^ ^ ... .^^-^^ 

sight'impaired student are to take part in this actTvity. Awareness of edu^ implications of their 

impairmCTt should precede instructional plahning^^ " v . 

/Since the hearing-impaired student receives little.or no information through auditory channels, visual and 
tactile stiVnuIatipns ate of utmost importance. This student will profit from engaging directly in the cutting - ^ 
activity^ llhe teacher need' not be with the student at all times to provide instruction; a student buddi^ can 
serve thIsVpuFpose. HearingMmpair have trouble with words which communicate ideas about, 

V sequencing* To help this student.recognize the sequehce of events In this activity and to develop appropriate 
. . language descriptors, four pieces of construction paper, each ot a differeht color could be used in the 
. following manner, (See Figure P-1.) The teacher should print, "First, take one^apple,'' at the top of the first 




YELLOW 



BLUE 



' j_ 



RED 




WHITE GREEN WHITE YELLOW 



■ • ;. . . > ■ Figure -P-l ' ■ " - . ^^^'"'-^^ 

piece of paper, (ynderlining the word "first" and using color stfesses sequence; underlining *^one" stresses 
that the object Is the unit of which a fractional part is to be found.) The student should place an apple on 
= fhie paper^ The teacher should print, "Second, cut the apple into halves/' at the top of the*second piece 
of paper! The student should cut the apple on the 3efcdhd paper5 The teacl^er. should print* "Third,.cut the 

- 4- . . - , , p. 27, ■ * 
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veach ha|f into fourthAV' at the top of thi third piece of paper/The student should make th^ hecessary cuts ^ 
on that card: The teacher should .w^^^ of one half here," on the fourth card. To : 

strengthen understanding of the use of rhathematical synribols in comirnunlcating What has b^^ the t 

student should be given a 3' x 5" piece of construction paper on each of four coldrs used. The teacher, 
should write^ on the card matching the color of the paper on which the apple was cut in halt The 

same^hould be done for the fourths and the eighth. The teacher should write the symbol and. oh 
white cards. The student should be directed to build the equation which matches the activity* ; ^ ^ ^ 

With a few modifications, this activity Is appropriate for the sight-impaired student. Various textures of 
paper (plain, velour« corregated cardboard and paper with a slightly rough surface) could be used instead of 
using varied colors of paper. Directions, might be typed in braille; the resource person in the school, or a^ 
iocal ^ociety for the blind should be able to help. Also, the Library for the Blind will do this typing for 
anyone in the state. Another student could work with this persen and make initial cutting lines on the apple> ^ 

The hearing^impalred person can visually percely& the partfwhole relationsh^ of the resultln^fractional ^ 
part of the apple with the remaining parts, which together'conftitute the lyhol^t^^^^ 

student does not have this^ advantage. After this student 'has complete^ the activity* another apple with 
approKimately^the size and shape**© 

be cut into this apple to indicate where cutting woiild occur to partition It into feighths. The/student should 
be directed to feel the difference in pize between ihe whoJe apple and the one^eighth section of an appFe and 
to feel the eight sections of the whole apple. This kind of experience^ fe^^ling the pieces with relative sizes ^ 
of the part and the Vi/hole ^^ — should be repeated, with different size and differently shaped unit objects and 
their ft'actional parts, to allow this student to generalize the part^whole. relationship across a broad variety ; 
of examples. ' ' . \ ' ^ >^ - - ^ ^ 

In activities U/here tally charts are used, u/6oden blocks may be stacked to represent tallies if students dan t 
attend to the task rather than play with the blocks, (See Figure P^S.) Learning disabled, menlially retarded or - 
orthopedically' impaired students will probably find placement of blocks easier than writing on paper. 
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. Table with Blocks 




Figure P-2 



The studerrt'^wlth behavioral problems inight' find this procedure more interesting and might thus be more 
highly motivated. Feeling the varied heights of the columns, the visually impaired student has a tactile 
impression of the frequency ; of each outcome. The learning-^is&bled student with trouble understanding.; 
symbols' jwrltjen on paper might , find this display easier? to in^^ 
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In surnmary. suggestions have been offered here to assist the classropiri teacher of mathematics in dealing 
: effectively with some difficulties students encounter^i the prDcess of jearning m^t hematic All students are 
alike in that their learning strengths and weaknesses differ regardless of their position on the spectrum of 
academic abrlity; a desire to teach to those differences makes teaching a^difflcult challenge. Teachers vyho,. 
continue to try a variety of approaches to assist individuals in learning can make a great deal of progress 
toward minimizing their students' difficulties In m 

Matheinatically Gifted St^ 



One of the continuing concerns irappropriate education for gifted students. Mathematically gifted students 
aire those who exhibit exceptional niathematical pot^tlal in areas such as formulating problems, handling 
and prgahlEing data, fluency of ideas,^ of interpretation, ability to transfer ideas arid ability to 

geperall^e. The mathematically gifted are not t© be cdnftjsed with students who are simply good at 
^cbmpiitatibnal skills/ In feet, afthougliTmany^ gifted sfuHehts ar^^lso gb cdmpuiatidnrniany arfe notrit 
igV^Isp ImportOTt to be aware that mathematically gifted students may or may not be in : local school 
programs for the gifted. 

A pertinjent question to consider is: "Is the^mathematics curriculum for these students challenging and 
appropriate?" Adrpinistrators and educators need to address this question and begin to provide answjers in 
the form of ourrlculum and suggestions for teaching mathematically gifted students^ Concerns for helping 
all students work toward their potential should guide in the development of mathematical programs foe 
these gifted students: The classroom teacher will be involved in the development and/or implenientation of 
rtiathematical activities for gifted youngsters. , 

MathematicatiV gifted students In the middle school grades are beginning to evidence logical thinking skills 
which need vq be nourished and encouraged. They are asking **Why learn this?" and "What good is it?" 
The t^ac hen might use applications of mathematics to' effectively answer these questions. Concept 
formation an^^rmalizat ion are of particular importance at this age. Extension of the students" mathemati- 
cal world is cruciaL These fnathematically gifted students are in a sense on the brink of lifc*time 
preferenceSvTheir teacher can either turn theni on or off te mathematics arid may influence their attitudes 
toward mathematics for the rgst of their lives, / ^ = 

Problfem Solving :0 ^ ■ k,!. . ".^ . : ..1 ! '^ ' .^r . 

As problem solving becdpies the focus of school mathematics in the 80s, the gifted children can be 
fxpected to be -the leaders (n classroom dialogues. They will be the most able in generalizations and 
appiications, in mathematical rhodeling and insight into problem forniUlations. 

Mathematically gifted studenti should view mathematics as a relevant part of tneir world. 

Problems arrive on the suffering student's desk entirely divorced from all context "Suppose you 
wanted to multiply 2,3 It times 1.7 . . , ." Nobody should want to niultiply thise two nurnbers, but 
some might need to 4f the calculation modeled an interesting reaMife situation (Hilton & 
'Pedersen, 1980).. ' *■ 

Apphc^tidns could be used to motivate and Justify mathematics in the classroom. With calculatori easily 
accessible, more reaUlife situatlohs could be investigated. Along with the use of calculators comes the need 
foV stijdents to learn estimation skills, which could be incorporated Into nearly every facet of mathematics 

instructicm.^;,;^ - 'V/ :: ' " . • ■ . 

Thg newspaper or magazines are great resources for the study of mathematics/ Sample problem situations 
appropriate for niathernaticallylglfted s^ 
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" / Silis^MSon. Fr^ a used car salesperson and have: sold three compact cars* two middle-S!^^ 

V temUy cars* one luioiry^^c^ pickup truck/ Vou are working o^ and get: 

( J^ % for each sale. Look in the; classified ads sectipn of the newspaper to determine general prices; 
of these kinds of vehicles. Report this prices of the carr» your comniission in dollars on each car or truck, • 
Vthe totil price of the sales* and your total commission. Which kind of cbt would you prefer to sell? 
Which kind of car would you prefer t^^ 

The commission can be determined either by the teacher or the students who can calla local car dealer or 
someone;*elsfr who has this informatibn. Similar problems might be developed such as one concerning 
reai^^af^'WS r selling of land in particular sections of*town* farm-land, apartment buildings, or different 
si^tfid'rtbrnes^ These and similar activities make use of mathematical concepts of percentages and their 
practical /applications. Gathering data and making decisions how to o|ganize informatipn are also skills 
that are built 'jor reinforced/ ; . / 

Stock Market. StoA^ are always fun for students. Pretend ypu have $1000 (or 

$1 million) tp invest tn stocks^ Choose 5 or 6 stocks and determine the number of shares you ^ can 
buy. Then watch the stoc or more weeks. Report on your gains and losses. . 

' D^ly access toli^ n^ 

market page to know that a price of 132 1/2 is in dollars as is up 3/S* How do you find 3/8 of a dollar?; 
Converting frUcilons to decimals become^ a nee^d skill. Students must realize they heed to find the price 
of each stock they choose, then determine how rnany shares of each Stock they can afford. They must make 
decisions on hbw to organi^ their information/'These decisions entail a good deal of mathematical 
reasoning arid introduce them to reaUworld problem solving, A look at the g market; muncipal bonds 
arid the like are^also possibilities. - ^ ' v 

Airline Meals. Problems can be generated firom situations relating to planning meals for an airline, train 
or restaurant f# a day. Students* for example* can.ifind out the numbei^of passenge^ on a 747 and plan 
meals using fodd^dyertising sections of tHe newspaper. *if I serve niilk, how many glasses are in a gallon?" I 
"Hbw can PJknow hpjuj many peopip want milk?" "If I buy in large quantities, won't I get a discourit?" Such^ 
questions, as they arise, point out the compleKity of the task at hand. Corppromises will have to be made 
and students will be introduced to realistic problems and problem-solving strategies. 

graphs and Dpta^ Discussing and interpretirig griphs in magazine or newspaper articles inake graphing 
more meaningful. Examples of statistics and jthe rieporting of data are also easily foond,. Either the teacher 
cun create problems with the students searching out the specifics or, after some experlencie* the 
~ mathematically gifted students make up their own problims with solutions to be shared with each - 
^her and/or the whole class. ^^ " ' ^ : ■ . :y ; ; : _ . : 

Actual data collection is ^ a good way to get hands-on experience. Simple examples can mak#^use of the 
chara^eristics of the members of the class and students cap find th^ mean, nxode, median and then graph 
Kthe data. Characteristics such as height* age In months an^ shoe toe are^ossibilities. The^ature of the 
middle school grades learner ^hoA^d be considered when choosing such characteristics and selecting the 
activities to be sure that individuals are not made to ieel^unpomfdrtable. For example, when collecting 
data on heights, students may be asked to write down their heights and pass it to the data recorder rather 
than individually telling their heights. Consideration of hair color, eye color* sek and so on will assist, 
students to become^ware that there are various types of data. 

Polls. Constructibn^ of a qyestionnaice for a poll for a class, grade-level'or entire school is within the reach 
of mathematically gifted youngsters. To ensure discussion and more input, the students ^might work in 
groups. Together they can decide on topics for questions,^ wording* open-ended versus forced-choice, 
questions, while the teacher gently guides and points, oiit how d&isions can affect the results. Students, 
should be encouraged to discuss how various sainpling techniques such as random, stratified and 
' systematic techniques try to minimize bias. The teacher can converse about why teleyisipn ratings such as 
A. C. Nielsen*s ratings are ba§ed on only 1*200 homes iri America and how the sample is chosen. A packet 
of ft'ee rnaterials is available from Nielsen's regional, offlc6 In Atlanta. Have students find articles dealin'l 
with varlMs pplls. biscusslons of inherent bias in telephone polls is relevant* e.g., does every American^ 
have a t^phone?^ ;^ / * . . . . 
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When the students arc readsr to construct their own questionnair^^^ they should be allowed.to choose the 
topics (within reason) for the questions. The actual questions themsieives are not of great importance to the 
learning experience, but may be to the students. Also students learn from their own mistakes They will 
. learn that questions that are open-ended, e,g., **What Is your favorite although not a mistake 

per se, are exceedingly difficult to analyze. Students beglg to understand why nriost polls are composed of 
multiple-choice or true-false questions; ; 

Weather Predietion^ Weather prediction is another topic that may be appealing to mathematically gifted 
students and can provide meaningful activities. Students might be asked to keep track of weather 
predictions from television, radio or the newspaper and actual weather every day for one or two weeks. 
They should discuss the relationship of probability and weather predictions and be able tp explain such 
statements as 30 pjercent chance of rain. The students could do a comparative analysis of predictions 
from the different sources. Which station has the best prediction record? The mathematically gifted 
students^puld present their study and findings to the whole class since much of the information Is 
pertinent To all students. As a follow-up activity, the teacher might invite a TV meterologist to visit the 
class or the class; might plan a trip to a news room. ^. 

Q^j^^^^^g^^^^-^-^^ - - - r; -------- 

Most mathematically gifted students can grasp concepts more easily than other students. The teacher 
should give them both breadth and depth so that they can learn to generalize from more inclusive concepts. 
For example, the rules for addition and subtraction of signed numbers (Integers), are not really new rules, 
but sinriply more Inclusive ones. 

When learning concepts such as area of surfaces, . guided discovery teaching may be most appropriate. If 
the students can derive a formula, they tend to remember it better and, if they do forget^ they can usually 
reinvent It or rederlve jt. The concepts that mak^ the rules work, not only the rules themselves, are within 
the grasp of the mathennatically gifted students if only someone points them out. The organizational 
structure of these students' minds and their potentially broader view Of the world require that the teacher 
point out these relationships between the; known and t^ 

In classroom.discussions, the teacher should look for and encourage the mathematically gifted students to 
use inductive and deductive thinking skills. Reasoning from the particular to the general (induction), could 
be encouraged through seeking out patterns, such as in number sequences. Reasoning from the general to 
the specific (deduction), might be encouraged any time a rule or definition has been established/ 

Reports and Prey ects^ 

Mathematically gifted students: can become more aware of the. breadth of mathernatics through reports 
and projects. The teacher can help these students expand their mathematical horizons. Choices of topics 
for reports should be offered. Films and filmstrips could be used as well as books. Possibilities of topics 
include history of particular areas of mathematics— number bases, early numeration systems, computers, 
the four-color problem, figufate numbers, amicable numbers, perfect number^, prime. and composite 
numbers, Pythogorean triples, Erastosthenes sieve, Fibonacci numbers, Pascal's triangle and the golden 
section. Careers in mathematics, biographies of mathematicians, both women and men, are also viable 
topics. A word of caution is in order here; If students are already doing many reports In other subjects,, 
^another vehicle of inquiry may be more appropriate, NCTM's; Thirty-first Yearbook (1969) is a good 
resource for teachers on historical topics. Another resource for ideals in general is the February issue of The 
Arithmetic TeQcher (1981) which is devoted to the mathematically gifted student. 

Projects such as string art^ posters based on topics such as the metric system, numeration systems^ graphs . 
of collected datar science-fair type proJectsT and so on can ofter a challenge and a different mode of 
prfseritatlon. - ^ 

iBxtra Time ^ , 

How can the overworked classroom teacher and the mathematically gifted student fit in all the extras 
described above? To begin with, students are probably already grouped in some way in the classroom or 
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at least* withfri the teacher's mind. NotVeyery st to have the same aispigjinien^ If students 

already know a particular concept, why should they be asked to coniplete an asjignm 40 such 
problenis? The; teacher cpuld have thehn work the. last or hardest five or seven exercises to reassure the 
teacher and the students themselves that they have mastered that concept. Then the students will be able 
to have the extra time to proceed with the ifchosen task. Their teacher will also save time by not haying 
to grade 40 or so problems and can in turn devote this time to their other activities, 

Reward Excellance 

The teacher must tty very hard not to make the additional assignments appear to be a punishment for 
attained success; Rather the niathematicails; gifted students' projects or activities are a reward for that 
success. Sometimes bright students are unintentionally encouraged to be in slower groups so as not to have 
the burden of more work. Until the students begin to realize that the extra is more interesting and in lieu of 
something^ they may balk at the idea of different work. It seems to them that it is merely harder or more 
trouble than doing 40 of the same type problems. In fact, it is harder but the rewards in understanding are 
also greater. . -' : -• " ■ 

Mathematically gifted students can be a reafjoy. Their teacher should challenge them 'and en courag 
to take risks. At the same time, the teacher must be willing to assunie a similar risk often letting students 
investigate areas of mathematics not totally familiar to him. or her. The teacher^i.efforts initially are great/ 
but by Investigating and learning together, the rewards to both the students and their teacher are equally 

great*' • ' ' ^ -I 
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Using Support Systmmm 



Rapid sbciological and educatipnal changes are placing increasing demands on personnel within a school 
systeni. Accompanying these complex changes in our society, and consequently in our schools, are 
economic considerations that promote the concept of accountability for existing resources. The scarcity of 
resources ahd subsequent detnands for maximum use of existing resources make It mandatary that school 
St ems jitab I i sh t he ;pr i od^^ e ^vfltri pus com pon ents of t he ir jducat io^^^ program v S chool systems 
should give serious consideration to the desired significarice of the mathematics prbgram^andraUocate 
hinds accordingly. Once these funds have been allocated, evfry effort tnust be made to use all of the 
existing resources to their fullest potential. / = " r 

The burden of meeting increased expectation^ firom the public when funds are being dei^eased at the same 
time is often perceived by classroonn^^eacbers to be a burdeh that ultimate on their own shoulders. 

Although this burden cannot be completely lifted, providing an adequate support system usually lessens the 
burden slgniftcantlyr: _'\::\.'yr::-:':';r.f.:-: :/'\.'v' : ; _ y. : 



The potential support systern for all a^pbroom teachers is quite large regardless of the size of the school 
system. It appears, however, that a cortiplex array of factors impedes the effective use, of the available 
support system. The two majpr farfW^ sfeem to be (1) khowing where to Jind assistance and (2j having time 
to plan for utilizing' the assistance once it is located. The priij^i^al as the instructional leader of the school 
can be of great assistance in this area but he or she often has so many other administrative responsibilities 
that time is not allotted for such ^upport. -^ '^ - ' ^ ; 

This problem isHiqmpouhded in S3;stems that employ a large number of new teachers. It is difficult to 
orient these new, staff members to all of the existing support available to them. Some school systems 
use the brientation of- new |eacHers as avehicle ion transmitting information about 
system, .-. .. . \ " ^ >. . J , ' . '"^ .. v . . /. ■ -^^ / ■ ^ 

Another major problem concern^ the available time for classroom'teachers to use.the resources that have 
been identified. Parent volunteers and student aid^ make wonderful contributions to the overall program 
but it is very tirne con^ming for classroom teachers to coordinate th(^f assistance. Schdorsystems should 
cbntinue to give consideration;to both of the problems surrounding effective use of support services so that 
the effectiveness of instruction for e'ach youngster will be enhanced. This section of the guide is written to 
provide additional assistance to teachers in locatingand using various support systems that are available/ 

The support services availabii to teachers can be classified as human resouirces and material resources. 
These two types of resourats are found at local, state and natlpnal levels, A summary chart is provided for 
easy references (see Chart, A). • ' ' 

Human Resources ^ ; . 

Probably the most. signific^t^ of all the human resources available to teachers and students are the 
professional staff members pf the individual schools. The teacher must often take the initiative so that these 
indfviduals win be aware ofithc teacher's n^^yii a particular area. One technique that Is used by sonnfe 
schools is to assign new teachers to veteran ffiKilty members who will assist them In utilizing the various 
aspects of the existing *'suppprt system. Counselors, media center specialists and special education 
specialists providi additionar support for the cla^ 



' One -of the major areas 'w teachcr .might feel a need for additional support is the eduM^ of 

students with special needs. Questions about the classroom teachec's role In planning for the provision qf 
services for students with special needs^nd available assfstance from these individuals can be answered by 
theVpecial educator or principaL For exaniple, teachers of the gifted are spmetimes available to discuss the 
special needs of the most able students. They may be able to give the classropm teacher ideas or materials 
to use to help these students re^ph their potential. See sectiohs on the gifted and on students havirig special 
difficulties in mathematics. v * ^ v ^ 

Professional support is also found at the system level in the form of consultants in middle grades education 
and mathematics Jhey may also be available In other areas such as art, music and special education. The 
eooperative Educational Services Agencies (CESA) can also provide; nriany of these services. Other very 
Important sources of professional support are various professional organizations. These organizations, 
whether general or directed toward specific interests, such as the Georgia Councir of Teachefs of 
Mathematics, are systems of support consisting of people who have similar interests and gbals/ These 
organizations often sponsor inservice programs for teachert. " 

jQthfr human respu 

officials. Often overlooked, both students arid parents are also sources of support for the classroom teacher. 
They gan both bfe helphil in making materials, learning centers, math games, bulletin boards* etc. An 
additional benefit is that children of parents who help prepare materials are eager to use these materials in 
the classroom. Often parents need help knowing how to help, but the effort on the part of the teacher is 
worth it. These trained parents are valuable resources and are motivatian factors for the students. 

Parents are often willing to take time to come to speak to the class about their Jobs and how they.use 
matheniatfcs daily. Computer pebp and architects are obviously heavy users of mathematics^ 

but there are man^ other occupations to doHsider. A farmer, for instance, uses mathematics every day in 
selecting types and amounts of fertilizers, determining production and cost per acre and totaling profits. A 
panel of parents might be asked to discuss such a topic. 

Pftrents can also reinforce concepts learned iri the classroom. They want to be a part of the education of 
their children. Sample Parent Cards In the acfivities section of this guide may help the teacher and the 
parents begin. Paferita! interest should have an impact on the students' learning. The teacher should also 
consider legislators on the state and national levels as sources of supportr 

Material Resources - . v^^^:-^^^ ^ - 4 - : 

^{though human resiources can greatly enhevice thej matheinatics progr^ there Is also a need 

for an adequate support system in the area of material resources. Materials other than the textbook are 
necessary for middle grades students who have grown up in a multimedia, technological society, 
. ■ ' = " '■ ' ° * ' . - ' . /' ' . ■ ■ . . / . . 

The most available material resources for the classroom teacher are those materials in the school media 
center. Professional books and materials for teachers as well as students are available. Audiovisual 
equipment (such as overhead, movie, opaque and ftlmstrip projeddrsi record players; or television sets) are 
usually located in the school— often in the media center. If these rriaterials are not available in the school, 
they may be obtalried firom the sphool system. Videotape equipnierit, computers and other technological 
developments are available In many school systems, hornes, local business flrms,,.CQqperartveJEd^^^ 
Services Agencies and nearby colleges and universities. Both teacher and student use of new technological 
resources can greatly enhance students" attention, motivation and * 

Somewhere in each school, usually in the media center, are coriirneirdaL of educational 

rnaterial. Sometimes materials are ordered for^e individual teacher and sorrietlmes for the scho^ Often 
there are closets where mathematics materials, such as cornpasses,^ rulers, meter sticks^ attribute blocks, 
clocks, protractors, rnbdels of polygons and polyhedrar are stored. The teacher may have to consult with 
the principal media center specialists or other teachers to locate these materials, , 
Some libraries have professiofial journals such as Thfi Artthmetic Tedcher or The MathematicB Teacher 
(NCTM publications). These journals have many timely articles designed to assist both the new teacher and 
veteran alike^ ^ . - 'f 
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Another aid in your media ceriter is the Resource File for the community. This file will help the: teacher 
locate various types of community support such as guest speakers from the business world who are willing 
to come to classes or services of clubs or other groups. 

Curriculurrt guides such as this one can often be found in the school media center. Such guides can help the 
teacher determine the system*s expectation for mathematics instruction and guide the teacher in planning 
for instruction, A more detaired description of material resources available can be found in the Appendix 
entitled /nstrucflona/ Resdurces to Suppori the Middle School Mathematics Program. ^ \ 

Community resources, both, human and material, are probably the most unused of all the aspects of a 
support system for teachers. Many agencies have fantastic learning materials that are preparid for school 
use. Banks, utility companies and governmental agencies such as the Soil Conservation Office are 
examples of agencies that may have theae materials. These materials not only provide additional resources 
for teadhers but also assist students in translating acadetriic learning into solutions of practical problems 
found in daily life. 

One obvious problerri in obtaining many of these resources is money. There are often funds that are 
; available if requested. Budget question ^th short and long term^ can often be answered by the principal, 
lyioney for special materials of classroom teachers can come from local school budget, local PTA budgets 
and system level budgets. There is often system money earmarked for mathematics and science 
materials. In addition ther^ ^re often state and federal monies set aside for mathematics instruction. 
Money , or materials may ^e available through special education budgets for students who have special 
needs, suo^ as braile material or tapes, for the blinds or instructional modules for studehts with specific 
needs. Community groups tnay be helpful in finding money fo% materials or special equipment. The Lions 
Cfubf for instance, may obtain eye glasses for students who otherwise could not afford them. - 

In summary, every school system in Georgia and every classroom teacher need and use additional 
resources to bring about increased stude^ achievement. These resources, both human and material^ exist 
in abiindance at local, state," and natiOTial levels. The extent t5 which school systems and individual 
teachers can work around obstacles in locating f hese resources and finding time to plan for their use will 
determine the significance of support systems In the educptlonal opportunities of students in a given school 
district or classroom; 
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e Activities 



Activity Ideas 



The first ttiree sets of activities are in the form of a compilation of ideas for activities arranged by objective. 
^Activities are not included for every obje^^ which there are^activlties Bre ^ . ^ . 

Set 1« Sjets, Numbers and Nuineration (S 

Set 2 — Operations, Their Properties and 

Sat 3 — Geometry (G) . * 

The obvious disadvantage of listing ideas for activities by objectives is that most activities will assist 
students in meeting several objectives^ The ideas are listed undCT ^hose objectives for which they seem. most 
appropriate, ^ ^ ^ . 

The fourth set of activities is entitled, ^'Personal Characteristics" and i| a cross'^strand activity althbugh it 
has an emphasis oh probability and statistics^Another feature of this activity is that it niBy be used in its 
entirety or portiorii of the activity may be used in another unit siich as graphlrig. 
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Use the language of asts to describe an ^ 

1. Have the pupils narrle some sets of objects in the room such as the set of desks, set of pupils* etc. 

2. Have the pupils name sets of groups of which they a ; = 
Examples - / ' / -r-"''* " 

Set of pupils who attend school. ' 

Set of pupils who riide the bus. . ^ 

Set of pupils who bring theiF^ lunch. 

Let each pupil read aloud one of his categories and have those who are members stand. Afso let the 
ones who are not-|Wiembers of each set sta^nd to represent the complement of the given set. 

If a pupil d o es riot name a set that ii hot well defi h ed , t he teache r rnay describe a set such as * *t he set 
of pupils who are wearing new dresses" or "the set of pupils who talk too loudly in the lunchrooni." 
The pupils will easily see that these sets are not well dcflnedsbecause "new'' and "loudly? are not 
, specific. ^ ' ; ' 

3. To teach the descriptive method of designating a set. the pupils could be asked to desdribe sets such 
as the following. ' , 

A ^ |10, 100.1000;^, . 4 7 . : ^ 

. . B - 1 10. 20, 30. . , f ./ ■ . . 

C - |a, e, i. o, u [ C 
When they describe the sets as ^ . ^ 

A Is the set of powers of 10, ' 
B is the set of multiples of 10 and 
G is the^sct of vowels* 

: . _ _ they^ will not only have had , practice in usmg the d^scri^ive met^^ 
common property* of given sets. * - . ' 

4. Give the pupil opportunities to find subsets of an infinite set of numbers. For example, let A be the set 
^ of whol^ numbers. . 

Navf the pupils list certain subsets such as .the following, . ^ " 

* . B > the set of even numbers ^ ^ * 

; C^^ the set of multiples of 5 f 
D ^ the set of fact^ of 12 / ' \ ' 

E = the se^ of numbers < 3 " . . / 

F - the set of numbers > 6 ■ - 

G ^ the set of numbers > 3 and ^ 6 • * \. 

H — the set of numbers < 3 and > 6 . ' ^ 

" 'I ^ the set of numbers such that 2N = 6 • 
. J ^ the set of numbers such that N + 6 i< 10 



l^a expanded exponential form-^b demonstrate place value of the decimal system ' 

1. Review the js lace value code for writing numerals and extend thf idea that place value.names are a. 
convenient way of Identityjng the number oiF subsets that can be madfj^^rouping objects into sub- 
sets of ten. Stress that the convention for writing numerals -requires that the count of tens be 
recorded to the left of the count of the ynits. The relationship between places is 10 times4he one 
to the right. The place value chart is a^gbod device to illCistrate this convention and can serve as 
readiness for developing exponential potation. 

The teacher will neej^ to provide experiences with physical objects to build concepts of place value for 
those pupils who have not acquired them by the end of the prim 

2, One activity that might be used with a group of students or the entire class would use teacher- 
made cards that could be held against the chalkboard and be seen fro m any spot in the room. A five 
by seven index card could be used^ A large decimal point is placed on the chalkboard and the cards 
md ved so t ha t Ih e decinria f pbf nt apptears i ri^ a d iff feterit p lace i ri the n u mb er . Stu dent i can then read 
the numbdr filQud or write it in expanded form* etc. 



Examples of cards are 





S/N/N 5 ^ 

Name r pair of numbers associated with Pactional parts of (a) units, (b) sets' 

/ 1/ Prepare fractibn makers for pupils by cutting out strips of paper which measure about 3 inches by 8 
inches, (a) Give each pupil a strip and .direct him or her to fold along a line so that the ends of the 
srfip fit together. Then have the pupil unfold the stripT shade one subregion and write the fraction 
_ name for the pair of whole*^ numbers ^KIchs4escri^es the ex^ .4 



(b) Give each pupil a second strip^ and direct each tp fold the strip/as in the illustration below. This 
activity wilt involve sonie trial and ewanThe teacher may demdnstrattf with a strip; however* let 
each student work with folding unliU^ach hatf accomplished the fitting together of the parts of the 
strip. Have the pupil unfold the strip*^hade one suy region and write the fraction naine which describes 
the*e?cperinrient. 




: 3 m 



(c)' Continue having pupils fold strips and shade one of the resul|ing subregions until on each pupir 
desk there is- a set of strips, shaded and labeled, as pirtured here, ^ 
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^Have students discusi their observations as^they fold the strips, ' 

Out of such discussions can also arise statements such as* I shaded airof the pieces in each strip 
then I would have' 2/2* 3/3* 4/4* 5/5,^ and 6/6." Also, pupils may notice that two 1/5$ and three l/5s 
make Ave l/5s, and the like. T! i€ ':eacher's continued encouragement to pupils to talk about what 
they see can provide' the flrM^ntuitive re^^ition of relationships among ^ctions. The encouragS 
re^nt to use i^umber names wnen talking about pieces will help to develop the language of fractions^ 
However, one must be careful not to insist on rnastery of facts about ftra^ions until pupils possess 
the concept of fraction. ^ ^ 

Repe^ activity 1 except let the strips be of different length or width than the strip which was provided 
for the previous activity. Although one does not explicitly point out to young learners that fraction 
numerals such as 2/3 represent an abstract idea* the teacher needs to provide experiences with 
different models of units and with quantifying parts of those units. Thus, the pupil abstracts the idea 
of fraction without regard to any particularlmodel- 



S/N/N6 * 
Name the pair of nutnbers associated with fractional parts of (a) units, (b) sets 

Have students partition units and sets so that they understAnd the concept of fra_ctional parts in each 
context. . ^ . , 



Partition of 
Unit (Set) 
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m & & 




1 



tintber of Pieces 
or members) In 
Unit Bmi 



Nantber of Pieces 
(or members) 
Sliaded 



r 



Fraction 
Name 
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, Partition of 
Unit (Set) 
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Number of Pieces 
(or members) in 
Unit Set 



20 



20 



Numbelr of Pieces 
(or members) 
'\ Shaded ^ ? ^ 



Ftaiction 



20 



6 

t 20 



. S/NiN 7 ' • ' I 

Identify the set of equivalent fracti^ps assocla^d with a given point on a ' number line 

1, Working with paper strips as fraction rnaker^ (See Objeptiye 5.), have pupilb partition the- units 
by- folding or cutting themj then have the^^hade some of the pieces and identi^' the associated 
number pairs and fractiQn symbols as indicated in tfie chart. . ^ ' . 



Partition of^Unit 
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Number 
of Pieces In Unit, 



10 



12 



Number 
of Pieces Shaded 

I 
2 



Ask **What can you say abo|4t the shaded parts of the units (strips)?' 



Fraction 

, 2 



2 

, 3 
6^ 

4 

8' 

10 

6 ' 
12 J 
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V 



ecord pupIL reiponses on the board and discuss. Ampngrespons^s may be one such as "The same 
amount ofpaper is shaded In each strfp." 4f asked, theftaction l^th^same as the^fraction f the 
response shpuid be "*No» because the partitions are'nolffhe same/' Further discussion should lead to 
the agreement that although the units are not the samr-they are equivalent (same amount of paper) 
- and=although the partitfoniwe not the same, the shaded portions of each unit are equivalent (same 
' amount of paper). Thus, the nunnber patrs or fractions are said to be equivalenti and one can say of 
the folJowing sets that the fractions ar^e equivalent to each other. ^ 



Ask, "Are there other number pairs or fractions which^jfcie'^ould include in this set?" If necessary, 
tontinue partitioning units anS shading parts u^iWW^pils decide that there is no last fraction in a 
set of equivalent fractions. Thus, one wntes^me foilowing. 

^ '6' 8/ 10 ' 12 ' 14 ' 16 ' y Y ^ * ' « 

' 2. Enpand or build on activities above to pjovide practice in generating mernbers of^ set of equivalent^ 
fra^ions. Set up work sheets as follows. . 

In each of the following exercises, ivrife five other fractions that belong to the same set as the given'*^ 
' fraction, ' ' . 

\ la) ii. ' " } 




* S/N/N 10 . , _ _ 

Order ^hy two or more given rational nttnibers (whole numbers, deelnaals, fractions and 

mixed numbers) , , ^ 

f 1. A variation of a commercial game is a versatile gmne called Ranko, It consists of a deck of cards 
which may be^ whole numbers, common fractions, decimals, integers, numbers written in scientific 
notation or any other topic ih the curriculum where ordering is involved. The ranko board can be 

. A made from wooden st^s with ftvf diagonally cut slots ^ hold the cards or from upside down egg 

cartons that have been ilit across the top of each egg holder. / 

Once t^ students havf learned the game, ^ey can concentrate on tl^;<^rdering, 

_^^se groups of 3 to 5. Give each sltudent a ranko board. Deal five cards to each s^ent and have 
them place tKe .cards in their ranko board in the order in which they arc dealt. The students then 
take turns dewing one card. They can replace any of their five cards with this one — ^the object 
being to mov% towdrd putting their cards in order ; - , 

An uriusually slow group could simply see who could order theirs without drawing. If several 
students are playing, the first one to order their cards would win. It does ndt, .however, have to be 
^ competitive. . 
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Order any two or more given integer^^ , , * , 

If a pupil has had many experiences with the nun^ber line he or she could be asked tq considef a 
number line that looks like this. • ' ■ 



2. 
3/ 



Ask him to fill in othei[ ^lumbers^for the indicated pdints on the line so that he YMs a chance to 
suggest 1, 2 an3 .3, The number line provtdis an excellent opportunity fbr/dev6l6ping the 
concept of opposites. Given a number line with unit segrcients to the Vight corraspcmdlng to steps to 
the right, and unit segments to the left corresponding to steps to the l€ft> the teacher should ask 
questions such as the following, 

(b) j What Is the opposite of 2 steps to the right? The opposite of * 2 is _ 

(b) What is the opposite of 5 steps to the left? Then the opposite of 5 is 

Tell the pupil that the union of these two sets is the set of integers i|. , , , 

Pupils themselves can suggest many actjvities involving the recording of gain and loss* juch as the 
number of yards rushing in football games, net profit or net loss in business and similar examples. 

Have the pupils locate places on the map that are above and below sea level. They can describe the 
locations using integers, - . 



3, 2, 



1, 0, ^ 1, 



An activity that will appear to older pupils i? the use of a model from science in which the drawings 
represent an et^ipty field, a buck^ containing positive particles and^a bucket containrng negatiye 
particles. As the pupils place positive and negative charges into the field they will observe the results 
of combining particles' of opposlt^ charges. This gives the teacher an opportur^/ to eniphasize the' 
word opposite as it relate^ to the integers. The concept of neutralization adds much to'this activity. 
The pupil may draw a circle around the neutralized particles ( ± ) and this gives insignlsUito combining 
or gdding integers. See activities, from the strand, "Operations, their Frpperties aod Number 
Theory/* ^ ^ 

A^gafne could be played with all pupils^^nding on a stair landing. Each pupil draws a slip of paper 
"filing him to go up 5 steps, down 9 sreps* up*4 steps* down 4 steps and the like, jn this activity the 
teacher should ask questions to deirelop^thf idea of opposites. The pupil should^ee that since the *4 
(up 4 steps) followed by 4 (down 4 steps) leaves him in his original posiWon, that *4 and 4 are 
opposites, that is, that 4 is the^opposite of *4 and ^4 is the opposite of "4, 

Have the pupils record the results of placing a thermometer in liquids which will cause the 
thermometer to fluctuate, -^e sure that it is placed in a liquid which will cajjse the temperature 
reading to drop to below O^C- Such a liquid would be a solution of water and alcohol which has been 
refrigerated and cooled below 0"C. Encourage the pupils to discuss the treasures of temperatures 
lower than 0"C. 

Afi^her activity enabling pupils to havV#xperiences which involve positive and negative integers is 
the posf man .game. Th| game involvtes pu^l|s being homeowners and one pupil acting as postman. 

'The postman delivers checks q^d bills\Each nbmeowner keeps track of income ai^ o^go by treating 
the amounts on checks as po^five numbers and amounts on bills as negative numbers. The game 

■ can be expanded into the study Dperations on integers as the postman becomes confused arid 

^livers the wrong mail to se^^al people. 
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Operations^ Their Properties and Nunib^r Theon? 

O/P/N 3 . , _ - .. ' * ' \ 

Generalize results of operations with odd and even numbers 



1, Prepare a worksheet or transparency using the following supgestl6ris 

set A, ^ ^ ^ ' 



9. 10. 4, 11, 12, 15. 17, 2p[ / • \ r 

gach of the eVf n numbWs in the set as ttje produ^ oft an 



2 K 3, 



d some counting number.^or 



a. Circle eacK.of the even numbers in se 
A - { 6, 9. 

b. Express ee 
^exjinfiple, 6 = ^ - ^ 

Pupils should work together to solve problems using concrete material^^They should ^e^ncpuraged 
to discuss the question **Do you t\)- every even whole nurnber can be expressed as 2 times^some 
whole nurnber?" ^, 4 . ^ r ^ 

Develop a~ class discussjon around ^iie following suggestions, % ^ ^* * ' » 

a. Circle all of the odd numbers in set ft - . » /% . , « 
B ^ 1 1, 2. 3. 5, 6, 7, 9. 10. 11, 12, 14. 15} ^ . 

b. Express each odd nurnber iaset.B as the sum of an even number an^ l^ For ^ample, 3 — 274-* 1, 

c. Can yoO find* an odd number which is not one more than som^ even number?S*-,^ 

Present questions such m the following to pupils to enMurage them to generalize the results, of 
operations with even nunfeers and odd numbers, * ' * ^ 

a* Is the sum of any t^o even numbers even or odd? 

b. Is the sum of any two o^d numbers even or odd? 

c. Is the sum of an odd number and an even number odd or even? i v 

d. Is the product of tw^even numbers even or*odd? ^ - ^ 

e. Is the product of two odd numbers even or odd? 

f. Is the. product of an odd number and an even number even or odd? ^ 

a. Cut strips of lightweight cardboard^^OW manHa folders are good weight.) Make strips 2, by^n, 
where n is any natural number/ *^ ^ . 



ir 



This strip represents the even number 22, 2 x 11 By folding ^gordion fashion it car^be used to 
represent any even number. 2 x n, Another such strip may be uted tb represenJC any other even 
number.^ x m. where m is any natural number. By Joining tlie two strips end to end, pupils can 
demonstrate that the sum of any twrf even numbers is an even number, 
b. Make representations of two odd numbers from strips of paper ar described above. 



(2 X 6) + 1 - 13 



(2 X 4) + Jl - 9 
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' i ^nr J L i iels to showjhat 13 + 9 represents an even number. By folding accordion 
ii^^,; . < li}}^ 1 be used to represent any two odd numbers less than 15 and 11, respectively, 
i < t\t ker^:- upils realize tharthe sum of any two odd numbers is an even number. 

Off - \ [ . V, 

Id UV r"^We d "^^^ posits numbers ^ " _ 

' J / nsp _y or ditto copies of a hundreds square, a 10 x 10 grid, BeginWlth the number 1 and 

r}\ erf SB to^the rfght and back>ajain 'from left to right I^bfl the so^res 1-100, 

T , . .r^tos^henGs is explained in nfiost textbooks as a technique, for^^ding prime numbers 

an - jivertAvhoIe number, usually 100. Hence a detailed account Is hot needed here. The 
fc / nq ^ ^ps suiVim&rise the method. ' 

lUt 1 becaifse if Is not prime by definitiqn. ■ 

Oo 3 out all multiples of 2 except 2- . ^ ^ 

^ . Ihe ne'xt three prirrc numbers m order are 3. 5, 7. Cross out all multiples of 3, 5. 7. e?fcept 3. 5, 7- 

d. Qrcle the remaining numbers. They are prime numbers less than 100. \ ^ 

-J- Y ^ \ . ' _ . 

It,is not necessary to irtetruct pupils to cross out multiples of 4 or 6 because they were crossed out as 

multiples of 2 and of 3/ , ' 

^ . ^ ■ ' - . - - ' _ * > 

Discuss' why you need not continue th^ steps above to include crossing out all multiples of 11, the 

next prime number. (Any number less than 100 which has a factor of 1 1 has another factor le^s than 

^ 11 and hence h^ already been crossed out,) 

/Make a chart of all prime numbers less !han-100» and display it in the rooryi, ^ j ; 

3, Develop a class discussion around the following queslions. , ^ 

a. Circle the prime numbers in each set. . * 
A ^ I'l, 2. 3, 4. 5/6. 7. S, 9. lOf 

B - |2. 4. 6. 8. 10. 12f . ' 

. C - jl, 3, 5, 7, 9, 11/13. 15} 

- ^ ' - - ' , ' ^ ■ " 

b. Can you find a prime number that is an even number.^ 

Can you find an odd niumber which is not prime? ' ' / " 

Can you find two consecutive numbers that are prime? ' ^ 
Can you find three consecutive odd numbers that are prime? 
c- Tell whether' each of the' following statements is true or false. , 

1. All even numbers are composite. 

2. All odd numbers are prime numbers. • ^ ^ i,^ 

3. One is a prime number, ^ ' ■ 

d, Ho^ many pairs pf twin primes can you find? (Twin primes are primes whose difference is 2 ) For 
example, 5 = 3 =^2. Hence 3 and 5 are twin primes. 

4. Ask questions such as: Can ^ou write names for all even numbers 14 or greater as sums of two prime 
numbers in more than onf way? ^ ' , 

Example: _ ^ . 

14 ^ 7 + 7 = 3 -H 11 20 - + ^ ^ ______ + J 

16^-3 + 13-11+5 etc/ 

18-5+13-7+11 • 
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T is a single digit 
digit — all In base 



Dat^rmine the factors off any whole number , " ^ 

1. Hava pupils find the sum of the divisors of 6, other than 6 itself, (1 + 2 + 3 ^ 6.) Find another 
counting njimber thaf is equ^l to the sum of the divisors that are less than the number itself. The 
Greeks called such numbers perfect nambers, ' ^ ' ^ , 

A perfect number Is one that equals the sum of its proper divisors, and the proper divisors of a 
number are all those except the number itself 

The first four perfett nunibers are 6, 28^ 496, 8128. Note that th 
numeral, the second is a two digit, the third Is a three digit, and thWourth 
tf n numeration. Hou/ever, the -fifth perfect number has eight digitus 

Ask groups ^f pupils id confirm the fact that these five numbers are perfect nunibers. 

Arrang&the numerals vertically an^ study the digits. What pattern do you observe in the last digits of 
the numerals? Only 23 perfect numbers have been found. The largest of these numbers reqirires 
'^^-^,800 decimal digits to write the nume^^^^ ^ ^ 

OthSr interesting ideas concerning the perfect number may be found in books listed in- the reference 
section of this guide/ . ^ 
Ask at least five pupils to factor the same number Choose numbers appropriate for the pupils- 
abilities from the set given. - 
,C 1 54, 75, 120, 168, 225, 563, 432, 576 } 

Compare the five factorizations of each number. Were the factorizations all the saine? If ^ not, how 
were they different? Discuss the fact that the order of factors makes no difference in the product, 
hence the pupils should suspect that eveiv composite ivhole number can be expressed as a product of 
primes in just one way (except for order,) This fact is called "The Fundamental Theorem of 
Arithmetics^ 



. 2. 



O/P/N 6 « ^ 

Determine the greatest commoii factor off a pmi off numbers 

L a. Ask the pupils to find the greatest common factor of 11 and 17. 




Since Fi 1 n Fi7 = 1, 1 Is the greatest common factor, in fact, the only common 
factor, ^ 

If GCF (a,b) = 1. a and b s^r^ whole numbers, then a and b are relatively prime. 

Circle the pairs of numbers that are relatively prime and tell why they are or are not relatively prime, 

" (3, 5)^ (g. 8), (3. 27), (49, 12), (3, 8). (7, 17) 
b. Ask the pupils to draw Venn diagrams to show the intersection of the sets^ 

A ^ |l, 3, 5, 7} I Solution 

B - {2,3,4,5} 
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Ask the pupils to draw the Venn diagrams to show the mteriection of the sets, 
C 1^ the set df factors of 18 Solution 
D is the set of factors of 24 * ' 



Nanie the greatest common factors, of 18 and 24.. 



> c D 








( ^3 ) 12 1 




\ 6 J % J 





^^tertnjne thm least cammon^ niultipie for a set off numbers 

^ / " - - ' 

1*, Ask pupils to do the following. - ^ 

J a. Write" the set of natural nuniber multiples of 4. of 6, of 8 that are less than 100- 

Ma ^ { 4, 8, 12, - . etc, } 

. Ma -{6, 12, ^ .etc.] 

^Ig - |8, 16, 24, _/etcj ' 

b. Show th^ oomnrion multiples of M4, and Mg uiing Venn diagrams. 



Solution 




c. Find the least common multiple of 4, 6 and 8 that is J^CM j4,6,8) 
d* List the members of each of the following- 
^ a. M4 n Ma 

b. Me n Mf ^, ^ ./ ' 

c. M4 n Me Mg^ , , ' ^ ' = ' 
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O/P/N S ^ . . 

Identify and continue number patterns 

1, As a device for further illustrations of operations with whole numbers, the teacher may-maki 
mimeograph c^opies of the caleJidar si^ch art he foTfowing. ' a " 

A 7s Calendar = ^ / 



Sun. 


MonJ 


Tues, 


Wed, 


Thurs. 


Fri, 


Sat. 






2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


i4 


15 




17 


18 


19 


20 . 


21 


22 


23 


24 


25 


26 


27 


28 


29 . 


30 


31 






1 



■Ask pupils to study the arrangement of the numbers looking for'patterns. Ask in particular for the 

1. pattern for the numbers in the ftrst column; the pattern for "column four; the paVern for a 
diagonaL ^ * 

Twenty-eight minus what' number equals 22? Twenty-two minus what number equals 16? 
16 ^ 10. id - ? ^ 4, Ask pupils to discover other patterns. Also make other calendars, 

2. Give students tasks like the following so they can discover patterns that exipt in computMional 
problems; calculators artf^ery 'appropriate to use in this activity since the objective concerns the 
patterns and not the computational skills, , , 

Continue squaring ttie numbers giv^n below until you can discover the pattern* then predict the 
answer to the next problem. Check to see if your guess is correct. Do you see why this works? 

1^-1 
11^ - 121 * 

, IH^ ^ _ ^ . ^ . 

1111^ - . 
11111^ - 

Complete these multiplications to find some interesting patterns* . 

7x7- 4x4 = 

67 X 67 ^ ' 34 K 34 ^ 

667 X 667 - 334.x 334 - * 

' 6667 X 6667 - 3334 k 3334 - . 

33334 X 33334 = 



3. There are many number pattern activities of interest to students. The commercial names for two of 
the standard ones are the Tower of Hanoi and the Eight Man Puzzle, They can be made by using 
materials easily available to students and teachers. For example, the Eight Man Puzzle can be made 
by placing holes in a strip of board and using golf tees for ttte pieces. 
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pStudents u/ill generally find a vertical pattern in the minimum number of rnoyes needed before they 
find the horizontal pattern tftat can be abstracted. 



, 15 
" 24 



3-:. 

- 
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1 


1 


X 


(1+2) 


^ 3 


2 


2 


K 


(2 + 2) 


- 8 


3 


3 


X 


(3 + 2) 


- 15 


4 


4 


X 


(4 + 2) 




n 


n 




(n + 2) 





These activities and patterns are also valuable in helping students to use variables to eKpress 
the patte^ abstractly n(n + 2). _ 

Directions ' 

Place a i^t of pegs on eaci$side of the board leaving the center bole open. Each set consists of 4 pegs 
of jhe sarrtc color. The object of the game is to transfer each set of pegs to the opposite side^^ — thus 
reversing thfesprigioal setup. This must be done by eftfitr rpoving a peg one h'ole forward or jumflng 
a peg forward over another peg. Moving or Jumping backward is not permitted* ^ 

Students can be encouraged to develop a^system for analyzing this problem. For exarlple, they may 
be encouraged to use one peg on each side which takes three moves* They could then use two pegs 
on each side which takes eight moves. The technique for completing the task is more readil^^ seen 
when a smaller number of pegs is used, The^ completed chart would look like the following, 

Numhmt off pieces Minioium 
on each side nuniber off moves' 

1^/3 

.2 8 

\ 3 15 

4 24 



SO 
n(n ^ 2) 

4, A similar afctivity with a more difficult pattern is the Tower of Hanoi. This game is played on a board 
containing three pegs or nails. 




There are a number of discs of varying colo^and sizes that fit over the pegs or nails. They are to be 
moved from one statiorilto another without placing a larger disc on a smaller one and they may only 
be moved one' at the time. The rules are as follows, , 

1, Stack the five discs in the form of a pyramid (put the largest on the bottoin and the smallest on 
top) in space A, 
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2. You may move only one disc at a time. It must be the top disc on any stack. 

3. You may move a disc from one space to any other space, but never place a larger disc on top of 

a smaller one, ^ ^ • V 

-■. . ^ • ■• • • ' •■ ' ■ ' • ■ ^ ■ . ' % - 

4. When you have finished moving the stack of discs to another space (pay C) they should again be 
stacked as a pyramid, 

The pattern that appears as students record their data for the minimum number pf moves needed is 





0 


, 0 






1 


1 






2 


3 






3 


' 1 






4 


15 






5 


31 




2 


(3) 


4 1 ^ 


7 


2 


(7). 


f 1 - 


15 


2 


(15) 


4 1 - 


31 



1 

3 
7 

15^ 
31 



>2 
>4 

>16 



2 


2^ ^ 


1 


3 


3 


23 ^ 


1 ^ 


7 


4 


24 ^ 


1 ^ 


15 


# 









Again, a vertical pattern is usually found first. The, vertical pattern in this one is 2A L The 
horizontal pattern is2"^l, ^ 

Another good activity that might be done to generate a pattern of numbers for students to analyze is 
an activity using the diagonals of a polygon. , * 

Each student is given a sheet of polygons aad asked to guess the total number of diagonals in e^ch 
one. Following the opportunity to guess, the students will draw in the diagonals from one vertex, 
count as they draw, and record the number in the following chart. The students are then asked to 
predict for a polygon of n sides (n = 3). Following this, the students will follow the same procedure for 
the total number of diagonaJs n(n 3) ^ 



Number of 

Sides - 

4 ' 
5 
6 



V 



10"^ 
n 



Number of 
Angles 

4 
5 
6 
7 



10 

n 



Number of Diagonals 
From one Vertex 

1 

^ 2 
3 
4 



7 * 



Total Number bf 
Diagonals 

2 
5 
9 
14 



35 

iiin 3) 

2 ^ 



1 

6. Cai'd^ with "people** showing arithmetic sequences can be used to give students practice in finding 
rules and solving sequences. 



2 
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O/PiN 9 - 
Demonstoatte immediate verbal recall off any baiic facts 



1. A game of checkers may be used to reinforce number ^mbinations. Regular rules for checkers may 
j be vised* +iou/ever, the red and black discs^re nombered as shown on the diagram. Pupils score this 
game by adding the numerals on the checkers as Jumps are niadey For eKample, if a red 4 Jump^ a^ 
black 6, the-red scores 10, A, double Jump would cause the pupil to add three numbers, Whea a 
checker reaches the King row, it doubles in vakie. The player with the highest total score WmB, 
"^-Ddfff rent; numerals 'may be used according to the drill that needed fay pupils. This game may be 
adapted to mtrttipHcation, ajso. ^ > ^ ■ ? 




/ 



2, Use magfc squares to give student^ practice in recall of basic, facts. The teacher may illustrate the 
magic square using the illustration below, ■ - 

Magic square using numbers 1 through 9 % ^ 



4 


^1 


B 


9 


5 


I ^ 


2 


. 7 


6 



Find the sum of each row of numbers; of each column of numbers: of each diagonal line of numbers. 
Ask if the sum was the same in every case. Make duplicate copies of squares. Ask pupils to try 
rearranging the numbers and add again. What happens? * 

Use a magic square using numbers 2 through 10, such as the following. 



9 


4 


S 


?' 


ft 


10 


7[ 


8 


3, ' 



What is the sum of each jow? Each column? Each dlagonaJ? Add in opposite directions. What 
happens? 



Illustrate by using the overhead projector br draw on the chalkboard -p 4 by 4 inagic square lising . 
dnumberrl through 16 as f6llb\^s« • ^ : ? ^ ^ , ^ : ■ ' = 



16 


3 


\ 2 


13 


a 


10 


,ir - 


V 8 


9 


6 


7 


12" 


4 


15 


14 


^1 



Ask pupils to find the sum of the numbers ip row ta;o, tife sum of the numbers ip column three and the 
sum of the numbers on the diagonal beginning with f6. Reverse the order of the addition. What 
happens? \ ^ » < 

fiimk pupils to draw other 4 by 4 squares using numbers 1 through 16._Is the figure thus formed a 
magic square? , ^ , : . ». 



O/P/Nll , ' ^ : - " 

Compute effieientl|^»^both with and withbtft a ^alculator^using whole numbers, ififactioiiSf 
decimals and nesative millibars ^ ^^-"^ 

-^^-^ --;There^are many games that can be used to ^ give^s^^ents practice on thefr computational ski Ils?^ 
" Although they cannot take the place of instruction iafheseskllls, they can be used to reinforce and are 
a pleasant change for students who are reluctaht to ^^pctice these skills when given pages and 
pages of drill sheets. ' . ' v . ' 

1, One game uses a game board and three dice. . 

The game Jboard is numbered from 0 to 30. The students roll 3 dice and use the numbers to produce 
one of the numbers on the board. The student with the most tokens orPthe. board at the end of the 
game wins. . 
Example ' ^ . . ' . 
/ (5x3) + 1.^ 16/ - - - 

{5+.l).><3:-lS ; / ^ - . - - ^ 

(5 - 3) = 1^ 1 ' - ' - ' . 

2. Many of the games are good because the teacher can individualize the game by the set of cards given 
to the Various^iroups of students. An exariiple of this would be the variations of bingo* concentration, 
mminy r etc. The level _ofldifflculty_ is controlled in the makeup of the ^oar d_qr c ards . ^ _ _ _ 

A background for understanding operations involving negative numbers can be established by using 
the fqllowing activities as mqdels^r ^ ; ' ^ 

If one travels a jiumber\of miles ftor^^fe point to another, he or she may travel part way east and 
part way west. Using arrows, 4^ means east and-^ means west. The arrows may be placed over thp 
numerals. ^ ^ -^^i^ _ " ' ^ ^ - 



II I I J I I 

7 '6 5 -4 =3 2 "1 



.1 
»0 



I I I I I I I 

1 .2 .3 4 5 6 7 



Exainple . * ■ ^s^_ » - . 

Mr. Jones travels east 4 miles and from thatipoint travels west 6 miles. Where is he with respect to 
hitf starting Jioint? Two miles west of where he started. iThe point here is nof how far he has traveled,, 
which obviously is 10 miles, but where he is with respect to his starting position. 
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Many of the'jarne type problems ma|i fee used until the pupils discpver the rule, such as the follpwing. 

(a) if he travels 6 miles eait, then 4 itiiles west, is the distaiwe to jhe Parting pp . 

(b) if he travels 4 miles west, then 5 miles east* what is the difta^ t© the starting point? v\ '? = 

When the teacher thinks the pupils have the ideen proceed, with the recprding. Since we 
-name the associated operation addition in this case, the recorBing for the first illustration given is 
^4. 4- ^"6 =^/;Read this as VPositive 4.plus nega^^ T^gative'2." ^ ^ 

After having learned the addition processes of integers, the pupils ms^ be; introduced to the 
subtr^ctiori. process as the inverse of addition. The teacher may coptihue using the east - we^ Idea qj\^ 
>^he number line developed in the additibn proce | ; / \ 

- Example ^ / ^ ^ ' * ' ■ ^ u./"^ ^ ■ 

For thp nujnber sentence t2 =^3 ^ • ; ^ > - ■ - / 



^ t — i — — I — ■ I \- . V I — I l :^ V T " ■ ' ^ 

. -4 3 2 1 0 1 2 3 4 ■■ ■- ■ . -. ' "•" . ■ ■ ■ ■ > 

^ V"" ;\ ■ ^ . >^ " . . ■ •. ■ ^■v- 

Using addition, the inverse of subtraction, one would say, "What has to be added to ppsitive three to 
get to positive 2?- --One would obvipusly^have to travel west onefelace so the missing addend is 
negative!* / ^ ' - . \J V /-^ ^ ^ ^ . ' - ^ 

Enough of these activities inay allow the pupils to get a cleair uhderstanding of the Idea. 
Example \ : ' . 

The question is= "What must be added to =1 to get ts^^S?" Since the move is two places to the west, 
the missing 'addend is "2. ^ ; ^ . . . . 




Continue with many similar examples. 

Probably at the level when directed numbers are introduced, some pupils will have had experience 
with positive charges attracting negative charges and neutralizing each other. The teacher may wish 
-to show neutralization with charged particles using a science demonstration; 

The teach^er could also demonstrate the idea by using an illustration of two buckets; one bucket A, 
containing an indefinite number of positive and the other bucket, B, an indefinite number of negative 
particles^ The:queAipn may be asked, what will: be the result ifsevf n negatiye particfes from bucket B 
are placed in an empty bucket, C, and then five positive charges from bucket A are added? Each 
negative particle will attract a, positive particle, and they will neutralize. / . 

This neutralizatidri can be shown by* drawing a circle around each pair. > ! 



+ + + 

+ + + 



+ 7f 

4-: . 



B 



B 




When 5 positive particles were placed in bucket C and 7 negative particles were also placed in bucket 
C, 5 positive and 5 negatives iWere attracted to each other and 2 negative charges are left. 
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; - The pupils may do jjiahy other ^ivities such asthe foUdwihg and in each case aikv "What is the erid^ 

ADD 4 positive charges to a'bucket containing 8 negative charges ^ t - : / 

^ : ADD . V - ' \ 

v sADD 8 negative charges to a bucket containing 3 positive charges . - / . ' = 

" WhM the teacher Is surf that the pupils understand the ideai then procied to thp recording of 
the data in humber seht^cesl ^ _ ^ 

^ . For examme, the recording of t^e illustration given at the beginning of this acti^ty is ^7 + *5 M '°:2- 



Thl 



[ charged particles as in the addition of integers may be applied in a model for subtract iqp. 



A bucket contains 3 positive charges/ 



4- ■+ .+ 



VChat would have to be added to it-to make the bucket have a charge of negative 2? 

Obviously 5-negative charges are needed as it^^t^ 

more negatives to make the bucket have a negative charge of 2. 



# - - 



The addition sentence then: would be ^3 + □ = 2. The replacenient for □ was found to be 5; 
therefore, '+3" ■+"^^5^ -^^ ^: ; ■ v. ; ■ ■ : " . = J.. 

The related subtraction number sientence wb^ld be — . 
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Identi^ iin^ classifir' clo^ ed curves in- a plane such a sqiiw e # rae^itglef ^ther. paraUelp- 
] grains, tiriangle and circle ' , > 

ir Stiideits can be asked to flrtd oyects^^ at theif home^ich fiave the^hape of various 

crosad curveHika rertangles, squarM^ ciwle^^etc. They can be ai^ked'tOt bring pictures (snapshots, 
magazlnCpi^uVes, or drawings) for a 

2^ Several variations of commercial games can be used to review the identiflcatlon of closed cu^es. For 
eKampIe, a rummy game where a card with the drawing ^^ and a card with the word "pentagon" 
constitute a pair, could be used* Students can.often help prjepare these games on Index rtrds that are 
cut in haif. A similar game that could be played with the sanie set of cards is coneentration where the 
^ ^"^^cards are placed face down on a surface and two ^students try to turn over a matching pair. 

3. Classification of quadrilaterals (simple closed curves in the plane^ which kre the union of four line 
segments) should b,e introduced by having pupils examine, a collection of pi^ures and observe the 
^ follou;lngr * 

*A,.fluadrilateral may have a pair of parallel s 

.(The^e aire called trapezoid.) ^ - 

(These are called parallelograms^ r 
- ^ A parallelbgBam may^have a pair of perpendlcul^^ . \ ^ - \ ^ 

^ V (These are called rectangles^) ^ ^ ; 

^ A rectangle may have a pair of adjacent sides^^hlch are' congruent. ' ^ ' ^ ^ 

\ (These are squares.) - ■ ^ .y - ^ * ; - , - * 




Which^shape^'^can you 
identii^ in the skyliniB? 



Some questions which can be raised in a natural way are as follows. 

Are all parallelograms similar? 
, Are all rectangles similar? - 

Are all squares similar? % . = 

- , \ ' ^ ^. . P-55 • • ^ ' 
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. After ^ class has studiid classlflcation of triangles, the following queitlons can be raised. 

; Are all isosceles triangles slhiilar?^ — = ^ " - V ' =^ V 

| ; Arf aCequilateral triangles siniilar?^ ; . , ' , # / , V ^ , ; .V ^ > ' , 

Can a righf triangle bi Equilateral? ^ / 1 ■ ; ■ ! " ; ! , i . V 

Can a rtghf triangle be isosceles? — , " ■ . : J ^ y-.:':^ =. ; / i _ - 

4. Studehts may enjoy making a mobile or a pdster to illustrate some of these relationships* 

^5J: Paper folding activities are fexcellent to use witlfthls objective. If students are given a square, they can 
. be asked to fold it so that it becomfif a t^iangle^ etd^ . ^ ^ 

6, Students with an iiHerest in art will loye^to analyze paintinigs in terms of the basic shapes usetd in the 
drawing/ They may then want to do some drawings to illustrate ttase ideas, ^ 

7. Have a combination of shapes available for studehts to use creatively to construct pictures; Thes^ are 
" particularly nice for holiday pictures such as Christmas trees, Santa Ciaus, ^Jlgrims, kites, black 

. .. cats, etc. • ' ■ ■ . •. • .. . . ^ ■ ." • ■-. ; ; 

Other students could then identifi; the shapes by name. ^ . 




Ideiitli^ and classify three^ditAetisg^r^al objects such as prism , pyraiiiid, cone and cylinder 

= . ^; = ■ .- -■■ - k ' . i ' ■ ' ' ■ ■ ' n . ■ . \. [ ; = ■ ■ ^ 

1. The activities suggested for objective 2 may be modified to use with this objective. 

2; Students may want to make a booklet containing eKamples of space figures that they have cut out of 
-magazines, papers, etc. - * » 
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Dpdecahedrpn 



Tetrahedron , 



4* An examination of the nuniber of verticeSp Tiumber of edges, and faces ofspace figures is an activity 
/ that all studentsniaypprticipatelritEulerVfo^ ^ E + 2)AyhereFisthenumberof faces^ y'!s^ 

the number of vertices, and E f% the number of edges is an easy one for students to understand after - 
making a^ charts ^ _ ' ^ ^ ^ , " " / 

'm '-'/'^^' V: - ■ --^ N;^ ^ " _ ■ ^ 

Idmtify^'^liBpes that are alike und^ TOtations (tums). rafleetlQns (flips) or ; tiraiislatf ons 

'^(siidea) . ^ rf- '^A - ^ ■ ' - " " ^ - ' ^ ■ : / ^ V V - ■ " ^.'^/^ •; 

^. -1* Draw a figure oh a piece of rubber sheet such as a broken balloon and practice pulling the rubber 
^ sheet different ways to see.hoW the appearance of the flgure ^an be changed. Have the pupils sketch 
se}/eral different configurations they can produce firom a single drawing^as ^Ovand ficiom^;^. 
^ Some pupils might like to challenge one another by proposing tricky variations. After some 
in^l^idual ekperimentations, pupils should be asked :to sketch some forms Into Which the original 
V Gouid not be deformed by pulling. Ultimately ^le pupils should learn that, for example, O can be 
:^ deformed to Aand D but not to | or to ^ that is, Q, Aand □ are all equivalent/ The^geobdard is . 
^ _ _^ uselbl to show deformations of simple c Discussion shoiild then bring out that simpl^^^^^ 

clMfd surfaces such as cyjinder, sphere, cube and the like are all equivalent under defbrniations* 

2, To snow the (topological) equivalence of simple paths, direct the attention of the pupi|s to the way 
that roads are built from one side! of a mc^ntairi to the "Other . Even though the roads may wind^ 
around the mbuntain in different ways • each road goes from one side to the dther and does not cross 
itself. All juch roads or pfiths are topologically equivalent. Have tlie pupils use a cone and piece of 
yam ot jelastlc thre^ad and experiment with; some of the different paths they can make. 

3V Puplis seem to gain an' urtderstanding of similarity^from eyaryday ekperiences. for example^ model 
" cars are similar to actual size ones, and the teacher's writing on^he boardto illustrate the formation 
of letters is reproduced similarly by pupils on their papers, Encourage the pupils to supply other , 
eKamples of equivalent, enlarged or reduced copies. = • ' 

4. Potato prints can 'be used effectively to show translation and/or rotation. To illustrate translation, 
have th€ pupils make a ^tatp print and then repeat the print. To illustrate rotation, use the same 
print (or make anrther) ;ind either turn the potato or the paper each time th^ print is made. . 
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V v v^-^ = 5 may h^e lii^pd itc> r^evlew'orstrengthen the understanding of reflefeftdii (a referenc^ list of 

. : . : ; instmct^ aids)L As ^n addftional activity, tKe pupils may make Ink blots ;.and; then use either 
; =v=M{;v orayohs^ or tampera paint td^ad^^i^ blot^S^Katjorie side is a 

^reflection of the other;. For ftirtK^r cd^^ that they see If theyTdari tise^a 

potato print to show reflection. V^ey inp^^^ canhdt. Let^thim ^S a 

mirror to check t<s see if their examples did show reflection. Addittonal activities^may±^ 
V-^ - books listed in the^annptated reifere^ VW^^^^'^y:: 

-.w/ " - r y; -[ . .; . ■ ■ - \' . - .--^"^ ^ ^ 

/determine relatfbnsr^e flgwes sneh as Inside* 

dittslde, paraU^ P^Qitod^^ 



1- P^per foldii^ aiSfluitt help students understand t^e cQncept of congruent flgures. For example,; 

have the ^^tents fold art Isosceles triangle (a triangle with two vcongruent sides) so that it forms two 
congrueni=^4^^^p£j^ Jf^^^ / v ^ 





' 1 : ■ 






/ i\ 

/ : i \ ^ 
1 v\ 




1 \h 



7- 




2. Gedboards are excellent^f or students to be able to illustrate the concepts ^.^ffal^elr peijiendii^tf 
similarity and congruence. . ■ ^ . , U^tJvS*'^^ J 




AB II CD 
EG±FH 




triangle ABC Is congruent ^ 
" to triangle DEP j 




o o o o 



tdangle ABC Js similar 
to triangle GHI 



^e geoboards are made with nails evenly spaced on a board. ""Rubberbands are us^d^ on tKe 
geobosrd/A clear one may be purchased for the overhead projector. If geobbards are not available, 
dot paper may be used. . ■ 
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3, Students cah'^en be given drawings^M^ the teacher can lelid dlscusaipnslcbDC^ tfie drawings. 
Which pairii pf^egncients in the following figures appeir fo he cm . - % ^. 





Figure 1 



Figure 2 



Figure 3 



Figure 4 



Note: There are 4 pairs of congruent segments In figure 1 
4 \ v V: ^ 4 pairs in figure 2 . * ' 

, r 9 pairs in figure 3L " ^ 

* ^ 12 pairs in figure 4 - - 

Which pairs of triangles in th / 

More riiliture students should be able to make some generalizations after answering tlia above 
questions about figures 1 through 4. > ; _ : j: . 

GTi / ^-^-^ ' ■ ^ --^ -..1 

IJsa relatlbns between and jamong point sets or geomeMe figori^ to dedace otberVelal|ons, 
e.g«.> cong^ence olF^teniate^ 

' 1. .After both angle measure and ruler-and-compass construction havie been studied some pew relations 
^ can be identified and summariied. \. 



a* The measures of the angles in a linear pair Slim to 180, ^ \ rS^r^ ' ' 

bf The sum- of the measiKres of the angfes df a triangle i^ ISp. This sUm nqan be illustrated 



by tearihg up a triangular disc cut from papen 




V 



c. If a triangle has two congruent sides, the angles opposite these sides are congruent* Familiarity 
withMSosceles triangles makes. this an obvious obgervat ion- ^ . i 

d. if a triangle has tWo tbngruent angles, the sides opppslte these angles are congruent. After 
- discussion of c, a question posed to the class should briAg out this conclusion. ^ 

e. Two lines in the same plane will be parallel provided that» whenever they are intersected by any 
third line/ a pair of corresponding angles are congruent* The Illustration below shows th]|^e lines 



with some corirespbnding angles identified. 

a and b are a pair of qorresponding angles 
c and d are a pair of corresponding angles 
e and f are a pair of corresponding angles 
g and h are also called corresponding' angles ^ 
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« . .- A..*, -v v V"-'-'^'^' ^% 

........ ■■ <■ r J v^^^v --"v -.^LJ- 

From these refedonshitis, simple argumenti could be givf n for observatiotis already mide: in 
r ; : exploratory exercises* / ; ' ' ' : ^ i'^^ / . ^ ^ - - \ 

■ v ■ ■ - Example': be ^./i- =| ^. * ." ■ ■ ' ^^"■r=^-.'°'.V^*;. ^ ' ' ' '" " ' ' ' 

£ When two llnei Intersect/ either pair of oppoiite anglel Is congruent. 

The argument Is as folldw 'V ' - . v^^:v^'^ 'v 

• - WhM^ver size^'a Is, the stee of^b must be ^ \ - v - 

^ such that the numbers ium fe. 180. (see a. above) Nj ^ 

. Whatever size id^c is, the size of £.,b" must be such *^ ^ 
' - ' that the number^ sum to 180, (again. by_ a*) ' ^ ^ , . * , 

* Thus^a and^c must be the samejslze^ j \ ; ' * 

' g. If both angfes in a linear palr^re 1^^^^ 

Tlie/measures of^UMNP arid - ^ ^ 

' tp ISO (see al above). . - . ^ 

The measure dfi^SNP i/half that V 
l^eriieasure ofZ^PNTIs halfthit of - 
Thus the measures of ^SNP^aii^^PNT m^ » 
sum to half of ISO or m J 




h. Have the pupiU btsect a^pair^of corresponding angles for a pair of parallel lines and note the 
relation between the bis^ctors^^Then have them give ^argument similar to thej:JDn9ii«>above to 
show that the bisectors arejpri^lil^ \. ^ " ^* H ^ i; 

For the pupil capable of moVins ahead, some sugge^ed probFems are as follows. ' ; ^ 

Let jg and beany two lines infirse^ng at point On 5, Jay off PA-^ PB; on£lay6ffPM ^ PI^. ! 
Draw AN, NB, BM, MA^ W fi^fejc^Jtrf-M^^tiils always h^pen? TrJ? to give an argument to 
justify your answer. \ - , ^ 

J, What relationship appeate to be true 

about4. aandi^bifland^£' are parallel ' . " / 

lines? ^ — / > ''ti 





k. Give an argument to Justify your answer^ 
What relationship appears to be true about 
^^e and^t'if fi and I' are. parallel lines? 

' " Give an argument to Justify your answer. 
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2* iSlve students sets of regular shaped discs, e.g.» a;set of Mangles that are thVsanie size and shape 
^ /and have all sfdeB th^ same lengthp a set of squares; a iet of pentagons with all the sides the same 
lengthV etc. Also give the stud^ts a set or several sets of irregular polygons (each set contains shapes 
that are the sanie size and shape but the lengths of the sides of each disc differ). Ask students to' 
hypothesize whether certain shapes tile or liot. Shapes to use^lght be . ■ 
■ triangles (equilateral p isosceles and scale " . 

quadrilaterals (squares, r other parallelograms/ trapezoids and Irregular four sided. 

. figures); / / ' " ■ ' . . w ■ _ 

' pentagoris . * ■ " * > 

^ hexagons * 
septagohs " ^ 

.- . pctagmrs , / _ •■ -■ ■ , . _ • 

After students have tried^ using the different shapes for tiling, ask them wh^ and hou? they might 
predict if a disc will or will not ti le, A qhart might be suggested if they suggest that the shape will tile If 
af each intersection the sum of the angles im 360^ 



r 



Number 







: . of Degrees 


Nuniber 






Numbsr of 


in the Sum of. 


of Degrees^ 


Ability 


Name of Figure 




kof the Angles 


* in Each Angle 


to nie 


Wangle " r^ "" 




180 ■ 






quadrilateral * 




360 


^0 


Yes 


penfagon ^ 




540 


108 


. No 


hexagon - 




• V 720 


* 120 


Yes 


septagon > 




900 


12a 4/7 


No , 


octagon 


1080 


- 135 


No 



rrhe discussion of irregular polygons could follou(. Softie students niay need to tile with Irreguiar discs 
to be convinced. The discussion could lead Into one on aestheti^ In tiling with regular shapes and 
lead i^t ^c ombinatlohs of shapes for tiling. . ' _ = . 

3. The itudehts cdufd be asked to prove that the 'opposite angles of a parallelogram are congruent by 
using what they know about angles that are fdrnied when two parallel lines are cut by a transversal. 

. Some statements they might use to prove m Z^l %m^ 4 are^ 



m^8 + m^3 - 180" 



m^3 ^ m^6 

m^4 + m^fr^ 180^ 

ml^4 + m^3> 180^ 



m^l + mZ.3 ^180" 
m44 + mZ.3 - 180" 



There^ are other statements that might be used in a proof of this nature. Students will, fenjoy 
exploring U;lth proofs in an Jnformal way. 

The sum of the measurel'.of the angles of a polygon is also an activity that could be^use^ for this 
objective. This activity can be done by partitioning the polygon Into triangles that are drawn by 
connecting all the diagonals from a given vertex. Once the number of triarlgles Is determfnedp the 
students will see that the number of degrees is tl^at number times 180. ' 



Detenipine lines of symnettv 



.1 . 



1. Jnk blot pictures are fon for students to ^ to make their ou)n symmetrical pictures. These pictures - N 

can he made by placing a small amount of ink on a piece of white pPper and folding the paper. The 
V crease becbnie the line of symmetry. V . / ^ 

2* A collage made. of examples of symmetry in nature is a project that most students will enjoy. 

3. Various students in the class colild be asked to make a study of the alphabet to determine which - 
letters have one axis of syrrtmetry (letter A ), two axes of synnmetry (Iftter ), and infinite number 
(letter 0 ), etc. , / . , V' ^ i 



m I m 

i . 



4/ Symmetry in sports is another topic of appeal to some students. Lln^s of symnietry may be drawn on 
baseball fields, footballs, jerseys, etc. . 7. 



Measure ansles and classify as aicut^ ; - V 

1- It will be easier for students to measure angles drawn separately prior to measuring angles in 
drawings. These can be drawn on a ditto arid should include angles with various orientations that are 
different from ^ A, Z_ B, and Z_ C which have a side parallel to the bottom of the page and the 
wrtex on^the left of the drawing. , . . : ^ 



I - - 1 ^ 







2.^^Ti€e^he students have had experiences with these angles^ they, can measure angles within drawings^ 
^hls wiir enable theni to make observations^a 

a) What is the total number, of degrees in the three angles of a triangle^ 

b) What is true of two of the angles of an iso|cel^^^ 

c) How ntany t^^^egrees are there in t^e angles of a rectangle? Is this true for all parallelograms? 
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Instead of using a protractor which has been purchased, pupils can make their own In order to learn 
how one operates. To make a protractor, have each pupil make several circles on a sheet of paper all 
'of which have the same point as center as shown in figure 1 below. ^ ' 





120 * 



lao 




-Figure 1 



.Figure 2 



Figure 3 



Next, using compasses, partition one of the circles into six congment parts (figure 2), and draw a line 
^-joining each part of subdivision to ^e center. From previous activities, it should be' apparent that, for 
example, £^ COB is^DOG rotated, etc, so that six congnient* angles are shown. Since these are 
.1 ^ - ' -congruent, ^numbers should be assigned bq that each of these angles can have the same, number as its ^ 
measure. By cutting out the interior of one of the circles, there will be a rim left (^aded in figure 3) on 
which the numbers^can be written. Write O where the ray OA interserts the rim, and ISO where the 
ray OP intersects the rim. Why 180?. Because in our culture that particular assignment has been 
V ^ made: it is arbitrati^as are all of our units, but it is important that the pupils learn the conventional 
■ onis* With these numbers written on the protractor the point of rinri corresponding to OB should be 

- ■ ' ^ 60, the one for OC assigned 120. Notice that this will make thB measures of each of the congruent' 
. 1 angto,^ AOB,^BOC and ^COD th^ same; that Is 60, v ;: L 

The numbering could, of course, have been started oh the left instead of on th eriaht, 

: - By blsectina^^OB.ZiBpG and2-C^ points jcould be located pn the riit^to be 

and ISO. By cutting out part of the diagram the pupil has hif or her own home-made measuring 
- Instrument for angles^ ' i 

■ ^ : /'^ 

Solva simple seomeMe problems by .. usiiig pfopailH^ of similar figures, e*0.> indirect 
measurement ^ ' : 



1. Students will need eKperiences working with simple figures that are similar to learii to use 

proportions to solve for the missing parts, e.g„ in the following figure A ^ 5 or J. ^ * 

^ 6 n 5 n ' 




Figure 1 



Figure 2 
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a) The rectangle in figure 1 is 3 units wide and 5 units long. If the rectangle in figure 2 is similar to that 
In figure 1 and in 6 units wide, how4ong is it? ^^^^^.'^^ : ^. 



Figure 3 



Figure 4 



b) The triangle ill figure 3 is 3 units tall and 4 1/2 units long. If the triangle in figure 4 is similar to the 
^^^^rlangleTn^ftgure 3 and^is^2 units i^i; now many units long^s it?~^ - 



2. Next the pupils might consider people and their shadows. 



Man 



Child 



Shadow 



Shadow 



At any given time of the day, shorter people will have jhprter shadows. Notice that the shadows are 
forined by (parallel) rays from the sun, and siinilar trianglea ensUe. Using knowledge of the ratios of 
similar figures pupils can solve the pro^leml^e man in the figure is"6 ft. high and castl a shadow 4 
ft: longr if the boy's shadow is 3 ft. long, how tall Is the boy? . ^ 

3. The pupils are probably then ready for the following activity. . ; . . -^^^ / 

Calculate the height of a tree or a building by measuring the shadow, 

Ttie children will need metersticksi They are to measure the shadow of the tree or building and also 
the height and length of the shadow of some .accessiWe object. 




measure shadow . measure shadow 



• prom the above measur^nientSt calculate^ using appropriate ratios, the height of the inaccessible 

• tree, ■ • ' ^ • - ' ' • ■• " ■ " 
Yhe members of the clais should work in groups wtth each group using a different acce^ible object* 
Have them coiiiplete this chart* 



Gropps 


Used 


Length of 
Shadow 


J 

^Height' 


Ratio 


, Length off 
Tree ^hadow>; 


Height of 
Tree . 


' 1 


meter 
stick 












II 


fence 
post 












III 


boy 












IV' 


girl. ^ 




\ 









Different groups may be expected to arrive at different answers for the height of the tree. Discussior^ 
of the discrepancy provides the opportunity to^ review the approximate nature of measurement. 8& 
the sti^nd. Measurement. ~ " V , -i " " . - 
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Tills activityjs included as an exarnple of p ' •unit" of mathematics that includes objectives from several of 
the sttands. This cros^ rirand unit may be used In its entirety ojr several activities firom the unit may be used 
while teadhing another unit^ e.g^p; probability and statistics or graphin is open-ended and 

contains suggestions for apprppriate uses^ 



To int^rate various statistical techniques in an artivity that incorporates^ 
color and hair color/ . 

Matmriais Nmmdmd ^ / : . 

Masking tape or chalk marker * ^ : ^ 

Rope or string . 
Chalkboard or overhead projector - 
Calculator (at least one or more) 
OhJmciivmB ' 
Sefs^p^ Numbers and N 

Probability and Statisfics; Objectives 1-8, 1^^ 
OperatioRSt Their Properties and Number Theoryi Objectives 1, 11 
Relations and Functions; ObJec^ives.3^.i3... 
Geometry; Objective 9 . 



ts' characteristics of eye 



Estimating 

Translating 

Recording' 

Organising 

Testing hypotheses 

Procmdurmm 



SummariEing 
Graphing 
Judging. . 
Applying ' ' - 



Formulating 
Listing 
Counting 
Deflhing Problem 
Sampling 



Ohjmctivmm 
and Procmmsms 



To introduce this activity, have students write two color lists. 
Eymm ^ Hair 



Blue 

Brown 

Green 



Black 
Brown 
Red ■ 
Blonde 



^ Estimating 



Then |without counting), have them make guesses as to the number 
of members of the class who have these eye and hair colors. 

If students object' to the cQlor lists, for eKamplep "Where are hazel 
eyes?'' you can adapt to suit their decisions. Maybe green will be- 
come green and hazel.. ^ 
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OrganiEing 

and. . '.^-f- 
?rRecordlng^ 
data ^ ^ 

PIS ' 



Discuss possible methods for determining actual nUittDtts of students ^ 
who have the hair and eye colors. Students may suggeM having each 
person ahsu;er his or her eye. color then hair color with a recorder 
: keeping tally marks on a record sheet (a sample is included); 
Another suggestion may be for all members of the class with certain 
characteristics to stand (or raise hands)^ e»g^^ all blue eyes students 
stand to be. counted. In addition to each student's handout (where 
they are recording also), have one rnember of the class record results 
on the board or overhead prq)tctor. 





Characteristic 


Tally 


Frequency 


" Relative^ - 


-^DecimaL ^ : 


' Percentage _ 




Eye Color ; 




Number of Students 


^^quency 

_ _ _ _ — X _ _ 


Equivalent- 




• -■ 


Blue 




... B 










Brown 




17 










Green 




3 










■LTotgJs^^ 



























Organizing 

S/N/N V - -. 
ft 9, 11-14 

O/P/N / 
1. 11 

R/F 
3, 13 

Translating^ 
data from one 
form to another 



The chart can be modified to reflect the amount of time you wish to 
spend and your desired objectives. For example, if you would like to 
reinforce fractionst decimals and percentages, the last three columns 
can be completed for eye color and hair color. Any one or more may 
be omitted if you wish- \ ^ ' 

Relative freqiieni^ is the ratio of the frequeni^ (number of students) 
to the total number in the group (or class)^ Representations of these 
fractions as decimals and then percentages compljstes the last two 
^columns. It is recommended that calculatoi^ be used to find: thf 
ipproximations, ^nd that this number be rounded off to the 




Xqmimt hundredth and then expressed as a percent. For instance, in 
this example^ 8/28.^ .2857142 (the possible display on a calculator) 
which is rounded off to .49 and expressed as 29%V " ; 



In a table conipleted for a hi^othetical class to illust^ 
ity, you will notice that the total of the rielatiye frequencies is 28/28 or 
1 and the total of the percentage column is 101%. This dismaying 
fact is due to round-off error and should be pointed out to students 
and discussed^ (The percentage equivalent of one shoold of course 
be 100%.) Better estimates could be found by rounding the jdecimal 
to the near^ thousandth and the corresponding percent to the 
nearest tenth. You and your class might want to pursue this ac^ivityp 



- Characteristic 
Eye Color 


Tally 


Frequency . 
Number of Students 


. Relative 
Frequency 


Decimal 
Equivalent 


Percentage 


Blue 




•:8 ' 


8/28 


.29 


29%; 


Browh 






17/28 


.61 


61% 


. ' Qreeh 






[ 3/28 


-11 


11% 


Totals ■ 




28 


28/28 


1.01 


101% 
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r . : ^ : . : : Note:Thus far, the activity could have taken as little as one hour for v 

; : ■ - V , - ,^ ;X y :the higher middle grades or especially bright students or as much as^;^^^ 
two to thrfee hours for the lower grades a slower group. Timing 
. ri ^ : ~ J : J /^really depends on m Do not try to. speed up the process* . 

/ ^ Let. the students help make various decisions along 

Summatizing " ' Summarize data from eye color and hair color tables in various for- ^ 

. niats beginning with a bar graph (histogram). Have 

, how to represent this data. Using the previous example, two of the 
possibilities for eye color follow* ■ '^'^'/'^■'"■"^'^i:.-'^^..^-.^:^^^ 



1' 




Frequincy Rgj^tive fraquency 

' \ Nq. of Students ' 

• v.- .■, ^ ^ . 

... . ^ - : y \. : ; ■_■ v " ■ ^v: ■ " y ■ ■ ^ t;-:: ^:• 

You might wIsh to have students consider bo^ 
Organizirig , tibnships are the same (constant) whether you use fr^^ 

Graphing tlve frequency. ^ ^ 

Another representation of this data follows. ; 




G - 

R/F 
13 



A circif graph is also a way to summarize the data with correspond* 
ing slices of the circle in proportion to the percentages they repre* 
sent. After determining the appropriate 'number of degrees^ e.g,»_ 
\2^^ x 360^^ ip4Vprotractors should be used to draw the graph. A" 
circle graph for the example data follows* . 



EVE COLOR 



Judging 
P/S ^ 





Summarizing 



Analyzing 



■8/N/N 
1 

Formulating 
ideas for ^ 
dollecting 
and organizing 
data . 



You m^ want the students to break up into groups and each use one 
of the graphic methods to summarize the data, and then have the 
groups present their mode of representation to the whole class. 

ThiB portion of the activity can be ps brief or as extensive as you 
choose. The students should at sometime be exposed to various 
methods of representing such datar If you want to explore this area 
ftirther, you could follow up with student secured clippings of news^ 
paper articles or magazine articles with graphs of various types. A 
discussion of the content of the aiticles could incorporate social 
studies, science and other subject areas. 

You may wish to continue this activity with the information already 
collected. Consider hair color and eye color. Can onet^ ft^om the 
tables or graph how 'many have blue eyes and brown hair? Since this 
information cannot be found in the existing tables, a way of gathering 
this data needs to be de te rmi ned^ One suggestion Is that the students 
may physically arrange themselves into sets representing various 
outcomes* The a^vity "^an be preplanned by you or evolve with stu^ 
dent suggestions. One possible prestrategy would be to have mask- 
ing tade already on the floor (a large area) in a pattern to represent 
the fpur lhair colors. 



Black 


Blonde 


Brown 


' Red 
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Probleni si^lving 



P/S 
6 



Orgahtzlng 
for data 
coiiection 



Students cpuld be Ihvplved in this decision— varipui patterns are fea- : 
sible? Ropes, string or challccould indicate the sets^ for eye color, Stu* ; 
deiits may expennient but need to eventually determine that possibiN 
Ities Bt^ suclv that there will be overlap (Intersection) for each hair 
and. eye color and no ov^lap^^^«^^ hair eye coIbrfVFor exam- 
ple* a person will be a hair c^^ set and in eye color s^ but will 
hot be in two hair color sets.!' C ^ ' r - v ^ - 

One possible arrMgimehf might be^t^^ - 



Black 
Hair 



Hair 




Brown 



^ 7 ^^^^ I 



Red 
Hair 



BrowTi eyes 



A jumble of students will probably occur. Students may find that It is 
too difflcult to cdunt themselves using rthls procedure, you~ might 
raise questions such as: How can we desolbe this data? How many 
possibilities are there? Have students return to their seats for A dSS" 
cussion pf:^this procediire and possible method of gathering th^ir : 
data* ■ ■.. ' / ' ' ■ ^ .' / " 

Notei This activity may become loud and disorganized, but It seems 
to be justified on the basis of these points. 




(af The students are presented an unclear problem and neea to/ 
learn to try (and^ sometimes abandon) various procedures for 
^ r ~itigdeling th . ^ ^ __ ___ __ __ 

(b) A physical reprp sentation of a problem is often a good place to 
begin. 

0^ Students need to use the concept of sets, in this case a Venn 
diagranij to describe and organise Information. 

In a discussion of alternative procedures, students can be led to ex- 
amine the poisible pairs of hair anq^^y^ color. 

Hair Color 

Brown . ; ^ 

Brown • ■ ^ 

Brown 
Blonde . 
Blonde 
Blonde * 
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Lining 



P/S 
12 







... = . . 




."f '■ .. . , 




Black - 




- Blue 


.■ - ^■ 




: Black . - 




Brown - . 






: Black 




Green ^ 






Red 




; Blue 






Red 




Brown 






Red 




Green 





To couht the pairr, there are ffow hair colorrand eye colors or 

4X3^ 12 pairs. Another possible way to describe this set of out- 
comes is with a tree diagram. - . ^ ^ ^ 



Blue 



Counting 



Brown 




Hair color 



Brown 

Green 
Eye color 



Defining 
Probleiy 

Judging 

P/S 

12, 13^ 

iPredicting 

P/S 
8 

Sanripling 

P/S 

3-5 




At this pointf^the class wlU^want to know-how many of each of the 12- 
possibilfties are represented in their class. Once .a list of the out^ 
corhes has been determined^ i.e^, the sample space, the students car^ 
determine the "best'' way to count themselves. They niay" decide to 
arrange themselves again in their jumble or they may decide on a 
show of hands. Let students record their data for the frequency of 
each pair of characteristics; You may also want the students to flgure 
the relative frequencies of each pair of characteristics. Decimal 
equivalents and percetitages can also be found as before (with cak 
culatorsK ^ 

How can we use this information or data? Can we predict how many 
people in the school have blue eyes or blue eyes and brown hair? 

■ .■ - > - ' ■ ' . = - ■ - ' '.' ■ 

You can discuss how "representative^' the class is as a sample of the 

school population. If 12% ot the students In our class have blue eyes 

and brown hair, can ^Oje say that 12% of the school has blue eyes 

and brown ^alr^ Can we somehow^ tut our judgment on this? 



P-71 



.128 



ERIC 



You can continue J 
of the stiidenti iii 1 
sample. These dgcf! 



Formulating 
Judging 



1-6 



ftrtheir to test the class predittibn by taking a ppU 
le schobi, either all of thetn or h^taMng anpther- 
ions can= be made by your class within the con- 
stralnti of your ^ particular setting* These: deciiions shouM be dise^ 
-cussed with the class/ If for ^udents In the ] 

whole school, you and the class may dra poll them all. If there : 
: are 1,200, you may want .to And a^ sample, flow does one choose a - 
/ sample so that it wf ll be unbiased? How many should be polled? You 
may wish to use random selection within classes or grade levels^ or 
acrpfs the whole schooL Let the students make jthe. decisions, th^ 
will learn wm you point but the possibilities and problemp associated 
: with any sampllng techniquep ' . ^ ; " 

A simple poll can be cohstrurted^Letthe rtudents decide on the for- 
mat. It rtiay^be a niultiplechoice^oIL> . , 

1, Circle youir eye color = ^ 

c. Green ^ : 



al Blue .b. Brown, 
Circltf'yoiu' hair color* 
J a^^Brown ^'^r^ -b.^ Blonde ^ 



^c^vBIack -^d.-Red 



-S/N/N 
12, 13 



Testing 
Hypothesizing 
Analyzing ' 
Predicting 

P/S ^ 
15 



Or they n^igM decide pTa^ in the blank formalErWHat possible 
probleins could evdive? Let them fl^^ 

Students must decide how. to pass out the polls and how to collect 
them. They may have to get their material approved by the pdnclpal 
and will need to recruit the cooperation of «thfer teachers. . 

Students can work' in pairs ^r'Bmall oproups to record data (probably 
with tally marks on a sheet siniilar to the handout). They will be re- 
cording hair color and ey^ color separately and/or the 12 outcomes 
associated ivith both characfenstlcs. Som^ data may be missing due . 
to citcumitances such as absent students or classes uriavailable due 
to testing or other reasons. Students mqit make decisions regarding 
this problem of missing datsi encountered in nearly all statistical sk- 
uations^ , 

When all the data is in and recorded, groups of students can cafculate 
relative frequencies and -the- associatedi percentages. Once ag 
encourage your students to use calculators for this task— don't let^ 
them get bogged down in arithmetic at this point. 

Now, they are ready to check the predictive power of their own class 
as a sample. How close is 12% and 15%? Why Is the class a good 
sample or a poor one? There are many topics for extending the dis- 
cussion on the predictive power of sampling. ^ ■ 

Cpntinnins Evaluation 

As such an extended activity progresses* you will have a pretty good 
idea of who understands various concepts by the level of participa- 
tion. .Questions will be asked and other students cam often provide 
answers or suggestions. You . can expect different levels of under- 
standing to have occurred. You might expert that the very bright stu- 
dents will be leading decision makers, e.g., how to record or sum- 
marise thd data; and what predictions are justifiable* In many situa- 
tions, this will not be the case. Often tt is heartwarming to find that 
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J ; thie ^ud^i who;^eIdorti bihcrirf 
^ ; " ■ fillers and th^ 
» dan participate in the actual data symmariz 

' V ; - " V 'All will be able to recognize the varipus inpdes of presentation such 
as the bar graphs and Circle graphs. Sonne studmts, however^ will 
not;b€ able Jo make a drcle^graph ^th a protractor until they have 
i " V further experiences. The slower students can be endouraged to ppr* 
ticipate it tKeir level of SLchlevenient. They may be good at verbalii- 
^^^^ : _ _ Ing^ biit not artually able to con^rurt a^raph done.-They ma^i be the 
ones to explain or tell about it-'They nnay be whliE 
v torin processing the ^ta. : ^ ; 

' Sonie . quiet urging should occur throughout t 

activity/Sonie students will remain uninvolved unless the teacher 
intervenes to find out what he oif she would like to do. This ij 
a group effort a^d the . group dynamics might have tb^e encouragiid 
if your students are not accustomefi to this .manner of leaming. 

At the conclusion of the activlty^'^a sutnma^ .discussion should .be 
i: : . . heldLAsk ^ueitions 

' . would ybu change various parts pf the activity to^jrnake it better?" 
Let evetyojie have an opportunity tp answeFf and take" notes- so that^ 
the students tmsXm you are learning from them. You are also jeam^ 
ing how much they absorbed via this activity. By such formative and 

- summative evaluation/ you should have a good idea of your students' 
strengths and weaknesses and what areas to pursue in later activf* 
ties. Dpn*t expect any of your students to have mastered it alL Expect 

^ them to have had different levels o? participation and understanding 

^ pxid to have been exposed tp mathematics at work in their world. / 

^ Ftirther J&rteneioiis ^ ^ 

\- - This activity;>could be extended to include the ^neighborhood or larger 
. community. Sampling techniques and collection o^ 
a bit more complicated at this point. The studentsV enthusiasm (or 
lack of it) should direct V^u in this decision whether to proceed or 

- _ ^to^op. — ^l:.^^ — 1_ -L _ - ^ . 

If the students have participated in the decision^making, they will 
have ekperienced some mistakes and have ideas on how they would 
change things next time. Another statistical adventure could be 
.plannecl. Let student interest lead. They may want ^ jpoll the class (or 
' / school) on their opinion of the lunch room, or how students feel 
about the upcoming local (or national) ele^ion, or how many sf udents 
own bicycles. If you desire to teach mean, mode, median and range. 
, (Probability and Statistics; Objectives 8, 9, 10) with interval data, 
' you could use age (in irtonths), shoe size, hiunber of siblings in 
families, or other data that gives you such numbers. The list Is 
endless and so are the challenges. 
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The activities that follow are written In a task card format. These sets of activities are designed In clu^ers to 
rprovide teachers with ideas and student^ready matenalsrE is based on a theme which cuts 

across a wide variety of leaining expinences. The three clusters are Chances Are ~ which focuses on 
objecfiyes for the Probability and Statistics Strand; Leamthg Evetyday MeaBuremmnt ^ with bbje^lves 
priinarlly from the Measurement Strand; and Hm'o^ Proportipn and the Great OutdoorB ---- which draws 
I heavily froiti objectives In the Relaf Ions and Fun^idhs Strand, The clusters of activities focus on objectives 
' from one strknd, but cross over to other objectives when appropriate. Thte Is^ the nattire of the 
organization of objectives Into strands. See the section of this guide "'Setting Goals^ 
Strands and Objecrtiyes.'* - . . ; ^ 

The activity sets are not to be considered inclusive either for any one dbje(^ive or for any one straiid/ 
Rather, the materials are intended as. models or sam[des fo> direct use with students and for frihher 
^dtfvMbpmmt ' of 

particular grdtips of Indlvlduali includlr^ detSiohs, ad^ptat ions of e^ftSsidnsr Teacheir s or systems . 
may write additional activities in a Similar fomiat^ ' 

The format of the three clusters of activities liicluded In this portion of the guide are of Student Cardsp 
Teacher Cards andParent Cards. Solid lines denote Student Cards, dashed lines denote Teacher Cards and 
dots indicate Parent Cards. The cards are each 5" by 7" to facilitate their use^ They are designed to be 
copied,^cut a^nd, possibly attached to B" hy T' index cards and even lanilnated If desired. Als6, tndy will fit in 

a shoe box. . ' • ' ' v ■ ■ " ; ' ' ' 

i The Student Cards are written directly to the students and often there is space on the cards for their 
responses. The activities are primarily exploratory and often students wiltbe experimenting as they proceed 
through the activities. V * - 

The Teacher Cards include the objectives for the particular activity, the materials needed, processes that 
students may use In carrying out the activii^, possible modifications for special indents, notes to the 
teacher and sometimes jdeas for extensions of the activity. Processes and processing are inaportant aspects 
of: the tnathematlcs curriculuin. Wherever possible, teachers should polrit out to^ their_students the 
processes. Involved in their; learning. See the section of this guide l*Setting G^%ls^and Ob^ 
Prbcesses." The nature of the middle grade learner and specific needs of Individual students are also 
ihiportarit considerations - for planning activities^ The Modifications, for Special Students notes on the 
Teacher Cards are to help teachers plan Tor students with special needs. For frirthar discussion ^f these 
' considerations, see the section of this guide "Planning for Instruction." The Notes portion of the Teache^ 
Cards are general comments about content, possible management str^tegi^, questioning techniques» and 
various other remarks^ The teachers^ as they consider their class and as they teach the particular lessons, 
will wanVip make notes of their own (often on the backs of the Teacher Cards) to facltitate the present' 
lesson and friture planning^ " ' . ^ 

If the task cards are used in a school building or system» the teachers involved will want to work together to, 
decide whfch activities or what variations of the activities will be used for particular groups or levels of. 
students. They should plan so that students will not be asked to work through identldal task cards year after' 
year.' ^ . ■ ' ' ■ - . - ■ ; \ ^ ' 

Sample Parent Cards are Included to help involve the parents in their chlldren*sTearning. Parents are 
interested in their young people, but often don't know how to help them. Developlnent of similar Parent 
Cards Is encourgaged. Parents and others can assist in the learning process» help'Chelr sons or daughters . 
develop ppsitive attitudes and can also be asked to make materials, etc. 5e6 the section of this guide 
"Planning Instruction — Support Sy^emsl'* ^ a 
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tlhii activmls that fblldw cani^ist thie tWaeher iathe complaM prqeess called planning for Instnictiop, 
isrevious sections of this guide Help the teacher understand the students' needs, thesocietal influences on the 
schoolSj, the nature of the matheitiatl^ being taught and other favors that dirertly affect the teacher In the 
classroom. The following clusters of activities are designed for the teacher to help him or her implenient 
instrurtton and create an afitiosphere conducive to student lemming. . - 



ChmeM Ate Prababilitir anA 



This unit introduces probabirity, often called the "mathematlcf of chahce/V ^e students will parti; 
cipate ih exploration and e^ ' * 



Objective 

^ \ 7 . ^ 
12 



13 



14 

15 
16 

17 



Construct and interpret ^graphs 

Identify the sample space for a sirnple : 
experiment by 

(a) describing , or tabulating outcomes 

(b) ' tree diagrams 

(c) r countin^ principles V . ^ , ^ ; - ^ 

Find the probabilities of outcomes including 
those that are 

(a) certain to occur 

(b) certain not to occur ' 

(c) equally likely 

(d) not eqUall 



Use probability to decide whether or not 
two outcomes are equally likely 

Use probabilities to make predictions 

Find the relative ftequency of an outcome 
in an experiment ' - ^ 

Compare predict ionf based on probability 
with actual results' of an experinient 



Remarks V' V 

Student Card 2 

Student Cards 1, 2, 3 and 4 



Teacher Card 0 
Student Cards 1/2 and ''4 



Student^ards 1 and 4 

Student Cards 2 and 4 
Student Card 3 

Student Cards 2 and 4 



The following processes are among those used in carrying out 
the activities!. 



Generalizing 
Applying ^ 
Predicting 



Graphing 

Interpreting 

Tabulating 



The teacher ^hquldnSiake an cffort 
to help the students beconro aware of 
the processes they are using. De- 
tailed discussions of processes and 
processing are found in the "Setting 
Goals and Objectives" section of this 
guide. " . 



&cperimenting 
Verifying 



Identifying 
Comparing 
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I OhJmMvm Find the prdbabilities of outcomes including those that are ■ I 

i ' ' \_ (a) certrtn to occur V - ; . ' | 

I . (b) certaiiitnot to occur , ^ : ^ ■ | 

J ; ^ (c) fqually lik^y ^ ^ I 

I: , * (d) not equaUy likew "'^ ' ;^ i 

. j\ - • ■ •■ ■ - V - - = . . |. 

* Materials Awin r , * ^ i 



I 



. ' - 1. ^ Walk into a class tos'sing a coin arid announce that you have Just tossed the 

' ;^ % ^ ^ coin 19 times in a row and dbtained 19 headi^ You are about to toss the coin 

I ^ ^ / \ for the twentieth time and you ask the class to predict the outcome. Some students 

j ^ . - % will argue ^r tails on the basis that it*s time for tails to tarn up. Others tyill 

I ^ say that it makes no difference since the probability of heads for any given 

1 \ toss is 1/2, and the probabilfty for tails is ais^ 

' \ it may be wise tb reiriforce the idea that for any toss of a coin (even the twentieth 

1 ^^^"^ "^^^^ toss); the pi^b^ 

I getting tails, P(T)p equals 1/2, ^ 

L ^ » - 2, Following the discussion* have the students give examples of events that they are 

I ' certain will happen. 

I Example" The sun will set in the west. 



Ptobabillty and Statistic . ■ ' Teacher C«d Ob 



3. Have Students give examples of events that are impossibU^ _ I 

I ; ^ Examples A dinosaur will walk into the classroom. . ! 

I ^ 4, Have them give examples of events about which there is uncertainlty of occurrence. | 

I * Exampler It wiH rain for two weeks from today. | 

I 5* Have them give examples of events that are equally | 

j Example: Getting a 3 . or g^ing a 5 in the roll of a die. - | 

f| * g, Ericourage students to discuss the likelihood df two differenf events for which I 

I . the^Biances of occurence are not equally'Iikelyp , ] 

I Example* It Is more likely that an adult will eat bacon rather than peanuts I 

I for breakfast. ' I 

= -I ' ' - y " - ' ^ ' • . - I 

' Notes At this point, you may want to introduce the probabilities of s^e of the above . 

I events or outcomes. The probability of a cartain event is one and the probability I 

I * of an impossible event is zero. The probability of any other event or outcome is I 

^ I " ^ a number between zero and one. . I 
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^Probabiiity and Statf sties = . : , V 

''Objectives Identify the sample space fora~sinipl€jexpeiiment 

. Fiiid the probabilitiei of outconies. / - , " 

Use probability to decide whether or not tivo outcomes a^e equally likely 

Materials None * ^ — — . . ^ + r 

-Activity 1. For spinner I at the right and the Cxpeiimmt: 
- /Spin the pointer; Identify the Sample Space by 

^ listing the posiSlble outcomesv : . . ^ \ 



Stttdent Card la 




Spinner I 



How many outcomes are there for this experiment? __ 



So the probability of getting Red, P(Red), is 1/4; Find the probability of getting 
BIue/P(Blue) = - • ^ 



4. The outcomes (a) getting Red on the spinner and (b) getting Blue on the spinner 
are^quaUy Likely* Are the ^^y mes (c) getting White pti the spinner and (d) 
' getting Green on the spinner ^TOequally likely? /. . -i j. / " ■ _ 



Probability and Statistics 



Stndeiit Card lb 



For Spinner II at the right" and the Experiments 
Spin the^ pointer; the probability of getting an even 
numbert P(Eveh)* Is 2/5 since therel are 2 even num- 
bers (2 and 4) and 5 ^possibilities. Find the prbba- 
blilty of— getting - an ^ odd— number*; P(Odd)^ 




Spinner II 

6. Are the events (a) getting an even number and (b) g^iiig ah odd number 
equally likelu? 'v^ 
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I Ihfobabittnr and Statistic^ V. * f > l^acheir Ca*d la^^ ' 

I Oy #ct|ves : Identify the ^ ^ ' . ' "^^Il 

| . ^ : Find the probabilities of outM I 

1 ^ , Use.prDbablllty to declde w or not two outcomes are equally likely . I 

:-_Ma|M^ls _J^e^ j - : "■; ;\; ■ ; [,[ ' } ■ 

1^ Processes jGeneraliiing. appIyi^ ^ / ; i > / . ' . | 

j Modificatipiis for Special Students | 

^1 Visually Impaired students m | 

j spinners If they have problem^ reading the task cards. / — j 

i Notea This actlvtty Intrdduces vpcabulary and simple concepts like experimentj sample space, - 

I outcome, eyent, probability and equally likiely. peflhitlons of the terms are not given T 

I forrrially, but rather the student is led to underhand t J 



concepts to answer the questions posed. If this Is the first Introdu^ioti to this vocabulan^p 
you may need to go through more eKamples with your students/ 



I 

I 

I Pifobabillty and Statistics ^ Teacher Card' lb ^ 

j '^e age^nd previous experience of your students will help you decide how formal you | 

j . wish to be regarding the vocabulary. The main goal Is to have students understand | 

' = the terms and to use them appropriately for this arid later actlv^^ ■ -.: ' | 

I , . Send home Parent Card either before or after this activity* I 

,-r ■ ^ . : . - - . ■ >' - ■ " ■ .1; 

■■-|.. ^ ■ • . ■ ^ ..^ " ,^ : -r 
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^obabUi^ and Statistics /Stodent Card 2a 

Otilactives > Identl^^ the sample space for a simple experimeht : ; V ■ ' : : > ' 

/ vv : VFind the prq6abilities of outcomes > ■ * ^ ^ 

V ' v^^s- '^Use probabilities to make predictions^ / \ 

Compare predlctions based on prbb with actual results of an experiment; 

; : / / V Construrt and interpret graphs^ . : V 



Materials 



Activity 



Three spinners 





Spinner A 



Spipner B 



1. Identic the ppssifale outcomes for each sptnntr^above. 



Spinner A 
.Spinner B 
Spinner C 




Spinner C 



Probability and Statisties 



Student Card 2b 



2/ Find the probability of getting Red for each spinner. Be carehii to consider 
the area of the disk that is Red on each spinner, 

- Spinner^: P(Red) ^ . ' - - 



Spinner A: F(Red)! ^ 

' Spinner Cr P(Red) ^ 

3/ Predict how many times Red and how =many- times Blur would occur in 12 
spins of each spinner and record your predictiohs (guesses) on Student Card 

4, spin each spinner 12 times and tally the outcomes on Student Card 2c^ ^ 

5. Coriiplete the'graph oh Student Carid 2d4o sho^ the results of your experiments, 
6* Compare your predi^ions with your actual results for each spinner. 
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Ptobabllll^ knd StatfstiM^ 
PREplCTIQNS AND RESULTS 



Spinner A 



My Predictions 
Numtier^ JRed __ 
Number Blue 



Spinner B 



My Predictions 
Number Red ' - - ■- 



Numiber Blue . 



Spinner © 



My Predictioni 
Number Red ' ' ■ ' 
Number Blue- _ ^ " . 



Actual Results 



Outcomes 



Red 



Blue 



Tallies 



Outcomes 



Red 



Blue 



Tallii 



Outcomes 



Red 



Blue 



Tallies 



^ — ' ■- ■- - . . 

Prtibabilltsr and Sfatistlcs ; 










Student Card 2d 




RESUi;re pE SPII^nVER EXraRIMENTS " 
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SPINNER A 




SPINNER B 




SPINNER C 
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1: /^RfpbabUlty and Statiades. "o/r^ J-/^^-- : TmrnAmr C^d 2m^^ \^ 

j 01ijeGtiv€s Identify the sample space^fo^ >' ' \ : = ^ . j 

j \; Find.the probabilities of outconte^ ; , ■ /" . - " - | 

I V U^c probabilities to make predictions ■ \ ^ ^ * j 

I ' . : Connparelpredictlons based on proba I 

j \ . s . Gonstruct and Interpret graphs " . _ _ I 

I Materiab Each ^udent will need thpee spinneri as plqtured In Student Card 2a. If v^u want j 

• _ / i,.^ niake the spinners (or h we your students or their parents make them), the I 

J To Male a Spiniier ; : - \ . . " ' _ ^ 

I Materials Bmpty plastic margarihe tub or similar container with lid; cardboard or tagboard; J 

V . niarking pens or crayons; gluei brad u I 

I How to ' Trace a copy of a circular disk using the lid of the margarihe tub sis a template. - 

J Mark tagboard as> needed for the activity. GIue<tagboa to lid of margarine tub I 

f / and punch a hole In the center of this disk. With brad, a^ach pointer ^^^^ | 
I ' . . tagboard) to this disk. ^ 

j . ^ " You may wish to place materials for later activities In the tub for storage, e.g.* i 
colns^ dice and thumbtacks^ . 



I 



I IhrobabiUty and Statistics Teacher Card 2b I 

I Processes Predicting^ experimenting^ veri^Ing, graphing, interpre^^ j 

j Modifications for Speeial Students j 

1 * . visually impaired students, modify disks of spinners so th^t parts | 

I V r ' of the circular region can be Identified by texture rather; than color (e.g., velour j 

j _ — — . paper and construction paper) _ _ _ l^^^^ i — l _ ____ . __ _^ — 

I • For students with motor coordination problems (lArnIng disabled o^ . | 

j ' Impaired or other) when using disks with spinners^ place a r^M , i 

I tape between the underside of the djsk and the table Ojrflpk top so that the 

' - student doesn't have to worry about holding xjon to tfjMpsH; If fflving the 

I dexterity to spin the pointer Is a problem, ^ you might. S^^^K^ sttident a ruler 1 

j to activltate the pointer. ^ / : v ' ! | 

I Notes Have the students follow jhe instructions on the Student cards. Require them to I 

I predict before any actual experimentation^ Help create an atmosphere where risk- j 

j taking ^niaklng their guesses or predictions) is encouraged. i 

I / Help students see that the colored areas of the disks for eacrf spinner are different. | 

I , For ^a^iple, on Spinner B t^o-thlrds of the area Is Red and one4hird of the | 

, area frttue Hence P(Red)^ 2/3 and P(BIue) ^ l/S. Fot Spinner C P(Red) ^ 

1^ 1/4 attd P(Blue) - 3M. ' ^ I 
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Probabili^ Md Statistics Tracher Card 2c I 

For 12 trials of the expariment spin the pointer, the students' predictions should i 
' be near the expected value, €,g;v for. Spinner B, Red should occur about of 

times. Depending on the age and level of your students, you may want to formally I 

discuss the concept of expectation. : ^ [ 

I 

Help your students '"look back" and compare their predicfibns u^ 

It may be that they need to become l*better" guessers or it may be that for only "^ J 

12 trials, their prediction is closer to the expected values than their results seem 1 

to indicate. For example, for .Spinner A, a student's prediction .was 6 Red and 6 i 
Blue and the results were that Red came up S^out of 12 t|mes. In this instance* 

. the student's guess was better than the results indicate. Explain that probability I 

and predictions based on probability work well 'Mn the long run," "i.e., over many I 

many trials. I 

Encourage Students to j discuss their results with each other and to compare their | 
findings. You may also want them^o pool ttieir data. ~ i 

\ 



Pfobabill^ and Statistics Teach w Card 3a | 

Obj€ctiv€s identity the sample space for a simple experiment . ! 

. . . .■• ■ ■ ■ ■ ■• ■ - ■ . • I 

Find the relative frequency of ah outcome in an experiment ^ I 

Materials PairSj^of dice, paper cups, thumbtacks | 

Processes Identifying^ ejcperlmenting, tabulating I 

Modifications for Special Students ' I 

' " • For visually impaired students, the dice may need to be modifled so that the . 

student can "feer' the sums. Larger dice with felt dots glued on may be used. ^ 

: • To help students with motor coofdinatioh problems, provide a jar so that the j 
students can use it to "shake out'* the dice rather than rolling them. 



Learning disabled students may not have the attention span necessary to tolerate 
the number of repetitions required for these experiments. You might allow the 
student to work with one or more other students so that the performance of the 
task is^hared. ^ j 

Gifted students may be encouraged to pursue this topic ftirther. „ Extensions | 

might indude making predictions for 10& rolls of the dice and/or 100 tosses of the | 

cup or thumbtack* PooJIng data with four other students makes an easy "check" i 

of such predictions. Initiate a discusslbn of dlfftrehces between predictions and . 



I 

i 



ObJ#€Civ#s Identi^ the sample space for^ a 

' Find the relative frequency of ah outco 
Materiab Pair of dice* a paper cup and a thum 

Aetivitv 1^ Roll a pair of dice several times and find the sum of the two nuinberi onf the 
upper faqes-; each time. Identify all possible D 

2. Roll th^ pair of dice 36 times. Sum the numbers bn the two uppir faces eachi 
time and tSlly the results on Student 

3. After you*ve Completed the 36 rolisp count up the tally marks and record this 
number as the frequency for each outcome. Also record the relatrve frequency^ 
that iSs the ratio of the frequency to total rolls. 

4. Answer the following questions for the experiment 
. Which sum(s) seem to be most Why? 
_ Which su be lea^ likely?^ ^ ^ 



Ihfobability and StM Stndent Card 3b 




5. 


Think about tossing a thumbtack. What are the possible outcomes? 




6, 


Actually toss a thumbtack 20 times and record. your results in Chart I on Student' 






Card 3d. ^ > 




7. 


Answer the following questions for the experiment. : 






Do the outcomes MfiBiti to be equally likely?, J , , 












Which outcome seems to be most liKely? 






Which outcome seems to be least likely? 




8. 


Toss a paper cup 20 times to see if it lands with the open end up, the bottom 


0 




end up, or on its side. Record your results in Chart II of Student Carcf 3d. 




9. 


Answer the fol[owihg questions for this experiment. ^ ^ 






Do the outcomes seem to be equally likely? ^ 






Which outcome seems to be mbs^ likely? 






Which outcome seems to be least likely? 



ERIC 



^PtqbabUi^ and Statisties ; 






m 

„ Student Card 3c 


36 ROLLS OF TWO DICE 




- 






' . = ■ ■=. 


Sums 


Tally 


Frtquency 


Rstative 
Frequsney 




■■■■ ■"■ ^ ■ 


d 






736 












•■ - ■■ ■ 




■■ • J, 














5 












6 


- ; . \ ■ . 


: , .\- — -- 










7 












a 












9 
























11 
























Totals 




36 







Probability and Statistics 








Student Card 3d 


* Chart 1 


20 TOSSES OF 


A THUMBTACK 












Rglstfvs . 


















& ■ ■ . 
Point stfaight up ^ 






• /20 






Fqint str^iiht down 












Oh Its side 




. =^ ^_ . 


















^ J Chart n 


20 TOSSES OF 


A PAPER^UP 








OufCQiTiei . 


Tilly 


. Frtquehey 


- 'Relative 
Frgqyfney 






Op^n End yp 












Oh Its Side 












Bottom end yp 






- 






Totals 
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nrobiabilitsr and StaUsties 



Teachar Card 3b 



I Extehsion^ 



Vqu ' may want to cdnsider letting students ^perforni these experiments in v pairs. 
Working together helps alleviate the po boredom of such repetitions, allows 
for sbme conversation and speculation as the experiment progresses and in most 
ches ts more fun for the students, : t ^ 

pUcussion of Impossible events could arise if "thumbtacksi point straight down" is 
considered and you are not tossing tacks on carpets 

When the students total their .frequencies in their Tables,^ they should get the total 
number of trials/ Similarly, wKen they total their relative frequencies, they should 

^ get oti^* / . ■ : = \ ' - : ■ ; ■ " 

Have the students identify the conriplete sample space for rolling two dice^ A chart ^ 
is a sood wiy to describi the^pbss^ pairs of dice/ ^ .^^^^ 

- .- • ' ^ - : , ■ =^ - ■ ■ ■ ■- ^ \ ■ 

Coniidering two dice of differejit colors will help the students distinguish between 
the dice, e.g., getting a 4 on the red die and getting a' 2 on the green die (4^ 
is different from- getting a 2 on the red die and getting a 4 on the green die (2, 4), 
although both sums are 6. . ^ 

Have students find probabilities for; each sum, e^g-s P.(a sum of 6)"is , 5/36 since 
there are 5 ways to get a sum of 6 and there are 36 -possible outcomes. See the 
Chart on Teacher Card 3c. The diagonal marked is where sums of 6 are found, ^ 



Probability and Statistics 



.Teacher Card 3c 



After students determine the probabilities for various sums, have them make pre^ 
dictions, carry, out experiments and then compare their predictions with actual results^ 

SAMPLE SPACE FOR ROLLING TWO DICE 



1 ■ ■ ■ . ^ 
















1— - 7 : -^^ 


Red 


1 


2 


■ ^3 ■ ■ ^ 


4 


■ 5 


6 T 




1 


14 




1.3 


1,4 


13 


1,6 


j ' 


2 


24 


2,2 


2,3 ; 


2,4 


2.5 


2.6 




3 


3.1 


/ 3,2 


3,3 


3.4 


3,5 


3,6 




4 ■ 


4,1 


4,2 ^ 


4,3 


4,4 


4,5 


4,6 




• 5 


5,1 


a.2 


5,3 


5,4 


5,5 


5,6 


\ :■' ■ . ' 


6 




6.2 


6,3 


6,4 


6,5: 


6,6 
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Chart I 20 TOSSES OFONE COIN 



Student Cud 4c: 



Chatt n 







Predirttd 
Tetal 


A^uaJ 
Total 


Heads (H) 7 








™is(T) 








20 TOSSES OF TU 


rocoiN 


S ;> • 




Outcome 






^ Actual 


Penny 


Dlmf 


Tally 


"Total ~ 


Total ~ 


H 


H 


L 






I 








. ■ 1 

T 1 H 








1 

- T 1 T 
1 









Probability and Statistiles. 



Parant Card 



Objectives Become aware of the part probability and statlitics play iii our daily lives. 

Aetfvity 1. Discuss hbw probability and statistics are a part of our daily livas: "I will 
probably be home by 3:00. V. "It probably won't s 
rainfall for July was three inches. 

' 2. Make studeiits aware of the ideas of probability and statistics in newspapers,, 
magazines, or on television. 

Weather reports such as 30 percent chance of rain 
Polfs or questionnaire results. \ . 
; ^ Graphs in magazines and newspapers as summaries of data. 
The "statistics" of sports — e.g., football, baseball, ate. ^ 
Advertising claims — e.g., two out three dentists recomniend p .. . 



i 



! ■ a ■ ■ ■ ■ I 
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Object! ves Identi^ the siimplf space for a simplt eKperiment; 



Teacher Ciurd 4a 



I 



Jiateriab 



, Find the prqbpbiiitierf of outcdin^^ ; 
Use probability to decide whether or not two outcomes are equally likely. 
Compare predictions based on probability with actual results of ari^xperiment. 
A penny afi4 a dime for each Btudent. \ . ^ : ;V 

Predicting^ experimenting, interpretingi C \ _ 



j Modlficatibns for Speeial Students 



k 



T 



• ^^otor 'Coordination problem^ can be alleviated by, using a Jar so ^udents can 
7~"'stiake 6ut^'"the coin#^F thliplird wthndic^^ Teacher Card 3a)* . 

• Short attention^ spans - also see Teacher Card 3a — you may want students to 
work in pairs^ > * 

• Extensions for gifted students might include predii^ions for 1000 or more cofns^K,, 
Cautionf ^ do not ;ask^ sfadent^ to ^ check predirtibhs^^ by tossing" 1000 coins^ If - a 
check is desired^ further pooling of data is recommended or computer simulation 
of CGun tosses. Other extensions might include siniilar Student Cards for tossing three . 
or four coins. You might Kave -gifted students design such cards for latpr presentation 

. to the whole class. \ - 



Hobability and Statisflcs 



Teaeher Card 4b : 



Notei^ See Teacher^Cdrd 3B for comments on students working in paii^ and later pooling 

of data. Thllse earlier remarks arp also appropriate for this activity. 

Encourage students to identify the sample space for the expenmen^^ 
outcomes and you may also introduce tree diagrams. For exarrfplie, for the experiment 
toss two coins, a listing or tabulating pf the outcome wou ld b e , _ _ j_ 



Penny 



S - fHH. HT, mTT f 



I A tree diagram that describes the sample space is shdw^ 

I ]v totheriglri/ ^ , j ' 

I ' Encourage discussion of differences between students' pre^ 

I ^ dieted results and actual results. Point out that probability 

I and expectation work well, over many, trials, i.e./ 

I long run." For example, the probability gettin 

* for the toss of 2 coins is 1/4. For 100 trials, one would eMpact that for about 1/4 

I of 100 or for 25 trials, both coins would be Heads. However, actual results might 

I be 23 out of 100 




,1 
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This unit is 4^isn<^d to provide, concrete measurement of experiences whereby middle, grade students 
can develop an understanAng of measurement using nonstandard and standard units. .These concrete, 
measurement ^periences Include the measurement of time, len^htVpenmetery mai^, area, volume, and 
capacity. The'fpHowing objectives are included in this unit. ^ 

' ' .1 . '\' . : - ■ ; . *f \. • . . r •.;•■';;■.■;■■=,■=■■/- '.^ ' 

ective- :m. ■ .- ^ • Remarks. 



Measurement = * ^ ' . j 

1 Determine a time interval between two events , . ^= ' 

3 petennlne the mass (weight)^ of an pbject^ using (a) nonstandard units 
/ r _ ; and (b) standard iinits = ' ^ V ^ . _ 

4 " Make a reasonable estimate of mass (weight) pf an object or substance^ 

; and verift; the ^estimate ' 

5' petermine capacity or volume by counting (a) rionstandardjunlts and (b) 
^ standard units / > . , " ' 

7 Make a reasonable estimate of capacity or vplume: of a rectariguliqr cpn^ - 
^ . tainer and other three-dimensional objects and verl^ the estimate 

.11 / Apply tha formula fbr the area of a rectangular regiph tb derive f6rmula§^ 
^ for the area of other regions - ' 

13 Determine a length or . distance using (a) nonstandard ^ Units and (b) 
stahdard.units - - Xy - ^ - ^ - r . ^V::-: . ■ /f^^. . V . l,.. 

14 Make a reasonable estimate of a length or dlstance^and verify the-e^^^ 
\ 15 Derive formulas for finding perimeters of simple closad curves 

16 Select the apprpprlate type lof measureinent needed for a given problem 
" sltua^on* e.g^i leiigth* area, volume ; ' / ^ . , 

17 Select the appropriate formula(s) for finding th^ measurement for a given 
situation* "e.g. i area^ perimeter j circumference, volume V 

Geometry * / v V / 

10 Use formulas tp^ solve geometric problems Involving- p^rlrifieter, area and 
volume : ^ 

Prpbablltty and Stat isElcs ■. ' ^ . 

9 - (Partial) Find the mean of a set of numbers ^ , . . 



Student Card 2 - 
Student Card 4 

Student Cards 4, 5 

Student Card 6 

Student Card 7 

Student Card 8 < 

Student Cards 1, 2 ^ 

1 Student Card 3 . 

Student C^daO / 

Student Card 9 ^ 
Teacher Card 11^ 

Student Card a 
Teacher Card 11 

Teacher Card 11 
Studei^ Card 10 s 



ERIC 



Th€ followlfis processes are among those used in carrying out the activities. 



Estimating 
Measuring 
Recording 
.Comparing 
Cooperating 
Vending 
Looking back 
Interpreting 
Deriving 
Using Resources 



Constructing 

Problem focusing 

Computing with a calcula^tor 

Averaging 

Generalising 

Modeling 

Scaling - 
Decision making ^ 
Approximating 
Problem finding 



The teacher should 
make an effort to' 
help the students 
] become, aware of 
the processes they 
are using^ 
Detailed discus* 
sions of Processes 
and Proeeising are 
found in the "S^^ 
ting Goals and Ob- 
jectives" in this sec; 
tion of this ^tde. 
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CStadent Gttrd la 



. Obje^ve Determine length or diftance using (a) ndnMandard un and (b) standard; units^^ 

Nafeirials -r. String, scissors and some paper clips of the same size \ . 

Activify , 1.. Estimate how many hands long the teacher's desk is. ' Recprd your estimate in 
^ ^ T . , tb^ table' on Student Card lb. Measure the desk^^w hands and record 

; ' the actual measurement on the Student Card. .U / 

^ : 2. Continue this procedure by measuring other objects such^as the chalkboard height, 
width of thf room, window sizes, length^of the pfayground,' etc. 
* For each object estimate and Teco^ 

and record this actual rneasurenrient. y^ your experience to help you become 
f r better at estimating. 

3. Measure ^ . 7s height with your hands. / 
^- - (some student in the roonn) 

Use your hand measurement io cut a length of string that is eKaictly as tall as the 
studertt you measured.^ ^ ^ . ;/ ; V ^ -^'^—^'^lj^ _^ 

4. Make a paper clip chfain in i€gmenfi|' of 10^ Estimate and t^en measure the same 
objectf you nieasured in nuniber 2 using the paper clip chain. See ^ above. 



Heastirsnieiit 

TABLE OF VALUES 



Stindent Card lb 



Object ; 


Number of Hands 


Number of Paper jClips . 


Estimate) 


Actual 


Eftlmate 


Actual 


1* . Teacher's Desk 










. ^ -- 








f • -- - ' ' '" • . 


3. . 










4, 










5.. ■ = - ' 










6. 










\x ^ ; ..- 






\' ■ 




8. 










. % 










.10. * 
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j Objective 
I Matarials 



1^ 



Determine length or distance using (a) nonstandard units and (b) standard units 

Several boxes of the same size paper clips, a ba 

" Estimating, measuring, recording* compari^ 

Modifieations for SpeelarStudeiits ^ : 

• Vlsualli^ Impaired students may need the opportunity to feel the object before an 
estimate Is made. , 

9 Orthopedically impaired students may need to be paired with an unimpaired 
student to facilitate manipulatiori of paper clip chains. 

V Health impaired students might need to b^the Official Reeorders of statistics for 
either a small group or the entire class when students are mvolved in some'of the 
more vigorous activities such as ni^asuring the length bf the playground, 

« Gifted students may not need to measure as many objects as other students. As 
their estimates become fairly close to actual measurementst direct them to other 

. -^^^^ l^g ^fij, f^i^^QfpQ^^-ofi the h istdry of "measurement or a pWHicular' system^ 
of measurement may b&apprbpriate. * v 



I Measturement 



Notes 



I* 



Teaoher Card lb 

Have students continue measuring objects until their estimates are about the same 
as tbelr actual hand measuremehts. 

When choosing one student for everyone tQ_ roeasure with their hands, the nature 
of the middle grades learnet will help you make your choice^ Probably one near the 
^average height would be best- - ^ l _ i i J ^_ _ _ 

After nieasuring, each student will cut a string! based on his or^er hand measure^ 
ment. Hang all of tht strings from a ^andard position^ perhaps the top of the 
chalkboardp and notice that the strings are not the same length. Discuss with 
the students the need for having something bf the same iize ^s a measuring unit. 

When measuring with the paper clip chains, students should determine nearly the 
same measurements for a particular object. A comparison of the measuring devices, 
.hands and paper clips, should lead the students to conclude that paper clips are a 
. much more accurate standard measuring tool than the hands of Individual students^ 

Rather than having students work Individually on this task, you might sugge^ 
that pairs of students work together. 



J 

■vl 
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Stadent Card 2a 



Objective 



Materials 
Activity 



Determfne a length or distance using standard units „ - : _ ' 

Detem^ina a time interval between two events = . 

, Several yard sticks and meter sticks and a stopwatch 

1. You will participate in a softball throwing contest, a standing broad Jump con^ 
test and a lOO^meter dash. • - 

2. Measure the .length of your softball throw and the length of your Jump in yards 
and feet. Also^ measure each length in .meters and centimeters. Record this data 
on Student Card 2b. 

3. You will run the lOO^meter dash and ;haye someone record how many minutes, 
and seconds it took you to run this distance.' Record this data as^^ indicated on 
Student Card 2b. You jwill also time someone else. 

4. Notice any relationships between the lengths in English units and metric units. 



Measurenaent 



Stadeat Card 2b 



MY RECORDS 
I threw the softball 

I can Jump 

I can run 100 meters in , 



yds. 



yds. 



niin. 



m 



. cm 
ft. 

qm 



--= ^" 



len^h 



length. 



time 
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. '-■ c 



Matetials 
Processes 



Determine a length.or ^distance using standard units 
Determine a time Intarval between two events ^ ^ 
Several yard ^|cks, meter fticks and bvstopwatcli^; 
Measuring, recdrdlrtg, comparing, cooperating -J ^^Jr 



Teacher Card 2 a: 



Modiflcatibns for, Special Students 



* Orthopedlcally Impaired and health impaired st^^ 
Recorders If they cannot participate in the physi^^^ 

a Hearing Impaired students may need a visuar signal from the timer when running 
i <he lOO-mcter dash/v - r ' - . r ^\ '^ i . ' \' 

• Visually impaired ^students may need to feel the marks for vaifldus units* 'Along 
each foot mark on a yard stick and for each; centimeter p meter stick* 
squirt a thin line of glue and sprinkle with sand, ^ 



Notes 



A parent may be called upon to help make these materials. 

Conduct your own version of the Olympics 6y having students participate in a 
softbali throwing coritest, a standing broad jump and a UOO^meter dash. 



I 

+^ 

I 

I 




^1- 
I 
I 



Meastirenieiit 



EMtensions 



- Xeaeher Carf 2b 

Mark off the starting lines for each contest. Let a couple of students lay out the 
lOO-meter race track; . . i ^ 

Have students rotate through. the events with approximately one-third of the 
students at each event at any one'tlme^ If you: have a large number of students^ 

vcqnsijderjtwq^ areas for each eventp i^ej^p^slx locations^ . '1: - j 1._ ^ i 

The students will nieasure the length of their throws and the lengths of their Jumps In 
yards and feet, e.g., 3 yards 2 feet and in meters and centimeters, e.g., 3 irieters 35 cen^ > 
timeters/Do not have students struggle with conversions between metric and English 
units^ However, comparisons should be encouraged, e.g., 3 yards Is nearly 3 meters. 

For the lOO^meter race, in order to assure that each student has an oppcfrtunity 
to use the stopwatch, pairs of students might be asked to time each other/ 

If desired, you caq award prizes or ribbons to flrft, second and third place winners of 
each events V ' ^ 

An extension of this activity might Include collecting group data and flnding 
the average or mean for the softbali throw and/or the broad Jumjpu Vou might also 
find t hi mean or average time for the lOO'^meter dash. 

An activity orconstrucAng graphs Is also possible. Be c^reftil, howeven not to let 
studerits directly compare individuals with the group or other ^Individuals. 
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MmMmmmwt \ : '\ ^ ' ' / Bttt^ent Card 3a;;^^ 




Objective 


Make a reasonable estimate of lehstHJarid verify the eftimate * / / ^ " ^ ~ 




Materials 


Metric tape measure ^ ■ / = 




Activity 


You wiU need to work with 

1. Both-you=^and- youK partner^-^stimat^^ouF^ in centim^erSr— Wrlte.^:* 
your estimate on Student. Card 3b. Then take tutns. Measure your partner =s head 
and have your partner measure' your head. Record the actual length to the nearest 
centimeter on Student Card 3b/ ' ' 

2. For each of the other body parts on Student Card 3bt estimate and then measure. 
Try to measure car eftilly and ^se ^ach^m sharpen your esti- 
mation abilities^ V ' . ^ - 

3. After you complete Student Card 3b read an 






Often people use the drstance around their flst to estimate sock siie. Have you 
:>L gver-gone^shopplhg*--^^ and^ ap^ed ^ It-around your fist to- see4f - 
'r it will fit your foot? l _^ ^ Do i/oiir measurements seem to indicate that 

this is a good wau to estimate uour sock size? ^""^ What other bodu part 

seemk to be approximately the' same size as vour foot? V 



: Mmmsmmmmnt 




- ^ ^ ■ - . ; ^ 

Sfudiiiit Card 3b 


' \ MV VITAL STATISTICS 






Body Part 


Estiinate 


- Actual Meastufe . 

. - ■ . 1 - 


Head Size ^ . 


■ _ _ cm , 


cm 


Wrfst size ; 


cm 


cm ' 


. . ' Ring finger size 

' Fore-arm length v 

(fironi wrist to elbow) 


* ' cm 


cm - ^ 


cm 


■ ■ i cm 


Fist size 

(distance around fist) 
Foot siie 


. J: _ _ _ cm 


\ - ■ . N cm ( ^ ' 


ffi ■ ' cm 


■ • cm ' 


Look for hidden relatlonshi] 


3S ^nong the actual nieasures. 


For example ; ' 


My he^d size is about 


"" times mu wrist size. 
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MeasttremeDt Teacher Card 3a 

Objeetivie Make a reasonable estimate of length and verify the estimate 

Materials Metric tape measures ; : / ^ 

Processes Estimating, measuring^ comparing* cooperating with others 

.ModiflMtions for Special Students 

' • Visually Impaired students may need a modified tape measure similar to thi yard 
stick or meter stick described in Teacher Card 2a* :w 

« Gifted students may be encouraged to meaiure to the nearest millimeter or tenth 
of a centimeter. Later they may need: to round off to jnake comparisons. 

Notes Students will need td work in paire for thii activity. ^ 

Encourage students to measure careftiily. 

Estimates should be made before each measurement. If the students make all of 
feedback to make feeifcr estimates each time. 

Measurements of the students' feet should be made with their shoes off. Later com^ 
parisons will be better. ^ 

Fist ^i^e should be approximately the same as foot size. Also, the length of the 
forearm is near the foot size. 




Measurement Teacher Card 3b 

- Encourage students to look for other relationships among stees of body parts. For 
example^ head size will be about four times wrist size and three fingers is near one wrist. 

E^ensioiis You might want students to find the mean, median, mode and range for some 
:r-—- — — ^ - of this data.-Wrist size is a good measure to choose since nearly all wrists will 
be between 13 centimeters and 15 cet^imeters and comparisons among students 
should not prove to be too sensitlvep Fore^arm length will probably be more 
variable and is also a measure that will be fine for comparisons. Airtual foot 
size may be a sensitive measure for some students and for this reason, avoid 
size comparisons of feet^ 




Measur^aieiit 


-;- ;/■ ■ ^■ \\ '. ^ : 'S^ 




, ■ ■ 


Determine the mass (weight) of an object using (a) nonsfandard^nits and (b) 
standard- i|nits ■. ._} / " ' •■ l ' 

Make a reasonable estftnate of mass (weight) of an object and verify the estimate 


Materials 




A balance scale, metric masses, metal or plastic hardware washers of the same 
size, and items such as: a stick of gum, a nickel, a baseball, ^a chalkboard ^ 
eraser, a pencil, a mathematics book 


Activity 


i. 


Determine how many washers are equal in 'mass to each itemi by using the 
balance scale/ Record your results on Student Card 4b* : \ * . 




2. 


Use the standard metric masses and the balance scale to determi^^ each item's 
metric mass and record these results on Student Card 4b^ 




3. 


Consider the data in your chart and make an estimate of the mass of. one 

washer,.-- ■ . ". = , " v ^\ 
I think one washer is about _ ^ wams. ^^v. 




4. 


Use the metric masses and the balance scale to veriftr your estimate. 
The ^rtn^l mass of one washer Is cframs. 



Mensureniant " Student Card 4b 

RECORD OF.MAsa:^ • ' ; . ■. ■ r^: . V v : \ - 



- itetti . 


Number of Washers 


.Metric Miss 












' ■ ' \ ■ ■ ■: 


^ 




. . ■• U . 


4. ■ ■ ■ . 






^5, : ■ ■ , 








s' ■■■ ' . . ' . , ■ . 




1. . ; - . --^^ . 
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I MMSturcmeDt Teacher Card 4a j 

! : Objectives Deteimine the mass (weight), of an ob^ (a) nonstandard units and (b) - i 

I . standard units ° : , ■ - : v - ^ ; : . j 

j Make a reasonable estimate of mass (weight) of an object and verify the estimate j 

I Materials Balanca scale, metric masses/ metal or plastic hardware 

I and items such as ^a stick of gunit a nickel* a baseball, a chalkboard eraser, 

' a pencil, a mathematics book - , . ' 

I ■ : ^ |. 

I Processes M j. 

I Modlfieations for SpMial Students | 

I . *. Visually impaired students may need verbal! instruction with the metric masses so | 

I . they can feel them and know the particular comparisons. They may not be able i 

. to read the labels such as 5 grams, so may need to hold the 5-gram mass and 

I five unit gram masses and be told that they are equivalent. Special markings ' 

I : . V on the. mass are not recommended, since this wbuld change the standard mass „ : L;. 

I ' ■ itself. I 

I Notes Substitutions can be made for any of the items in the materials list except the | 

I balance., scale and metric masses. If wasners of the same size are hard to find, | 

I you might use paper clips or^some other nonstandard mass such as thumb tacks. | 

I : . ■ ' • ■ ' I 



I Measurement Teacher Card .4b I 

j . Using nonstandard masses helps convey the Idea of measuring and helps s^ j 
' see the need for some agreed upon standard mass. Discuss these Ideas with the 

I ^ . students. These measurements. could also be done with ounces and pounds — another I 

I _ . ■■ _i _ standardmeasuring unit. ^ ^ _ — __ i _ _ Ji^ _i l_ 

I Comparisons of the nonstandard rnass, the washer and the standard metric J 

I mass may simply be made by guessing or estimating. You could later point out | 

I how to use ratios and proportions to estimate. For example. If an item Is found to | 

be 4 washers and 8 granis^.then'thls is ^ 1 to 2 ratiOj hence the mass of 1 i . 
I . washer would equal 2 grams. ' i - , V "S 

i -: ; . / : - . : - ■ : :■ - ' ^ " • I 

'.^^^^^ - ■. ■ - ■ ^ ' ' ' ; ^ , v" I 
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Student Card 5a 



Objective Make a reasonable estimate of mass (weight) of an object and verify the estimate. - 

Materials You will need a balance scale, metric masses and various objects of your choosing. 

Activity 1. Pick up a one gram mass in one hand. Then pick up several objects^ one at a 
time with the other hand until you find something you think has the mass of 
one gram. Record the name of this object in Chart I on Student Card 5b. 

2, Use a balance scale to measure the actual mass of the object and record its 
mass in Chart I on Student Card 5b. ' ^ 

3, Find two more objects you estimate have a mass of one gram and record the 
names of these objects in Chart I. Then find and record their actual massesr 

4, Repeat the experiment using a kilogram mass and record this data in Chart II on 
Student Card SB. ^ = 

u .^^U ..^5. .Choose two other obJert§-Thii tiniej estimate their masses and record the .objects'; . 

names and your estimates of their masses in Chart III on Student Card 5b. Use 
the balance scale to veri^ your estimates and record the actual masses In Chart IIL 















Measiireiiient 






stu4i 


Pfcud 5b 


ESTIMATING MASS 










Chart 1 


ObjsEts r ^ftriated to have inass of ohe gram 


Actual Mass 






2, 
3. 


















Chart II 


Objects estimated to have mass of one kilogram 


Actual Mais^ 








c 








2, 










3. 


















Chart III 


Other Objects 


■Estimated Mass 


Actual Mass 




.1 ' -■ 


L 
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I Objective - Make a reasonable estimata of mass (weight) of an objert and verIA; the estinnate. j 

I Materials . A bafahce scale, metric masses, pbje^s of varying inasses* (Objects tHat may be ■ 
, close to a mass of one gram are paper clip, thumb tack, pencil stub, life 



one gram are paper clip, thumb tack, pencil stub, 

saver, small piece of chalk, round to I 

1/ ^ may be near - one .kilogrami in mass include man's shoe, large cabbage,\ one liter | 

I ; of water, large ^ook such as a dictionary. Other objects should also be l^vailable j 

I - - arid mixed in with those you know may b^^^^ j 

I PwQcmssmm Estimating, measuring, verifying, comparing ' . I 

- I Modifficadons for Special St^ | 

I - » Visually impaired students may need a reminder about the equivalences of various ; I 

I metric masses. See Teacher Card 4a. T 

/ : : ;, " . ■ ' - . ; : v : 

\ . " -V ^ ' . ■ ; . : ' . - ■ . ' - ■ ' • . : - I 

.1 . r : ■ ■ , ..| 

\ - r : . " ' --/- ^ v: . .. ' ; ^ ■ ^ - ■ -:.| 

j Measiiremeiit - Teachier Cafid Sb | 

j - Encourage students to beconic the balance scale 

' They will begin to feel the masses — one gram and one kilogram. V ' 

j At the conclusion of this actMty/ discuss the relationship be^ | 

I __ _ - Qng j^iiQgyam.r Encourage student participation. Ask questions such as **Howinany of ~ I 

I ^ - these (gram) masses do you think it would take to equal one of these (kilogram) I 

I - masses?" "How could we find out?" j 

I Since you will probably not have and could not fit lOSo gram masses on the \ 

I balance scale, have students suggest how they can verity their guesses.^lSiher 1 | 

I masses of 5 grams, 10 grams, 100 grams, etc. could be used to balance the one kilo- ^ i 

gram mass. Using this demonstration^ will be innfpressive a 

I ber the relationship between gram and kilogram. - I 

[ ' ^ ■ ■ ■ ■ ■ ■ ■;■ ■ ^ \ 

\ ' : ■ \ . ' ■ ■■ ^ . - ■ ■ \ 

\ ■: . . ' . . - V , ; ■ 

1 - ^ ■.. . ■ ..■ - ' ■■ \ ^ ■ -1^ 

-j . . . ■ , , : . , ■ . . . . .. 

U ^ ■ 

]■ ■ . I. 
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^ Measoiresa 


lent 


• ^ V ■ . . "■ ■ , Student Card 6a 








Determine capacity or volume by counting (a) nonstandard units and. (tii) standard 








units^ , 




Materials 




Small box, marbles, small balls of cotton, small triangular solids, small rectangular 








solids, sugar cubes and models of cubic centimeters and cubic inches 




Actlvltii ^ 


1. 


Gue^s the number of marbl^ needed to flll your box and record this .estimate «^ 








on Student Card 6b. 






2. 


Fill the box completely ftiU of marbles. 






■ 3. 


Count the number of marbles used and record your result on Student Card 6b. 






4. 


Repeat the procedure using the balls of cottohf the triangular solids, the rectangular 








solids and finally the sugar cjibes* » . 






5^ 


Which materials were best suited to Use to find the amount of space or volume 








of the box? Why? 








Repeat the procedure using standard units to measure volume ^ the cubic - 








centimeter and the cubic Inch. Be sure to estimate flrst« and then count* 



Measuremeiit Student Card 6b 

VOLUME OF A SMALL BOX 



- Mtasuring Unit : n : . _ 


Nuniber neec 
.Estimate ^ 


led to fill the box 

_ ■ Actuals _ , _ 


1, Marbles 






£ Cotton Balls 






3, Triangular Solids 






4, . Rectangular Solids 






5, Sugar Cubts ■ ' " 






6. Cubic Centimeters 






7. Cubic Inches 
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■|: Measurement;/':.'.''';"''. .''■*■;.'.' V ' ■"'■.■' v,, ■.'.'■'; 'Xeacher CMii..6a':^ 

■ ;-v-^'V^ ;;' \ ■■ ■■::i/.v....;A:.'.^ -';;.:-:'i', V ;.:-.';;; I 

i! Objaetive = Datermine capacity or volume by counting (a) nonstandard units' and (b) atandard , 
; -units . r'' ' ==r, :V . - . =■.•■■■■./ v'=-'; 

Materials > Shiall boKes, marbles, snnall balls of cotton^ small triangular solids, sniall rectahgu^ j 

lar solldSf sugar cubes and models of : i 



1 



Process^ . Estlmatlngp comparing, looking back, measuring 
Modifications for Special Students 



I • Visually Impaired students will need to feel the boxes and the raeasuring units ^ . | 

I • ■ * before making estimates, " ^ . | 

|\ Notes You might want students to work on this activity In pairs or small groups. j 

I - /Discuss the advantages and disadvantages of the nonstandard measuring units, | 

I For examplet marbles leave spaces which are not filled and therefore have a j 

I \ disadvantagg as a. unit for measuring volume, ' .^ :/ j ^ | 

I An intuitive comparison of cotton balls and marbles or cubic centimeters and Inches . | 

I . . . could be considered. Do not, however, ask students to convert frorti one unit to • 

' another. ' 

^ --- : - : . ^: . .. ■ . ^ : ^ ■ v., ^ ^ |: 



I Meastirenient Teacher' Catd 6b | 

J \ : V:' V - V ' ■■';': ■,■■:: 7.;;v . . - ■ ■ ; i- 

I Extension Objetitiver Use experimentatioh to derive th^ j 

I container. - | 

_| . ___ _ _ Lead a discovery lesson-for findlng-volume-of a^rectangular- solid. Have -the | 

I students use^he same box and measure the length, width and height in centi^ | 

f rrieters. Encourage them to look for a jelationship between these th . 

' and the volume In cubic centlrineters — the number of cubic centimeters used to ' 

I fill their box. Groups of students with boxes of varying sizes should compare v I 

j . . " their results. Have them generalize their findings and ma [ 

I for volume of other rectangular solids. The formula V = Uwch will be the general " ,| ^ 

I result. / \ j 

\ ..: ■:•.'■• - ■ ■ \ .■ • - ■ ; ■ ■ .1 



r ' " ■ ' . : ■ ' ' ' ' ' . . ^ - : . 'I- 

.|-.V;. '■■''. , . - - I 

I .■■ ■ ■■ - • • .. . ■ ■. ■ ' ■ ■ ■ . " ■ ■'• ■! 

I ■ - _ _ L _ . I 
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Measnremenf 
Objietiv^ 

Materials 

Aetivity 



Student Card 7a 



i Mak€ a reasonable estimate of capacity of a rectangular container and other three- 
^imensiohal o^ects and verift? the estimate : 

Cup, half^pint milk cartori« masking tape, a glass jar, pint and quart containers, 
empty cola or juice can, an ice-cube tray and a cone-shaped paper cup ' - 

1. Guess the capacity to the nearest 'mU^^ of the cup. Record this estimate op 
Student C^rd 7b. * ' 

2. Take the half-pint milk carton and make a mark two centimeters ftom the bbttom. 
Pour water up to this rhark. This capacity Is about 100 millimeters. 

3. Pour the 100 millimeters of water Into the glass Jar. Place a strip of tape on the jar to 
m^k this leveh Use the niilk carton to hf Ip niark these levels: 220 millimeters; 
300 millimeters, 400 niillimeters and 500 n^^^ 

4. Use the Jar to And out the approximate number of milliliters In the cup and re^ 
^ cord this capacity on Student Card 7bi ™- - ^ . ;^ . ^ v ^ 

5. Repeat the procedure of estiniating and then measuring for the other containers 
in the materials Itst. Be sure to estimate first and record this guess, then measure. 



Mcasiueineiit : ^ Student C«d 7b 



ESTIMATING CAPACITY 



Containef 


. Estimate 


Actual Capacity 


1. " Cup 












3 , \ ^ 






m ; ■ 






5. ' ... ■ 


' m 




6. * 












B. 






9, 







Did ybur estimate get better as your experience increased? ^ ^ 

(If your answer above is NO, you need some more experience in estlmatlng.) 



o 
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Mapsiu'eiiient 



Teacher Card 7a 



Make a reasonable estimate of capacity of e rectangujar container and other three- 
dimensional objects and verlft)' the esti^ 

Cup» hal^plnt miik caitonr rhasking tape, ^ glass jar, pint and quart cohtalnersp 
empty cola or Juice can/^n ice-cube tray and^a cone shaped paper cup (Substitu- 
tions can be made for niany of these contairii^^ • 

Proeessss Estimating, measuringp verifying, looking back : ^ ^ 

-ModificMions for Special 

; . • Visually impaired students may need the measuring Instrument modified 

they can fmml the 2 centimeter mark. See Teacher Card 2a^ They may also need a 
- student partner to help calibrate their glass Jar. 

* Orthopedically Impaired students may need help in calibrating and pouring the 

j_ ; : ^ water^^^ft ftinnel m^ 0ohtainer. _ ^. 

• Gifted students may be encouraged to investigate the relationships bgtweeri capa-r 
city, njass and yolumfe in the metric system. For distilled (pure) water; one milli'. 
liter has a mass of one gram and a volume of one cubic centimeter. A liter 
of pure water would have a mas& of one kilogram and would fill a cube that is 

=^ 10 centimeters on each side. v 



Objective ' 
Materials 



M^asuifement 



Notes 



Variation 



Teacher Card 7b 

Explain that it takes 1000 milliliters to equal one liter. You might like to have 
a prepared container with one liter of water to show the students before they 
begin the activity. A literbbttle of soft drink may be a good eKampIe. 

A common measuring cup contains approximately 250 millimeters of water. Do not 
expect the students to^ convert from one measuring system to anotherp but general 
comparisons are all right. For example, one liter is a little more than one fluid quart. 

If you have access to Calibrated cylinders, you might have students use these in 
lieu of Steps 2 and 3 on Student Card 7a. Their measurements will be more 
accurate. 

After students have estimated and then measured the capacities of several con- 
tainerSf you could continue this activity as a game. 

Separate the class into t\^o teams and have each team make an estiniate of the 
capacity of a particular container. Then have a student from each team measure the 
capacity of the*container. The team having the better estimates most often wins the 
game. You should plan for students to measur/i an odd number of containers to 
avoid ties. 
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# Objeetive 



Student Card 8a 

Apply the formula for the area of a rectangular region to derive formulas for the 
area of other regions 



Materials Grid paper and scissors . y : 

Aetivity 1. On a sheet of grid paper draw a I'ectangle that is 3 squares long (its base) 
_ - and 2 squares high (its height)^ Draw a parallelogram that is not a rectangle that 

also has a base 3 squares long and a height of 2 squares. ^ - 

























































































lei 


jhi 
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t ■■, 






- 
















b 


ase 
















base 













m 


















[- 1 J— 









2. Find the area of each region using your grid paper to help you count square units, 

3« Cut out each region. Then cut the parallelogram region as shown below to make 
a rectangular region. Fit the pieces^of the parallelogram region over the rectangular 
region. ^ « 

'\ ■ place ; cut here 

" here | 



Measurenient Studeht Card 8b 

4. Notice any relationships between the area of the parallelogram region and the 
rectangular region. " ^ 

^ " " 5; Repeat this ekperiment varying the size of the regions.: For example, choose a 
rectangular and parallelogram region both haying a base of 5 and a height of 4^ 

6» Use the results of the experiment to help^you writer general formula for the area 
of a parallelogram region! A ^ V , 

7. Test your formula on several other parallelogram regions. Are you convinced that 
it will always work? If ndt, modify your formula or make more tests. 
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Objeqtive 



. 'Teacher Card 8a . 

Apply the formula for the area of a rectangular, region to derive formulas for the 
area of other regions ; * : : 



Materials Grid paper and scissors ^ * = _ . 

Proeessra Conrtructing, Interpretingi comparlng*^^^ v : 

ModificatioM for Speeial indents 

• Gifted students may be led to derive areas of other regions such as that of >( 
trapezoid or other nonreguiar quadrilateraL 



\\ Notes 



If students are not familiar with the area of a rectangle^ precede this activity with 
other activlti^ that will enable students to make this dlscoyery. See Mtiasurement 
Objective 10. ; ^ ; 

Areas of both the initial re^angular and parailelogram teglohs wilf square 
. unlts^ When the student cuts the parallel ogram regionr t^ over the ^ 

rectangular region and cover it completely^ Be sure the students see that the 
areas are eKactly the same. 

With repetitions of the eKperiment using various "dimensions of the rectangular 
region and parallelogram regioUi students should discover the formula A ^ bh for 
parallelpgram regions. You may need to help them make the transfer from A ^ Iw 
to A ^ bh. 



Measurement 



Teacher Card Sb 



Related Activity 

i -. Prepare sirrtilar task cards or activity for discovering the area of triangular regions. 
Once students know the formula for area of a parallelogram region, A ^ bh, 
discovery of the formula of a triangular region Is one step ^way. 

Given any triangular region, its area will be half of the corresponding parallelogram 
region. 

7\ 






Variation 



Students should Investigate enough, eKamples to be convinced that A ^ 1/2 bh is 
the formula for the area of any triangular region* You may consider the cases 
shown above ~ right triangle, acute triangle and obtuse triangle. . 

This activity could be modified for use with geoboards instead of grid papen 
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Measareiiirat 

a ■ 

Objectives 



Stttdeat Card 9a 

Select the appropriate type of measurement ileeded for a given physical situation, 
e.g., length, area, volume . ? ; ; 

Select the appropriate formula(s} for finding the measurement for a given situation, 
e.g*s area^ perimeter^ circumference, volume » 

Materials Measuring stick - , 

Activity l.'Study the chart below. There is a sample problem and information needed to 
solve the problem. .. . 

2. Make up three more problems — one where you need to find length or perimeter, 
one where you need to find area and another where you need to find volume or 
capacity. Write the problems in the chart on Student Card 9b and then complete 
the chart for each one. ^ : ■ v 

3. Choose one of the problems and solve It by measuring and using the appropriate 
^- , formula. " ^ = - • ^ - ^ 

MEASUREMENT PROBLEMS 



Probltm 


I will need 
to find 


Number of 
Dimensions 


Possible 
. Labels 


Length 


Width 


Thickness 
or lieight 




To covmt my 
desk with contact : 
pap€r, how much - 
do I need? 


Area ; 


2 ^ 


cm* 

or ----- 
sq. in. 






not 

used 













- f ~ 
Student Cud 9b 




MEASUREMENT PROBLEMS 








Problem 


I will need 
to find 


Number of 
Dimensions 


PoiSifale 
Labels 


Length 


Width 


Thickness , 
^ or Height _ 












































































■ 


\ . i 




















1 


\ . 
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I ObjMtives Select the appropriate type of measurement needed for j- ; 

1^: : * ' c.g;, length, area, volume " . = 

^Select thf^approprlate formula(s) for flnding the measurement for a Sivgniituation, 

I. . v: : e^g^ lengthi area, perimeter, circumference, vol^ * ■ ■ 

! Materials Mtesuring stick V ' . j 

I ^ ' . I 

I Processes Problem flnding, problem focusing, mei^ufing, ihtr | 

I Notes This activity rnay be one of the. more difficult for students to ccnipfo, Finding | 

I ^ problems and then "deciding on appropriate interpretation entails^ pd deal of . ^ 

■ • reasoning,^' ' ; ^ ^ ' 

j V Possible probleni statements include t^ . 

# For length or perimeter ^ Find the length of molding needed to Qc all the way | 

1 ^ . around the plassroom (peri^^teir). -^^ ^ = . . ^ , ...^ ^. .^^^ . 

' What is the distance fromcfny classroom door to the principars oWcc? V I : 

j • For area — If we were to carpet this classroom," how, man j 

' would we need? ■ ^ . I 

I What is the size of the chalkboard? (This could be area or perirne^^ I 

I . = interpretation) . ' .. .. ^ | 



j Mra^urenient ' v t CfaCfasfCard 9b ^| 

J : ■■■ ' --■•-■=• J , V ...■^ ' ^ . I- 

' « For volume or capacity — How much water do I needto fill the sink (in the class- , 

I , - room or rest room)? - ' 

How many balloons would it take to fill this classroom? ~ . I 

Some students will create a variety of problems. .Others may need Mp to think I 

of even one problem situation^ You may want to have students u?0Jk together on [ 

this task or later share problems with each other. . I 



I ' It Is important that stulphts experiefice the unfamiliar (to many of them) situation . | 

j bf.ft^ing problems and then flnding methods^ j 

I st^^ the /need for thoughtfiil interpret at lo and decisions on ii/hai to iolve for i 

- before any solving can begin* - - I 

i _ Students may find that some of their prpblems are not stated , clearly enough to i 

' begin to solve* They may need to reformulate their problem or question^ Others 

I may And that their problem is too difflcult to I 

I from thre^ problems, there shou^d be a do-able one j 

j students who are having trouble deciding what to do*^^^../'^^ ' j 

\-:-- ■ ■^■■.-^ ' ' ^ ■ ' IV' 

' ' ''-."r--^ • ■ ^- ^ . : -:Tr.. 

I -.. ^ - - :■. ^ ■ ■ V"-^'- ■■/;■■'- 1 
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' MusweEnent 
Objectives 



Materials 
Activity 



. ' ^ Student Card 10a 

Derive fonnulas for finding perimeter of simple closed curves ^ 
Find the n^Mn of a set of numbers 

Five tin cans of various diameterSp a metric measuring tape and a calculator 



1. Measut^e the circumference (distance around) and the diameter (distance across 
the top) of fivte fin cans. Measure to the nearest tenth of a centimeter (or milli- 
, meter) and record this data in the Chart on Student Card 10b. 

27 Use the calculator to ^divide the circumference by the diameter for each tin can 
^ and record this quotient in the chart. Expre^ your quotient with four decimal 
places. . • ' • . ... ' - : 

3/ Use the calculator to find the mean (average) of the quotients you have calculated. 
Express this answer with four decimal places. ... - — 

p4.-What relationship, did you discover between the circumference and the diameter 
. of your tin cans?- . ^ 

5.^ C^ck to see. a friend's findings. 



Measurement 

FINDINta CIRCUMFERENCE 



Student Card 10b 



' ¥iifCan 


Circumference 


Diameter 


C ■■ I) 




























. _ . : . i. 






b: \ ■ ^ ■ ■ \_ - : \ 




. — - -'-^ - -- -4— 





6. If you^khow the dianieter of a tin can, how would you find Its circumference (without 
measiiring)? 7 * 

7, The top of the tin can is a circle. Write a formula for the circumference of a circle 
in terms .of its diameter. ^ . ' ^ ^ C = 
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J- Mmmmmmmmnt ' : ^ ^ .;^V j'X;-- . "^Teacher Card lOa ■ . j 

I ' OUeetlves .Derive formulas for flndihg perim " I 



Find the mean of a set of numbers 

Materials Tin cans of various diameters, metric mea metric 

^ / ^ rulers (optipnal) ^^^^^.^ 



1/ 

I /Processes * Measuring, computing with a calculatQf, comparing, looking back, averaging, . ; 



deriving, generalizing 
for Special Student! 
* Visuany impaired studehts will need their modified tape measures. See Teacher 



j Modifieations for Special Students - . ' ^ 



j Card 2a. They may also need a.partner to help read the calculator display. j 



Notes Ask parents to help save old tin cans for this activity. Wfth about two weeks 

I . notice, you will have plenty of cans. ; ^ - 

/j . Consider having pairs of atudents work . tbgether. , Holding the tape i 

^ . ^ , . . _ ™ around "and across t is easier wit^ 

' : . might a I 

A ; can since a ruler is leas likely to bend into the can and ; is easier to | 

|- -^^ "'' manage. -. .v. -!' ■ 



j Measurement - Teacher Card lOb ^ | 

I For C ^ d, students should get answers near the value of ^ or approximately I 

I ^3.^416. While the individual answers for G ^ d will not be this accurate, the | 

j * ^ average should be close to 3.1416. - ' - ^ | 

I L ^ __ Xead^ students to_ realize thatl given the diameter of a _CM?_the^ the J 

j circumference by multiplying the diameter by 3,1416 (tr), i.^ I 

I ." . ' C = 3.1416 d or C = lid ... I 

i Some students may also need help realiEing that their measuring circumference I 

I and diameter of a tin can is essentially the same as measuring the circumference | 

j and diameter of a physical ; representation of a circle. Holding the can up and | 

1 looking at its top will probably be enough for many students. You might prepare Y 

ahead 6f time a can with the bottom and top cut out for tho^e students who ' 

I ... are harder to convince. : ' ■'. ' I 
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Measurement ' Teacher Cwd 11a | 

Objectives Select the appropriate type of measurement needed for a given problem situationi | 

— . e*g.^ length, area, volume ; ; " : ^ ; " v , = > : . I 

Select the appropriate fonTiula(s) for finding the measurement for a given situation, \ 

/ e.g., area^ perimeter^ circumference, volume . I 

s ' . Us^y^^ntiulas to solve geometric problems involving perimeter, area and volume . ^ 

Materials Grid p*aper, catalogues* newspapers and magazines \ 

Processes Moiling, interpreting, scaling, decision making^ approximating, using resources | 

Teacher-fnitiated ActivitiH*-DMig^.a Room. ^ | 

Have the students decide what they would like their dream room to be like. | 

V ' ■■ They^ should draw out their rooms on grid paper and label the dimensions of the | 

. room and items in the room. Use catalogues to help plan the use of wallpaper, paint, j 

curtains, carpeting, etc. ' ^ j 

Have students make lists of those materials that they would need to fix jup their i 

rooms. Have them list sizes and quantities needed and how much these materials . 

would cost. Have them submit a cost estimate to decorate the room from floor I 

to ceiling. \ | 



Measurement ' Teacher Card l ib | 

Notes Using an activity on decoratlhg the students- rooms as a motivator^ your students I 

will be involved in a realistic problem solving situation. They will begin to under- J 
stand as you point put the physical situation — their room — and the mathema- _ | 
tical model — their design on grid paper. i 



They will need to take measurernents at home before beginning to reduce the 
dimehsions to grid paper. The Idea of scale will become Important, e,g, j one centi- 
irieter will represent one dbcimeter (or meter or foot). 



Estimation of cost may become a factor, particularly for the thrifty students* j' 
You may let students prttend that nioney Is not a factor or you may limit them 

to a specifled sum. Constraints such as limited funds give the problem a different j 

character. ' / . [ ^ I 

Students will need to select appropriate types of measurements needed and then I 

select the appropriate formulas and apply them. They will view the mathematics | 

they are learning as useftil for solving problems that become meaningfiil to them. | 

FolloW'Dp'Activitv I 

* Have an interior designer come to speak to the class. You may have a parent /I 

help locate such a person.. e | 
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Ratios* Prop^itions and the Great Outdoors ' 
Relations and Fuifctione 

This unit focujp/ on ratio and proportion. For the mo$t part, students will participate in exploration 
activities outside the classroom. Many of the activities, although begun outside, can be finished inside. 
The teacher may wish to plan access to a chalkboard which can be taken outside. While the majority 
of objectives in these activities are from the Relations and Functions Strand, others are included. The 
objectives are listed below, ; ^ ^ _ - ; 



Objective 

Relations and Functions ; ^ 

1 Classify elements of a set according to specifled properties 

2 (Partial) Demonstrate correspondenees (af one-to-one, (b) ghe=to-many, 
(c) many-to^One and (d) many-tb-many ^ 

ftl;^ . V (partial) „AppIy equivalehce relations, to elements to fractions,, 

ratios, percents and measures of geomrtric flgures, e,g,, set-up a proportion 



4 Find some pair.s of elements when a relation is given, e,g,, given the re- 
lation square the numbar some pairs of^ elements are (2, 4), (3, 9), 
(5,25), (10,100r^^^^ ^ ; 

5 Find the rnlssing element of a pair when one member of the pair and the 
irelatlon are given, e,g., given 4 and the relation mulMply by 3* then the. 
mlssing eiement is 12. 

8 . Use the addition and multiplication properties of equality to ^olve one- 
variable opan sentences, e.g., if A ^ Iw, then I - Alw oj^ solve for x 
in^the proportion 8/6 ^ 20/x 

10 (Partial) Use a graph In coordinate plane to represent 
(a) ordered pairs ' 

(b)__the_sdlution set of "an equation ^ _^ ^ _ i_ ^ " - 

(c) the solution set of an inequality V V 

11 (Partial) Interpret a graph - 
\ (a) on a number line and V ^ V 

^ . (b) in a coordinate plane * 



Measurement 

13 (Partial) Determine a length or distance using (a) nonstandarfl units and 
■ (b) standard units ! ' 

Sets, Numbers and Numeration ^ - 

12 Change-one number representation to ahother representation, e,g,, given 
40%* change to 0.4; given 2/5 geneTate some equivalent fractions 4/10, 
6/15, 12/30, 40/100; change 1/3 to 0,3; and ("2) - 2 

13 Apply an appropriate number representation to a particular situation, e,g„ 
the discount of a $400 item with 25% off can be found by 1/4 x 400 
or 0.25 K 400 . 



Remariis 



Student Qard 1 
Student Card 1 

Student Cards 2, 3 
and 4 

Teacher Card 6 
Parent Card 1 

Teacher Card 5 



. Teacher Caird 5 



Student Card 4. 
Teacher Card 6 

Student Card 3 
Teacher Card 5 



Teacher Card 5 



Student Cards 2, 3 
and 4 ^ 



Student jCard 2 



Student Card 2 



P-111 



16 a 



ERIC 



Geometry 

14 : - Solve simple geometric problems using, properties of flmilar figures, e.g. 
- indirect measurement 

The following processes are among those used in carrying out the activities/ 



Student Card 4 



Obierving 
Describing 
Gfasslfying 
__ Experimenting 
Recording 
Estimating 
Looking back 
Relating ^ 



Comparing 

Predicting 

Measuring 

Copperating with others 
Cpmputing 
Applying " 
Generalizing 
Jnterpretmg _ ; _ ^ 
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Relations and Fnnctions 
Objectives 



Student Cud la 



Materials 
Activity 



Crassify elements of a. set according to sp€ci^^ 
= Demonstrate coirespondences. one^tb^on€ and many^tp^one^ V v ' . 

Patch of ground/ a meter stick, paper and pencil 

1. Mark oH a square meter section of ground with anything available (rocks or 
sticks make good boundaries). Observe the patch and make a list of all the items 
you find there. Try to find as many as possible. ■ 

2. Using your list* answer these questions. . 

Do some of the items have comrrion properties? Itsp, what aire the items and the 



properties. 



How are.the. items or groups of itenis different from one another? 

3. Fill in the chart on Student Card lb to show the. relationship between items with 
- like properties by using the rule "is a type of % An example is done for you. ^ ^ ^ ^ 

Read the chart this way. ^^Grasshopper is a type of animaL" \ 



Reladoris and Functions 
CLASSIFYING 



, Student Card lb 



1. grasshopper 




i, grass 


1. rock 


2. / 




■ 1 


i: 


2. 




3. [ 


animal 


1 


> vegetable 


3. 


V mineral 


4. / 




4. _ J 


I: 


4: 













4. Try to separate your list of items by using your own rule. 
What is your rule? 

5. Make a chart like the one above using your own rule. Give the chart 
^ to a friend and see if he or she can guess what rule you used. 
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Relationp and Fulietiotis 
Objectives 



Teacher Card la 



Materials 
Processes 



Classi^ elements of a set according to specifled prpperties 
Dempnsftate correspondences one-to-one and many-to^one 
Patches^pf ground, meter sticks, portable chalkboard (optipnai) 
Observing, describing, classifying \ 



Modifications for Special Students 

* . Visually? Impaired students may need help aeelng. objects in a patch of ground. 
Pair this student with a sighted stu^ ^ 

Notes Ask students to make a list of objects found in their patches of ground. They should 

classify these objects according to specified prbperties. 

Point out that the lists down in Student Card lb show ma 

Draw a diagram like th6 following to show many-to-bne correspondence. This may ; 
-^-^^^^^^ ; - - r be done qutside^with a portable^^halk 
' ' the classroom* ? 




Relation^ and Functions 

Give an example using numbers. 



Teacher Card lb 




Ask students to make a diagram showing many-to-one correspondeneert^TOi the 
items* on their lists. . * 

Ask students If anyone had a category with only one Item in it. point out that 
this is a on^-to-one correspondence. If no one had any one-to-one correspondence, 
point out' some like noses to faces. 

Show a Onc»to-orie cprrespondence by diagram using nurnbers. 




Have students suggest other examples hoth nunnerical and nonnumericaL 



Relatioiis and JFuniBtions 
Objective 



Stadent Card 2a 



peterrnlne a length or distance using itandard units 
Apply an appropriate number repres ; :■ 

. Change one number representation to an^ , ' 

Apply equivalence relations to'elements such as fractions and^ratips 

Materials A few balls of different siies and types, a meter stick, a tape measure about 
2 meters long, tape and a calculator * ; : « 

Activity 1. For this activity you will need a partner. Tape the 2^meter tape measure to the 
wall so that zero is at the floor and the other end goA toward thfr ceiiing. 
Drop one of the balls from a height of 50 centinfieters. Have your partner observe 
the ball to see how^ high it bounces. This may take some practice. Exchange jobs 

^ with your partner and try this again. * " . 

2. Continue to drop the ball from different heights and fill in the chart on Student Card 
- 2b. Vou' may want to take nrtore than 



Relations and Funetions 

RECORD OF BOUNCIpIg BALLS 



Student Card 2b 



Height of Bounce 














lOOem 


* 

150 cm 


20l3cin 




Height of prop 


50cm 



3. If you were careful the ratios you wrote should be Equivalent. Predict the height 
of a bounce if you dropped Uie ball from 250 centimeters. Try it and. see how'close you 
were. Write it in the chart! ^ 

4. Use a calculator to divide the height of the bounce by the height of the drop 
for each of the trials from the chart. This will give decimal numerals which 
are the decimal representations of the ratios in the chart. 

5. What do you notice about these decimal numerals? 

6. What would the height of the bounce be if you could drop the ball from one centi^ 
meter. . . ' . 

7. Rf peat the experiment using balls of different sizes and types* 
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RelatjpBs and Ftf netilons ; Teacher Card 2a 

Objeitiv^s ; Deteimine^^a len^h or ' ' 

Change one number repreientation t^^ 
- . Apply equiyaleiice ralations to eiemEnta such as fractions and ratibi 



I 

T 
I 

Materials Balls of different sties and types, : meter sticks, tape measures about two meters j 

;f i longi tape and a calculator for each pa!^ ^ i 

/ If you don^t have' a tape measure/ th^ make them. Use a standard y 

> meter ' stick and adding machine tape^ Have ^ the students mark off centimeters I 
on it.. . -ir..:.\ . ' '^i 

ProceMes EKperimenting, msasMrlngp recording, estimating, Idoking backj comparing/ pre- I 

;^ ■^'dMing; "x.^ " ' .--^^ ''^ | 



^« Visually Impaired students may not be able to observe how high the ball bounces. 
These students may be the ones to always drop the b^^^ 



Relations and Functidn^^ " Teaeher Card 2b 

fiiotes Have students work lii pairs for this activity* Encourage each of the partners 

to take turns dropping the ball and observing. 



i 



For a particular ball, the ratio of height of bbunce to height of drop will be j 



constaritT^LeVr theTif a^^ I be~equal. A certaih ^mdunt of ^rrof is intrbduced 
in reading the height of the bounce. Discuss this with your students as the ratios^ 
they find may be exactly the same. 



Use of the calculator will help students become aware . of the relationship between . 

fractions and decimals. It will also be more obvious that the ratios are close to ' 

each other. For example, if a student found j 

24 , 49 , _76_ , 100 " I 

* 50 100 150 200 ' 

and the decimal equivalents rounded to hundredths, - : | 

.48 , .49 , .51 , .50 I 

the fact that these numbers are nearly equal becomes more evident. If the students | 

are still ^sure, have them round to the nearest tenth md all the ratios will be the | 

same« I.e.; *5 , , 
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Relations and Fobc^tions - ' ' ' 




Student Caifd Sa 


Objectives 


D^ermine a length or distance using standard units,. 
^ Apply equivalence relations to elemei^ such as ratios . 




■ . - - '= ^ ■ '. ^ 


Use a graph in a coordinate plane to represent ordered pairs j 




Matarials 


A metric tape measure or meter stick and graph paper 






This activity nlust be done on a sunny day. 








1. Vou and your partner will measure the heights and shadows of each other. 
Take the shadow measurements at nearly the same time. Record iheni in the chart 
belowT Collect' data from two other pairs of students so that you have iinformation 
for a total of- six students. — 






RECORD OF SHADOW MEASUREMENTS 








. ; Student . 


Height 


Ltngth of Shadow ^ 
















^ 2. V- ' :. - . / '■■ '■ 








































6. ' :\: :' ■ \ : --^ 

















Relations and Funetions ^ ' 

■ /■ " . ■ . ' ■■ -■ ■■■ _ _ - . _ -. L- ■ - / 


Student Card 3b 


2. Look at the example and using the charts make a ^4 
* graph on your graph paper. S c8 
Your graph will contain six points. 




- Height — - 


3, Why is it important to take shadow measurements at the same time of day? 


4. How would the graph be different If the shadows were measured at different times? 


5. Predict the length of the shadow of a six-foot tall person for the same time of day 
you took your readings. , 
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Relations and Functions 



Materials 
Processes 



" • Teacher Card 3a 

Determine a length of distances using st 
Apply equivalence relations to elements such as ratios * 'i = 

Use a gr^ph in a coordinate plane to represent ordered pairs s v ' 
Metric tape measures or meter sticks, graph paper and cKalk (optional} ' 
Measuring, recording, graphing, comparing, cooperating with othersrpredTcting 



Mbdiffieatlons for Special Students 



• Visually Impaired students may need adaptation of the meter stick* Vpu ^an make 
marks they can feel for centimeter units. Along each centimeter mark,^ squirt 
a thin line of glue and sprlnkie with sand. ^ 



I I I i< 

1 2 3 i> 



A parent may be called upon to help make such materials. 

• Orthbpedicaliy impaired students ma|^ need ^ e assistance standing for this 
activity or height while sitting ifnay be used. 



Relations and Functions 



Teacher Card 3b 



Notes 



Height 



Ejitensions 



This activity must be done on a sunny day. 

Students will need to work in pairs. Have them stand outside, on a hard, flat 
surfye^ Have them m^sure their heights and lengths of their shadows. Ybii may 
wanfto give them chalk to mark their shadows. 

^^Ask if all the shadows are the same length. Ask students if they can find any 
relationships between the heights and the shadow lengths. If they cannot, you may 
need to ask questions such as, "*Are all the shadows longer than their corresponding 
person? Shorter?** / - 

Points on students' graphs of heights an^len^hs of shadows should lie on a 
straight line. Small errors In measuring and t^e factdrs could alter this slightly. 
Point out thdse types of errors to the students'! Discuss relationships between equal 
ratios and points on the students graphs. I.e., the)graph of an equivalence^relation 
ist a straight llhe. 

Send home Parent Card 1. 

Write each ratio as a fraction" height/1^^^ of shadow. Simpli^ and have students 
compare their ratio with those of ^^rcr Students. Calculatori can be used to find 
decimal equivalents. . 

Measurement of other objects cou^ ! be suggested. Measupng at different times of 
the day might be pursued possibly a weekend project, e.g., heights of members 
of a family and corresponding shadow lengths. 
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.Rfelatipns arid Fnoetiens 
Qbjectives 



Student Card 4a 



Materials 

Activity 



Detemiine a length or distance using Stan 

. Solve simple geometric problems by using properties of similar figures, €*g*V in* 
direct measurement 

Apply equivalence relations to elements such as measures of geometric figures 

Use the addition and multiplication properties of equality to solve for oneWmable 
open sentences, e.g.p solve a proportipn - * 

Measuring tapev a meter stick, a sunny day and a till tree 

1. Measure the shadow of a tall tree. Hold the meter stick so that it is p^pllel 
to the tree trunk and measure its shadow. 





similar triangles are formed by the objects, their shadows and the rays of the sun 
as shown above. > * 



Relations and Functions 



, Student Card 4b 



2* Is the shadow of the meter stick longer or shorter than the stick? 

Is the shadow of the tree longer or shorter tl^n the^tree?* ^ 

3. Write a rati o comparing the height of thie met er sticky to the length of its shadowV 

^ick height ^ ^ , \ 

stick shadow > 

Write the ratio comparing the height of the tree (an unknown) to the shadow 
of the tree. ^ 0 ^ * 

tree height 

tree shadow 

Since two similar triangles are formed as shown In the diagram, these two * 
ratios are equal. Write the two ratios in the form of a proportion. 



tree height 



stick height 



tree shadow stick shadow 

4, Solve the proportion to find the tree height. 
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Relations and Funciidns ' 




I . ^ , 

\| ..■ . Objectives Detemiina a length or distance using standard units 

I; 



Teacher Card 4a 



MateriaJs 

Ptocmsmmm 



^Solvc simple geometric problems using prop^rtites of similar figures, e.g., in* V I 
direct measurernents ^ . = . - ■ - | 

Apply equiyalince relations to elements such as measures of gaometric iFigures I 

Use the addition and multiplication properties oPequallty to solve for one^varlable 
open sentence^, e.g., solve a proportion, 

A sunny day, metric measuring tiipes, meter sticks,^s|hll tree 

Measuring, recording, comparing, computing - 



Modiflc^tions for Speelal Students 



Notes 



* Visually impaired students may need the adapted meter stick^described in Teacher 

You may u^ant students to work in pairs so that one can hold the mater stick and the 
ottier mark or measure its shadow. ' 



Students may need some help to solve the propoFtion they get. For example, a 
ght 100 cm - ^^^t 



^udent niay have 
tree^ei 



524 Ai 



65 cm 



Relations' and Functions 



Teacher Card 4b 



One method of solving the proportion is to see that the propprtibn can be written 
<tree height) K (65 cm)^ (524 cm) ^ (100 cm 



I Extensions 



. . ... ■ " - ^ or 

65 X tree height ^ 52,400 cm 
' - . ■ " ■ ■ * . ' - . ' ' ■ ' - " ■ . ■- - ' 

You can then lead the students to a solution rhethod by asking "What number 
times 65 equals 52,400?" This is essentially a divisibn problem. 

52,400 - 65 

For this examplei the height of the tree would be approximately 806 centimeters or 
just over 8 nieters. / * . ; ' 

Possible extensions^ include measuring other tall trees using this method, of in^ 
direct measurement, * 
Flag poles, the students themselves, and so oh can all be measured indirectly in 
such a manner. 



' I 



P-120 



177 : 



ERIC 



I Relations and Functions . _ ' ^ ^ , ^eachei Card 5a 

I Objectives Find some pairs of elements when a relation Is given, e.g., given the relations 

j - square the number some pairs of elements are (2, 4), (3. 9)* (5, 26), (10* 100)^ 

I - Find the missing element of a pair when one membef of the pair and the relation 

• ' are given* e.g.; given 4 and the relation multiply by 3« then the missing element 
I is 12 . . 

I - Use a graph in a coordinate plane to represent (a) ordered 

I Interpret ^ g^ph in a coordi|iate plarie -** . - 

I Materials Graph Paper ^ ' y 

I Processes Relating, generalizing, applying, graphing* interpreting 

' Teacher^led Activity ^ 7 

I : i.^^^^. - . students what/would be. some of the :pQssible,r^^ 

' the shadou; at a certain time of day is twice as long as the object. ^ 

j 2. Ask students to list ratios that would occur if the shadow is half as long as the 

* . object. ^ : * 



I Reietions and Functions ^ , *^ Teacher Crird 5b 

j 3, Ask the student to list ratios that would occur if a two-foot tall object had a ftve^oot 

j tall shadow. 

1^ - — - - 4, Have student^fln in the chart-of height to leng^ theifollowlngl 

I Information A six-foot tall man has a four=foot tall ^ 

I Object Meight Shadow (Missing Elements) 

I - ■ - ' '■ man 6 ^ ; - . \ 

I - V post " i - (3) ^ 

I pole . 12 \ ^ (8) 

I - tree , 10 . (15) 



5. Have students use the information in above chart to graph the ordered pairs 
of the relation.; 

'6.' Lead a discussion on how to Interpret the graph and possibly Use it to make 
predictionsi . , 



;|.;- ; ' Relatibiis and. Functfona^;^,- I- ; - ] .^-J]::..:^'-.: Tedcher Card fia = 

I Objectives^/ Apply equivalence relations to elements such as fractions and ratios^ e^g^i set up- j 

p V ^ a proportion. _ . ; ' v • \ j 

j Use addition and multiplication properties of equality to solve ohe-variable open | 

\| :v sentenGes, e.g:/ solve for X In tHe^ j 

I . Materials A five^ or ten-speed. bicycle, jnasking tap ; \^ j. 

I Processes - Observing, comparing* relating, predicting . ^ | 

I Tfiacher^led Activity I 

^' ^ 1. Turn the bicycle upside dpu/n^ Have the students observe the .placement of ^he 

I , \ chain. Have them count the number of teeth irt each of ^ the gears which are I' 

. I ar. surrounded by the chain* Write numbers on 'the chalkboard as the ratio of j 

I the number of front ^ear teeth to thgNai^^ ^r^ f back gear teeth. , j 




I / ; . : ^ ; ^ ; ;number of front gear tefth : I 

I ^ nuniber of back giear teeth I 

i.. - \ : ■ : :y , ' ■ -i 

:\ : ' - : : : ; . ■ ■ . . ' V - ■ . . -.i- 
r - ~ - ■ r,- --'^^--^-^- - . - : .^-^ ; - .. ./../.-JS 

- ■ 

\ Relations and Fiinetions Teacher Card 6b \ ^ 

,.|.---- ■ . ^ ; ; .. -:/■ .-:■-.__■ ':-[- 

j ^ ^ 2.. Mark the back wheel with a piece of masking tape so that the number of times j 

' > » , turnf can be determined. Have a student turn the pedals the same number of i 

\ ' tirties as the number of teeth in the firont gear. Have the ' 

j * . niany times the back wheel goes around. This should be the same as the number 1 

^1 > . \* : of back teeth -^9^ Write the . ratio of the number of times the pedal went around ' | ^ 

j , : \ the number of times the wheel went around: Pdiht put that the ratios :are equal j 

' and form a proportion./ ■\ ' , / - I 

I ^ . 3, Ask the students what would happen if the pedal were turned twice as niiahy times ' T 

' - . , or half^ as many times? Have them, v^ - I 

I * * ^ 4. Po:th1s again-with othepgearcpn^binatlonsL Cou^ i 

' V : - check the ^gear ratio by turnipg the pedals and observing the number -of times 

I " ' the back Miheel goes' around, . ^ , : . - I 

r ■ ^: ,: ■ - . ■ - v.. : J 

■i-.^ . . .. ..'-v : : ... -.- /■;^ 

i; .:■ - 'r:. .. -""-.^ ; ■ ^ ' .-v - - ' ■ 

I _ ^-ii ._u _ i;^ - -^ -- — _ --. _ _ i _ _ J 
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Relations and Fnnctions * Parent Card 1 

Objeetive Apply relations (or pairings of numbers) such as fractions, ratios and geortietric 

figures' ' ^ • 

Activity 1* When shopping point out relations or numb©r-pairs that are used* For example, 
1 pencil cost 10 cents, 2 pencils cost 20 cents and 3 pencils cost 30 cents^ 

. 2, At the gas station, observe the numbers on the pump. If you pump your own gas, 
stop the pump at 1, 2 and 3 gallon readings so that your child can make a chart 
> showing the relationship between the amount of gas you buy and the cost. 



COSTS OF GASOLINE 



gallons 


cost 


1 




2 




3 




4 




5 
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Mathentaiica 



In several other sections of thi$ giiide there arti suggestioh^ for evaluating imthertiati^^ learning, This 
section will providfe a point of view on ^valUat!cm, .dfVelpp a\fran^ ditcussirig evaluation and relate 

this material to other seciions of the guidie. A basic^^^^^ tlitat evaluating rnathematics learning 

requires a certairi expertise in niatheniatics teaching^ is not a task that c&it be left to the outside 
speciiliri; The e^^ mathemati«^ l^atrrrthsf^^^^ 

mathem^ics instruction ^ The process must not be allowed tp revise. Itself, letting the principles of 
evaluation dictate the oyectives of math ! - . 

Whatis Evaluatiofft , " . ^ \ ' \ ~ 

Evaluatiob is an integral part of a successful mathentiatlcs prograni. It includes assessing matheniatics 
leartiing. selecting arid impr^ying obseiFving teaching techniques and judging the 

quality of mathematits programs 

To be sure^ valid mathematics tests^are Important for some of th^ evaluation of mathematics learning and 

prog?amsl %ut,lhey af e iristffi^ 

tests are only one element of the evaluation. U 

To evaluate Is to tell a story* Evaluation must weave together all available information critical to the story 
(for instance, observatloni-ot the studwts, observations of the testing, descriptions of the program, the 
teaching or the students' bac^rounds); The evpluatlon process ultimMteIsM?*&s on judgments. The human 
mind, then, becomes an evaluation Inst ranrtentnJudgmeirt^^ conlerning the ielection of tests, the 

bterpretation of the data and, of jdourse, the decisions ; 

The evaiuation process, therefore. Is a seqUence^f information-ga^^ interpretation and decision- 
making. In determining a student's g^de on a unit, for instance, the teacher g^hers information from tests, 
homework, classroom interaction and observation. The teacher makes Judgments on the relaUve, 
importance ^he different kinds of information and finally arrives^ at a decision concerning the grade. The 
teacher Is guided by concerns for quality, fairness, .validity and reliability of the information and 
consistency, at the same time the sequence of informatioh ga decision making 

has been followed. Hence, fche letter grade is only a small part bf the tbtal picture. _ .\ 

•' Similarly, in evaluating a matheniatics program, someone gath^^ informatldn (objectives, test data, 
program descriptions), provides an analysis of the information and presents the result in^ manner that 

: reflects an interpretation of "what It's all abou^ 
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; Information about triathematics iea^ usually gathered because a decision of some sort has to be 

■ .made-.' / ; = -s-- ;.^ ■.' V- vW;' v : ■;"..-=. v'" . ' 

.■■y/, ;..av:.=': . v": \- ■■ : --- -V':,-\..-----\:: y- ■ ,.\. ■ 

; • Has the student learhed a specific ob^ ■ : . 

/ • Have objectives been nriBj satisfactorily? ; ^ ; : ; 

u •^ Shquld a parficular textbook be used? i = ^ 

\ . .jii^Hf s a prograrn^oi^ed? * • 

v^l^^Mtion of matheniatics learnin cbncerned with the whole range of decisions that must be 

vpja and implementing a. mathertiatics prSgram. 

V Eyaltotion an,|htegrar partr^bf tlie^ instructional process. Assessing mathematics performance helps 
students set personal gb^ils, provided them with indications of their progress and may even motivate theni 
Eyajuation ii^lso a soilrce of reinforcenient and feedback. It may even provide a sense of stability and 
organization for mathematics as p^ceiv^d by the student. ■ 

/Additionally, evaiua^on serves to provide information to the various groups to whom the schools should be 
accountablet This includes parehts, those who: determine school policies and fanding and the '^filfc^ 
^ Math^gmatics evaiuatibn provid not^nly the ppporiunity to describe how programs ar^ doing— through 
test scores and the l|fte— but also/ if thorb^ of the prograni. 

Unfortunately, repdrtlng often simply gives scores with no discussion of the program and misrepresents the 
mathematlcsv program by, implying that the content of the test exemplifies the curriculum. 

Another reason that mathematics shpufd be evaluated is that it is often imperative^ prescribed, in some 
...cases, b^ mandates Arom outside the school system. ' 

Given that several answers to the question "why evaluate?'' exist, it is apparent that mathematics 
evaluation will be done. Therefore, it should be donewelL To do it well requires interest, involvement and 
the direction of mathematics teachers at every step— ^frbm the selection of objectives to using and reporting 
. the^data. - > — ^ ' • >= ^ = 

Queslioiis to Consider When Evaluating the Student Materials of a Mathematics Program 
You Should Also Evaluate the Teacher Materials. Consider These Ouestlons. - ; 

• How^ much in-service work oh the part of prospective teacherii will be : required to implement thev 
■ 'program? , ■ . v. = ^ ' ^ 

• -Who provided the in-service and at what additional cost? 

i Are supplementary resources suggested? - 

How much development of materials will be required to adapt t he program to meet the needs of the local 
progfarn? ^ ^ 

• Do the program objectives match With the local mathematics program objectives? 

• Are manipulative materials suggested for program implementation? (See the Thtrfy'fQurth yearbook of 
NCTMi InBtructiona! Aids in Mathematics, for criteria for evaluating a manipulative device*) 

• Are solutions included where applicable? 

• Are varied instructional strategies suggested and desfi'ibed for classroom implemehtatibri? j ■ 

• Does the program lend itself to a variety of instructional strategies? Fc|r instance, is the program sensitive 
to problem solving as a small group activity? Is opportunity built into the program for the students tp talk 
mathematics to one another? 

• Is the program correlated with other content areas? _ 

^ Does the program Include toth formative and summative evaluation? 
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^:'^Do4he Student-Materials .: . [..::.. '.. '.■ ; • . -r-- y ^^l^r 

• indudc topics outlined in the local m 

i reflect the heeds of the local mathemati& program as identified by the Statewide Criterlon-Referericed . 

■ r: test?; . ■ . ' . : . " - V' V .; • .•• : y. ' r- ^ , - . y/]/'. ' 

• exemplify consistency, accuracy and precision in vocabulary and symbols? _ . - 

• include sufficient practice ni^terial? 

• incorporate real-world applications as u/ell as concept deve 

• encompass consumer and career awareness? ; . 

• embody a consideration of the use of hand-held dafculators and computers? 

• attend to the teaching of the metric system of measurement (with no conversion between English and 
metric units)? ^ 

— V include ari early treatment of d^imals? . . .. : ;^ : . . w ^ . . ^ : 

• comprise motivational devices? t : * 
« contain sufficient materials for reinforcement* diagnosis and evaluation (Including^lf-evaluati^ 

» review previous-level concepts throughout the program? 

• exhibit readability level apprdpriate to studenf¥ for w 9 

• provide a variety of topics and differentiated activities endemic to age and interests and relative to - 
different achievement levels? 

• make appropriate use of charts, tables and graphs? 
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, Ifisstruetional Resources fo Support thig 

/ i : ^^^Kidldle Grades, Math 

EAcational media pro^r^ams fn Qeorgip public sch focus not: only on thfe provision of instructional / 
. resources in all iformais to support the curriculum but also on the utilisation of those t^mdUtcfiS |n 
supporting teaching strst regies ji^^^^^ needs e^ectivelyl A combination ipl 

resources including print^^ffiind n'onprint materials and equipment essential for their utiliiation or pr^^duction 
along with programs, .seairvices and additipcial resQurces available thrpugh stdte, commirriity and other 
gducational agencies afi necessary for effective support of instructional. progr 

iniiovative teacherii rne^^la specialists* administrators; currjculum specialistSp students, board nTtmb^rS 
^11(1 representatives of tl— ie community are cooperatively evolving a media concept that supports th* ^ 
inslTiictional program arfejid facilitates^ access to information in; all formats arid provision pf. services Ifi 
. prdiictipn of locally desEI^ned* ^curriculum related learning materials. Media specialists shouid serve on 
cuiffculum comrnitt pf ofesiionar sKills in a cboperatlve^effort^ develo^p eff^tl\^^ 

cuiriculum programs, li^^&ddftion, efficiint utilization of appropriate rnaterials fostering student growth ifi 
Ilsleiiing* vieuirig* readin ^^ and inquiry skills is being increased by these pomilations* Georgia Board of 
fidWJpn Instructional V"^edia and Equipment Polky reqtiires that local niedii committees cornposed^^ 
tti^oroups rtientioned abc^^ve be involved in aelectirig materials and establishing procedures for using tH^rri 
gictlvely. Mathematics ^^ie^hers should express to their principal and media specialist their interest in f 
beiiig involved in or provi ding 

Eniiiring access of teachssrs4|i|fl students to information at the time of need and preventing Unnecessary 
duplication of resourced "^s^wiliTIF accomplished when information about antf location of resources ih^i 
support the mathemati^ ^P^gram in a middlp school are available through the'schoors media cent^n . 
Tlifough irivolvcment in jrjput to sufch activities as policy and procedure development, curriculurn desigri 
aniltnaterrats evaluation ^snd selection* mathematicsiiachers have an opporturrity and a responsibility in ; 
thi^^velppment of inipfo ved m^edia se 

iA comrtiijnitv resburces fp^le, developed cooper^ ively by media and instructioriai staff, prpvides valuable 
adttonal informatioo a^^out local people, places* activities and unique resources to enhance the 
niaitiematics prograrn/rii.^^bme school systeins, a resource%ervice designed to augment the buildiriS medig 
propnnris also^^d^^ —^- r-- — - — ---- - — - 

Htiiiierous sources of inf^^rmfatibri about fesources ekist.;,Some^'are commercially prepared, others 
provided by the Georgia & apartment of Education while others eKist in the local schoql. Media pers^nnrf In 
eacli building media eent^sr can assist teachers in using the following s^^ 

Bel0^rc€s from th^ fJt^^^^ Depart 

fAmj profeisionally p^ep^sired commercially published reviewing sources which are available in §chc»oi^ 
rn A centers, systen> rri^sdia GoJIections and public and academic Jibraries are listed in Afds jVf^di'd 
SMon for StuderttB flflcsf Teachers,"available from U.S. Department of Health, Education and Welfar^^ 
Cfte of Education, .Bufe^^^u of Elementary and Secondary Education, Office of Libraries and L^^rniHg 
Rasources, Washingtori. toP^/ " , 

\ \ w^l \ : \ : ■ ^ . ■ . ■ ^ : ^ ; 

Th^Pepartment of Educa^^ion provides respurces and services whic^i are available through.school rncdl^ 
chillers, ■ ■ . , ' : ■ ■ ' ' ' • ' ' 

Thdsllowing matexi#ili^ d^stributed^^e Divisioh of Educational Media Services are available throuQlTi- 
sfliflol media centers ar,^5/or the System Media Contact Person (Educational Media Services Division^ 
Insliyctlonal -Resoufc^j I r^ ntt; Georgia Department of Education^ Twin Towers East, Atlanta, Geofflia 
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:: Georgia Tape9 for Teaching: Catalog q^^^ ClasBrpom Teaching Tapm fQr Gmorgia Schpols (and supple* ■ 
rtents): Arranged by subjects on request, 

= Recominended listening audiences are indicated, A school registration is required. The requeWihg med 
center must provide the blai^ reel-to-reer the recording is made, R^urn postage 

Is provided by the Georgia Departinent of Education. ; ^ 

Catalog of ClasBroom Teaching Films for Gfi^ (and supplenients). The annotated list of 16min 

ftlms Is, arranged by titles but indexed" by subjects. Recommended vieu4rig audiences are indicajted/' 
- Registration (annual beginning in September 6r semi-annual beginning in January) requires a minimal fe^. 
Each registratiori prbvides a specified weekly film quota, but multiple registration^ are accepted. Many > 
films ar£ broadcast over the Georgia Educational Television Network and some may be. duplicated on 
videotapes for later use. Information about this service and the broadcast schedule are provided annually to 
the System Media Contact Persoh. - ^ ; ^ ' 

Instmctibnai Televtston Sc^ schedule with series descriptions and broadcast times ^e 

available on request from your System Media Contact Perspn, who also coordinates orders for heeded 
teacher manuals. Descriptions of telecourse series and programs in related fields should be eKanriined for 
:^pcrtentlal programs to 

indicatedrthe schedule and/br teacher nianuals sho^ be examined for 'potentiai use of a program. . 

or series/ to introducej develop, or reinforce mathematical concepts. Upcoming broadcast specials are 
announced in MEDIA MEMO which is provided riibnthiy durirtg the school year by the Department of 

Education. ^ •.. * _ :•' ■ . . • . ' . 

A bibliography, "Selected Sources of Information on Educational Media", is also available from this 
Division: Media Field Services, Division of Educational Media Services, Twin Towers EastV Atlanta, 
Georgia 30334. ^ ■ ' 'y'-: ■ . . ■ r - '■• ■■• 

Additional sources of information provided by the Georgia Department of Education are \-' 

Educational Information Center (EIC), Georgia Department of Education* Twin Towers East, .Atlanta* 
Georgia 30334. , * 

Research service is provided to Georgia public school administrators and their central office staff* 
Computer and rrianual searches of Educational Resources Inbrmatlon Center (ERIC) data base which 
includes ovjer 325,000 references to education documents related^to exemplary projects and model teaching 
strategies can be riequested by the media staff through the System Media Contact Person* 

Readers Service, Public Library Services Division*- Georgia Department of Education, Atlantag-GeorgiaT— 

30334, ;V . . ^ t V-:.: ' i[ ' \i ■ y . r ...A 

**SeIecied List of Books for Teachers" (and supplements) and "periodical List" (and supplements) 
identitying titles in the Georgia Public Library Information Network (GLIN), another reference and 
bibliographic service, provides access to publications in the collectioris of approximately 150 partlplpating 
public* special and academic libraries. Requests for these services and resources should be made through 
:the local public libraries by the school media staff. ^ 

, / \ ; - . ■ . . ^ ^ ■ . ; ^ ^ ^ ; ; . ; . ^ ^ ■ ^ ■ ; , " -. ^ " 

Other Sources of Information/Ideas 

Reviews and blblipgraphles-of recommended resources and innovgtl^e program descriptions for mathematics 
are published regularly in Journals and periodicals. The following tools for selection of titles are 
recommended, ^ . . . ^ = ^. / : . 

Anthmetic Teachen National Council of Teachers of Mathematics, monthly September-April 

Computfng Teacrtcrs, The Oregon Coun 

Creatfue Compuifng* Creative Computing Association^ 

MathematicB Teacher^ National Council of Teachers of Mathematics, monthly September-May V , 
Science Books & FilmB^ American Association for the Advancement of Science, quarterly , 
■ School Scimce and Mathematics, School Science and Mathematics Assoclafion, monthly October-May 



MO i 



EKLC 



« Abramowitz* Susan.. '* Adolescent Understanding of Proportionantyr Skills Necessary for 

ing." Microfiche. ERIC No, ED 111 690, Washington* D.Cj Educational Resources Inforination Center, 

1975. / ^>y;;. ■ '^''^0 '"- '^ ■ '''^ / •• ■ 

Aichele, Douglas and Robert Reyes, eds. Headings in Seconddiy SchooLMaihemaUcs^^Oiimi P 
. Weber & Schmidt, 1971: 

Aiello, B. "Showing Nornial Pupils What It's Like to be Handicapped*" New York TimeB^ Fall Survey of , 
Education, Novernber 13, 1977. . 

Aiken* Lewis Jr. "Research on Attitudes toward MatheTtiaticSi,*' The Arithmetic Teacher, Vol, 19 (&*larch 
1972), pp. 229-234. " " - 

Alien* Dwight and Eli Seiftnan/eds; The reache 19^1. 

Allendoerfer* ^rL "The Utility of Behavioral O^ectives: Prp=-A Valuable Aid to Teaching'' The ^%fajhv 
emo^ to Teocher* VoL 65 (peceniber^l ' 

Aronsoh* Elliot. Social An/md^ San Francisco: W. H, Freeman* 1972. 

Asblock* R: B. Error PatteniB in Computation. Columbus* Ohio: Charles E, Merrill Publishing Co,, IS 72 or 
2nd ed., 1975, — / \ ' V 

Ashlbck* R. B. "Teaching the Basic Facts: Three Classes of Activities*" The Arithmetic TiQche^^ VoL 
18 (1971)* pp. 359-364, ^ ^ 

Ausubel* David, Educational PsyiffiQlogy: A Cognitive View. New Yprk: Holt, Rinehart and Winston* i968. 

Ausubel, David. "Facilitating Meariingful'Verbal Learning In the jClassrooni*" The Arithmetic Teacher ^ Vol. 
15 (February 1968)* pp. 126^32. . - 

Ausubei, pavld. "Some Psychological and Educational Limitations of Learning by Diicover^/^ The 
Arithmetic Teachen Vol 11 (May 196^^^ 

Avital* Shmuel and Sara Shettleworth. 0|bJrtffoes /or MathematicB Learning ^ Totontoi The Ontario 
: f Institute for Studies in Educationrl 96 _ — .-^^ _ 

Beecher* W, J, and G. B. Faxon* eds» MethodSf Aids* and Devices for Teachers^ Dansville, N.V,: F,A* ^^^wen 
Publishing Co,* 1918. ^ : n 



Balow* Irving. "Reading and Compbtation Ability as Determinants of Problem Solving/' TtoArit^^^^ic 
Teacher, Vol; 11 (January 1964)* pp, 18-22. . 

Barnard* Janet and'CaroI Thornton. "Organizing for IndividualiEption: A Classrooni Model,*' Q^Sr^fein^ 
for Mathematics Instruction, 1977 Yearbook of The National Council of Teachers of Mathematics* 
Reston* Va.: NCTM* 1977. / * 

Barney* Leroy. "Problems Associated With the Reading of Arithnietic*" The Arithfjteti^ Tedefeer, VoL 19 
(February 1972)* pp. 131-133^ , > / ; - \ 

Bassler* lOttb and John Kolb, Learning to Teacn Secondary School MathematicSf Scraffldn* Pa.: 
InternationarTextboDlt Co,, 1971. \ ! / ly ■ 

Beard, Earl and George Cunningham, eds. Middle Schgol Mathematics Curriculum, A Beport &f the 
Orono Cpn/erence* Orono* Maine: National Science Foundation and University of Maine at Orono^ L 973. 

Begle, E; G. and J* W* Wilson. "Evaluation of Mathematics Prograrns," in MathematicB Education, 
Sixty-ninth Yearbook of the Natidnal Society for the Study ^^Education. Chicago^ Universtty of 
Chicago Press, 1970. , ' ^ 



Chicagc 

IrS " ' ^ 



ERIC 



BergeK E/J.; ed: Insirimtlondl Aid^ of National Cduncir^ 

Teachers ^ Mathematics. Reston^ 

Biehlef/Roben. Psych ■ 

Biggs, E- E and J. R/Maclean. Freedom^ to Leam/Don MUl/pntailo: Xddfc^on-Wesle Ltd., 1969, 

Bihar* G G * J. LVMIkeselfand K, Maurdaff! AcHu 

Anyn & Bacon, Inc., 1976, ' 

Block* James. "Teachers, Teaching, and Mastery Learning/'Mo)/'s EdPztcation, Vol 62 |Noyember- 

December 1973), pp. 30-36. ^ " 
BIdck, James and Anderson. Mastery Learning in aM$Moom ramction^ Neu; York: Macmillan, 1975. 

Bloom, Benjamin, Max Englehart, Edward Purst, wWer HUl/ Krathwohl. T^onomy of 

EducatiQnal ObjectweB, Handbook h Cognitive bomQirtf Nb^ SA\ Da^^d McKay, 1956. v 

Brandes, L. G. Math Can Be Furi- Portland, Maine: Wastort WalcMifcllitt^r, 1976. ^ 

Braswell, James, Mathemoiics Tests Aum the United StQtuMh Reston, VA. NCTM, 1976. 

Brophy, Jere and Thomas Good, Teacher-Studmt Relationsh'tp^i^^^ ConBequences, New Yerk^ 

Holt, Rlnehart and Winston, 1974/ ^ - 

Brown, Jean and Alvin Howard. **Who Should Teach at SchOolifor the l^fiddle Years?" Th^4ileanng 
House, Vol. 46 (January 1972), pp, 279-283. \ 

Brown, Lots. "New Math is More Relevant or Don't Turn in Voyr Grave, ^^^Dr, Einstein!" Schodl Scieiice 
and Mathemahcs, VoL 75 (December 1975), pp ^ 

BrowneH, William, '*lV|^anlng and Skill— Maintaining the Balance/* The AHthnietic Teacher, Vol 3^ 
(October 1956), pp. 129-136, 141 • 

Brownell, William. "Problem Solving," The pBychology of Leanim,hrty^firBt Yearbook of the National 

Sociefy for the Study of Education, Chicago: The N^tiP»iaj Spciety for the Study of Education, 

1942, pp. 415-443. ^ 
Bruner, Jerome; "On Learning Mathematics," The Ma^herTiQt|£i Teacher, Vol: 53 (December 1960), 

pp. 610-619. - - . 

Bruner, Jerome. "T^fe Act of Discovery," Harvard EduCQtioh M^ew, WoL 31, No. 1 (Winter 1961), 

pp. 21 32, 

Bruner, Jerome. The Process of Education, New York: Vintage, jStt 

Bruni, James and Helene Silverman, "Making and Using Board Games,*' TF^e Arithmetic Teachen Vol 22 
■ ' (March 1975), pp. 172-^. s 

Buckeye, D. A., W. A, Eubanks and J: L. Ginthen Cheap M^th kb Bqu~^pment> Troy, Mich.: Midwest 
Publications Co., Jnc, 1972. 

Buechner, K\ Fiie Folder Math, Pb\o Mto, Calif.: Creative Pubjicalions, 19^6, 

\ Bureau of Elementary Curriculum Development, /mprouin^ Re^dfcS^uc^^ Ski7/s in Mathematics K-S. 
Albany, N.Y,:,State Education Department, 1972. 

Bcfrn^ Richard. "Helping the Disabled Reader," Heading in thMddl^ School. New atk, Del, l Inter- 
national Reading Association, 1974, pp, 103=111. . 

Burns, Marilyn. Good 77me Math Euenlt Book. Pal^ 

Burns, Marilyn. The / Hafe Mqthemodcs Sob^^ Boston: Little/ Bfflivi & Company, 1975. / 

Burton, William. The Guidance of Laming AAit^ttes, 3rd Gd. NeivVork: A^ppleton^Century-Crofts, 1962. 



Brumfiel, CharIes,;"tJsin9 a Gamers a Teaching Device/V TheMgf/iema ledcWer; Vol; 67^ay4?%:^^^ 
-. '-pp. 386-391. ■ .'/^ ' \ ' 

Canfield, Jacic and Harolf 100 Way^s io^nhQricisSeff-Concept^m^ 

N,J*: Prentice-Han, l976 , . . - A 

- CarinV Arthur and Bobeit ML Developing ^^uestiohing techniques. C6^^ Ohio; MerriH, i97l>r, 

Cattersc^* Jane. *^'Tec|i"iqip (or Improving ^^ornprehensiQh in Mathematical' Readirig in the Middle 
" School. Ge^t Bid. Newark, DA; IntcrnWionarfc^ading Association, 19f4, pp. 153-165. ): : : 

■ . . ^ •- ^ , ■'.-.■^^ " . ■=*>•'' ' -^'-^ -y'-^ ^' ^'^^^ ' ^ • • 

Chiappetta* Eugene* '*A Pcrpctive on Forrrial Thought Developnient," Paper preiented at the: niegting 

of the National Association for Research Mti Science Teaching, March 1975, Los Angeles, Calif, 

Microftche ERIC Np, Eb IBB 862, Wastiington, Education Resources Infbrmatipfi Center, 1975, 

Chiara, Clara and EJi^abetfi Johnson. "The Mid^dle School: Is It Daorned to Failure?" T/ie C/eanngHouse^^ 

Vol/46 (January I97Z)* pM88-292. 

• . . - . • - ■ . . ^ ' ' ■. ■ ■ ■ 

Cole, R. W. & R. Punn- New Lease on |-Efe for Education of the Handicapped: Ohio Copes with 
94-142," P/ii D^Ua Mcv^pm m 59, N-o. 1, pp. 3^6. 10, 22. "■ "'X'"^'-': ' ^ " 

Comprehensive Probleil^ SclPlfig In Secondary ^Schools: A ConferMce Report. Boston: Houghton Mifflin 
^ (for Education Dev^lopirieiit Center, Inc4* 15^5, - 

Cooney, Thomas, Ed\j^ard Davis and K. B. IHeriderson. DyndmicB of Teaching Secondary Stfiool 
MQthematicB^BpBiKiri'Hcnkon ^ 

Copeland. R. DiognP^tfc and Learning Actli^ities in MatherndttcB for GhiWren. New yorkr MaenilJIati ■ 
Publishing Co.. Inc. J9^4 * 

Corcoran, Mary and Ctadine Gibb. **A^^praising Attitudes in the Leai[ping of Mathernate,*' 
Evaluation in Mathefi^dtichlwenty^Bi^fi Yesi=Tbook of The National Council of Teachers of Mathemat^ 
ICS, Washington, D.G : NjCTM, 1961, pp/ ' 

Cbrle, C. Building Arithf^wiicSkUlB with Garne^^ Dahsville, N,Y1: The Instructor Publications, Inc., 1973, 

Cox. L. S. "Diagnbsing aJid R^iiiediating SystfiC3iatic Errors in Addition and Subtraction ConnipUtatte,'* 
The An^/imedc T^Qc^fK Vol 22 (Februa 

Grittendenv^ William. **Un^erstanding,*^ 

Crosswhite, yF. J. ed* Orgefflfifiig for Afat/ieitiQ^^icf IhstrUction, 1977 Yearbook of National Council of ^ 
Teachers of Mathe|riatics taon, Va.: NCTN*^, i ^ \ 

Crosswhite^ F, Joe» Jon Hlggins, Alan Osborne and Richard Shumway. Teaching Mathemdiki; 
' Psycho/ogfca/ FotindtffiDfii Worthing^ Ohmo: Charles A, Jones, 1973. 

Curwin, Richard and P^rbora Fuhrmanri. Pf^couermg Your Teoching Self. Englewood Cliffs, N^J.: 
Prentice-Hall, 1975. * ' 

pavidson, Helen and Gerhard Lai^. ''Children* m.. Perceptions of Thjeir Teachers' Feelings Toward Then^'^- 
Related to Self-perceptioni School Achievgrri «nt, and Behavior," Journal of Experimental Edumtlon, \ 
VoL 29 (Decenfiber 1960),pp.lO7-^lS. : , 

Davidson, Patricia. "An Aiinoibted BibliagrapF^y of Suggested Manipulative^ Devices," The Ar}timstlc 

Teacher, Vol. (bdober I9i.pp, 509-512, 5m4-524. 

, If ' ^ ' ' ' ■ : . . . . , ' 

Davidson, Patricia and Marlon Walter, "*A Laboratory Apprjoach," The Slow Learner in MathematlcB, 
Thirty-fifth Yeairbook Tl)e National Couhcil of Teachers of Mathematics.^ Washington, D.CiThe 
National Council of Tcaclieri of Mathematics^ 1972; pp. 221-28L 

Davis, E. J- "Some Coiiin\enlsand Su^e^tion& on Teaching the Basic Facts of Arithmetic," Go^lpu^a» 
tion and Practice, 197^ Vg^rbook of National ^Council of Teachers of Mathematics. Reston, Va.: NCTM, 
*1978, ^ 



ERIC 



Davis» JamiB. Gioup Pe^ Reeding, Mass.r-Addisdn-Wesley, 1969. ; 

David* JRobert.,**The Misuse of EducatlDnal Objectives," Education Teaching, Vol. 13 (November 1973)^ 

Dienes, Z. P. Buildihg Up Mathematics, 3rd ed. Lohdoh: Hutchinson Publishing Group, Ltds.,' 1967. 

Dienes, Z.. P* and E. W/ Goldihg, Approach to Modern Mathematics, New York: Herder and Herder, 1971. 

pienes, P. and E. W. Goldingi^Hxp/oratiDn of Space and Practical Measurement. New York: Herder end 
Herder. 1966. * 

Deiong, Greta. "Inquiry Into Pre= and Early^adolescent Interests," i4dofescf nee, .Vol. X, No. 38. (Summer 
1975K pp. 187=190. " ^ >f 

Dreikurs, Rudolph* BerniceGrunu/ald and Floy iPipper. Maintaining Sgnitp in the ClaBsroom: IlluBtrated 
Teaching Techniques. New York: Harp 1971. v 

Dumas, Enoch. Math Activities and Child Invglvemerit. Bostbni Aliyn and Bacon, Inc., 1971. 

Duttbn* Wilbur, "Another Look at Attitudes of Junior High Schools Pupils Towerd Arithmetic,' ■ Elernen- 
fdry School Jounia^ Vol. 68 (February 196 

Duttotv Wilbur. "Attitudes of Junior High School Pupils Toward Arithmetic*" Scriool Heufeui, Vol. 64 
(January 1956), pp. 18-22. 

Dutton, Wilbur and Martha Blum, "The Measurenient of Attitudes Toward Arithmetic with a Likert^type 
Test," E/emenfary School Jpu^G^ Vol, 68 (February 1968), pp. 259-264. \ ^ V 

Earle, Richard A. Teaching Reading and MathemattcB, Newark, Del.: International Reading Association, 

.i976:^^' ^ ^ \ ^^ ' " ^'^ • ' ^ 

Ebel, Robert. Essentials of Educational Measurement Englewood Cliffs, N,J.: Prentice-Hall, 1972. 

Elhorn, Donald. The Mfefd/e Sch oof. New York: The Center for Applied JResearch in Education, Inc., 1966. 

Elkind, David. A Sympathetic Understandihg of the Child Six to Sixteen, Boston: Allyn and Bacon, 1971. 

Elkind, David, Children and Adoleacents. New York: Oxford University Press, 1970, 

iEliis^ Henry, The Transfer of - ^ / 

Ensmfnger, E, and L. Smiley, eds.* "Educational Considerations for the Learning Disabled Adolescent: 
Selected Papers." Atlanta: Department of Special Education, Georgia State University, 1975. ^ 

Epstein, ZV^rion. V'Testing in Mathematics: Why? What? How?" The Arithmetic Teacher, Vol. 15 (April 
^ 1968), pp. 311-319. v ' 

Freeman, Glorge, "Reading and Mathematics,-* the Arithmetic Teacher, Vol. 20 (November 1973), pp, 
523-529, ;V 

Fey, James. PaW^^ of Verbal Communication in Mathematics Classes, New York: Teachers College 
Press, 1970. , 

Fischbein, Efraim, Ileana Pampu and Ion Maniat. "Comparison of Ratios and thef Chance Concept in 
Children," ChfW peuelopmenf, Vol. 41 (June J97 

Fitzgerald, W/M., e* gL Laboratoi^ Manual for Elementary Matherpatics, Bdston: Prindle, Weber & 

Schmidt, Inc 1973. . ' ; ^ 

FlaiWers, Ned, Ana/yzmg Teacher Behaui 

FlavelL John. The Deue/opmentar Psycho/ogy of Jean Piaget^ Princeton: Van Npstrand, 1963. ^ 

' • ■ = ■■ '■ ■ i - ' ■ ' \. 

Focus on Learning Problems in Mathematics, a periodical pv^blished monthly by the Center for Teaching/ 
Learhihg of Mathematics, P.O. Box 3l49, Framingham, Mass. 01701. 



ForbWs* jack, "thi Utility ojt Behavioral dbjectivies: *Con— A Source of Dangers and bifflculties^" the ' 
MathematicB Teache^^^^^ ' , / / ;^ 

Frank. Kfds' S^i^Mafh/Nash^ . \ v . " V 

■• ■ ■ ■ ' ' ■ ■■ ■'- ■■■ :\ f , • ... ■ . ' . ' . ^- . ; - ■ ■ • . ■ ■ ^ " \ .* ■ .. 

Frase, Lawrence and Barry SchwartE. **Effect of Question Production and Answering on Prose Recall/" 
dounml of Educaiional Ps}^cholo<iy^, Vol. 67 (October 1975), pp. 628-635. ' y 

Frerhont. Herbert. Hpi^ to Teach Mathematics in Secondary Schoo/s, Philadelphia: W. B. Saunders, 1969. 

Frernontt Herbert. "Organizing a Learning Cooperative: Survival Groupf,'- (^ganizlng for MathematicB : 
. 7nsf ruction ,.1^7 Yearbook of The National Council of Teachers of Mathematics. Reston,:Va.i NCTM, 

'1977.^.^ ■ ■/ .. V;-; ^ ^ : ^. ; . J _ : '^V." 

Gagne, Robert. The Conditions of Learning, 2nd ed. New York: Holt, Rinehart and Winston, 1970. 

' Gay, Lorraine, "Temporal Position of Reviews and Its Effect on the Retention of Mathenriati 

Journal of EducationQlPs^chotpgy, Vol. 64 (April 1973); pp. 171'1S2. - « 

GeselL Arnold; Frances fig and Louise Ames^ youfh.^ r)ie Vearsl^om TCn Sixteen. New York: Harper 
and Brothers. 1956. ... ■ • ■ * ; 

Gilstrap, Robert and William Martin. Current Strategies for reachers, .Pacific Palisades: Goodyear, 1975, 
Canott. Haim. Teacher arid Child, New York: Macmillan, 1972. . ' ^ ^ 

Ginsburg, H'. Children's Arithmetic: the Learning ProceBB. New York: D. Van Nostrand, 1977. . 

^irard, Ruth, "bevelopment of Critical Interpretation of Statistics and Graphs,''^We Arithmetic Teacher,. ^ 
VoL 14 (AprH 1967), pp. 272-277. . ^ 

Grass, Benjamin* "Statistics Made Simjple/* Thi Arithmetic Teacher, VoU 12 (March 1965), pp. 196»198. : 

Glass, R, "Doing Special Education Versus Being a Special Educator: The Need for an Interface Between, , 
Regular arid Special Education/ VVieujpoinCs, 1973, Vol, 49, No. 1, pp. 51^37. _ . 

(GoalBjbr School MathematlcB, The Report of the Cambridge CohfeVenGe on School Mathematics. Boston: 
.Hpiigh Mifflin (for Educational Services, Inc.), 1963. " / 

Gray, Jenny. The Teacher's Suruiual Guid^^^ ^ 

Green, G, F. Jr. Efemenfan; School MatheniattCB ActiuitieB and Ma^^^^ Lexington, Mass.: D.C 
Health & Company, 1974. / ^r^-^^ ^ * 

Greenes, C* J. Gregory and D. Seymour. Success/u/ Problem Solving TechriiiqueB, Palo Alto, Calif.: 
Creative Publications, 1977. ^ ; - , ' v . 

Greenes. C, George Immerzeel, et aL (OPS) techmqueB of Problem Solving Decks: Palo Alto, Calif.: Dale . 
Seymour Publications, 1979'81. . : ^ / / V - 

Hamrick, K. B, and W. D. McKillip. "How Computational Skills Cofttribute to Meaningful Learning of 
Arithmetic," Computatign and Practice, 1978 Yearbook of National Council of Teachers of Mathe- ^ 
matics. Reston, Va.: NCTM, 1978; / . \ ^ , ^ v 

Harasymiw; S. J. and M. D, Horfifr^*Teacher Attitudes Toward Handicapped Children and Regular Class ' 
Integration,* Vournol of Sp^ia/ ^ 

Hardgrove, Glarenoe and tflerbert Miller. Mathematics Library—Elementary and Junior High School, 
V Reston, Va.: NCTM, 1973.\^ * ^ . . ' . 

Harmin,- Merrill, Howard Kirsch^baum and Sidney Srrnon. Clarifying VqlmB Through Subjeci M 
Minneapolis; Winston Press, 1973. ' * ^ " i V - 

Harnadek, Anita. Mathematical Reasoning, Troy, Mich,: Midwest Publication Company, 1972. , . 



■ 192 : ' .v. - 



ERIC 



Hartung, Maurice, "Distinguishing Between Basic and Superficial Ideas in Arithmetic Instruction" 
The Arithmetic Teacher, Vol 6 (MaTch 19^ , , 

Havighurst, Robert. '"Lost Innocence," The BliUetin of ^the National" AsBOciatton of ^condanj School 
Prtnclpaftf; Vol. 49 (April 1965), pp. 1-4 - V ' 

Herth, Bobert and Mark NIelson, "The Research Basis for Performafice'based Teachefe^ Education," 
Review of EducQtionarHesearch, Vol M ^ ^ 

Heddens, James and Beth Lazerick. "So 3 *Guzinta' 5 Once! So What!!" The Arithmetic Teacher, VoL22, 
No. 7 (Novembgr 1975), pp, 576-578. ^ ^ ' 

Heitzmann, William Ray. Educational Games and SimulationB, Washington, D.C.i National Education 
Association, 1974. , ^ ' . 

Hendefson, Kenneth, "A Mode! for Teaching Mathematics Concepts," The MathematicB Teacher^ VcL60 
(October 1967). pp/573-577, , « ' 

Henderson, K^Bnetli. **Co^epts," The Teaching of Secondary School Mathemati^. Thirty-third 'Viar= 
book of The National Council of teachers of Mathematics. Washington, D.C.: NCTM, 1970, pp.l66-lt 

Henderson, IJenndh and Robert Pingry. "Problem-solving in Mathematics," The Learning of MathenzQlkSf 
Its Theory and Practice^ Twenty-first Yearbook of The National Council of Teachers of Mathematics 
. Washin^on, D^^NCTM^ 1953, pp. 228-270. ^ 

Henney, Maribeth. "I^^oving Mathematics Verbal Problem-solving Ability Through Reading InstfiiC' 
tion." The Arithmetic Teachen Vol. 18 (April 1971), pp, 223-229. ^ ' 

Higgins, Jon. "A New; Look at Heuristic Teaching," The MathematicB Teacher, Vol. 64 (Octob^J.971),pp. 
487-495, ^ 

Higgins, Jon. Mathematics Teaching and Learning, Worthibgtpn, Ohio: pharles A. Jones, 1973. 

Higgins* J, L. and L Sachs. Mathematics Laboratories 'and^&ameB for Elementary Sdiools, Colunibiis, 
Ohio: ERIC rnformation Analysis Center for Science, Mathematics and Environmental Education* 19?4. 
(Distributed by NCTM, Rest on, Va.) 

Hiltga^^Feter and Jean Pedersen. "Reviews," The American Mathematical 'Monthly, Vol. 87, No. I 
(Feffu^ 1980), pp. 143-1 4S. . 

HIavaty, 4f H., ed. Enrichment Mathematics for the Grades. 27th Yearbook of National Council of 
Teachers of.Mathematics. Reston, Va,^ NCTM, 1963. , * 

Hoetkef, James and VVilliaro Ahlbrand Jr. "The Persisteiice of the Recitation," American EducQtmal 
Research Joumal, Vol. 6 (March 1969), pp. 145-167. 

Hoffer, i^Ian, **Conference on Mathematics Remtfrce Materials." ERIC No. EU 103 273, Washington, DC: 
Educational Resources Infornaation Center,Nj975, 

Hollis, L. Y. and VI. R- Houston. Acquiring Competencies to Teach Mathematics in flementary School|» 
Lincoln, Neb.: Professional Educators Publications. Inc.. 1973. 

Holt, John. How Children Fail New York. Dell, 1964. 

Homan, Doris. ''Television Games Adapted for Use in Junior High Mathematics Classes," The Arithrn^ilc 

Teacher, Vol. 20 (March 1973), pp. 219-222. 

- ^ - - . - - ' 

Hoover, Kenneth. The Professional Teachers Handbook, Boiton: Allyn ^nd Bacon, 1973. ^ 

Horne, Sylvia.^ Fa ttems and Puzzles in Mathematics, Chicago: Lyons and Carnahan, 1970, 

Hudgins, Bryce. "Effects of Group Experience on Individual Problem Solving," Journal of Educatioml 
' Psychology, Vol, (February 1960), pp. 37-42. ^ 

Hunkins, Francis. Questioning Strategies and Techniques^ Boston: Allyn and Bacon, 1972, ' - 

L8 

103 



HutchingSM Barton, "Low-stress Algorithms." Measurement in School Mat}\motic&, 1976. Yearbook of 
The National Council of Teachers of Mathematfcs, Reston, Va.j NCTM. 1976, ' \ 

Hutchinga, Barton. '*Low'St^ess Subfrfctlon," ne\Arithmetic Teacher, Vol. 22 (March 1975), pp. 
226-232, . } ' ^ 

Hynes, Mary, Michael Hynes, Kysilka Marcella and. Douglas Brumbaugh. "Math^riiatics Laboratories: 
. r What Does Research Smy?"" Educational Leadership. VoL 31 (December 1973rrpp 271-274. 

Ikeda. Hitoshi and Masue Ando, "A Neiv Algorithm for^fiubtractiDn?*' The Arithmetic Teacher, Vol. 21 
^(December 1974). 716-719, * . ' ' 

Individualized Teacher Preparation: Questioning- Interitifdiate 'Science Curriculum Study. Morristown, 
N J.: Silver BurdetL 1972. ' / y 

Iqheider. Barbel and Jean Piaget, The Growth of Logical Thinking From Childhood to Adolemcence, 
Translated by Anne Parsons and Stanley Milgram. Neu; York: Basic Books* 1958. 

intermediate Mathematics Methodology. Report of the Intermediate Mathematicp Methodology Com- 
mittee. Toronto: The Ontario Institute for Studies in Education, 1968. = ' ' 

' - - ' . ■ f - ' ^ - 

Jackson, Robert and Gussie PhiHips. **Manipulative Devices in Elementary School Mathematics*" 

Instructional Aids in Mathematics, Thirty-fourth Yearbook of the National Council of- Teachers of 

Mathematics. Washington, D C.: NCTM, 1973. pp. 299-344. ^ . ^ ^ 

Jacobspn, Ruth. "A Structured Method for Arithmetic Prptlem Solving in Special Education," The 
AritHmetic Teachen Vol. 16 (January 1969), pp. 25-27. % ? 

Johnson. David. "If I Could Only Make a Decrei/' The Arithmetic Teacher, \lo\, 18 (March 19711, , pp. 
147-149. \ ^ ^ ' i V ^ 

Johnson. David. *The Element of Surprise: An Effective Cla^room Technique," The Mathematics 
Teacher. Vol. 66 (January 19?3)tep. 13^16. . _ ^ , - " 

Johnson. Donovan and Gerald Ri^ng. Guidelines for Teaching M/athemaiks, 2nd ed.-, Belmont* Calif- 
Wadsworth, 1972. 

Johnson. D.* V. Hansen. W. P^eterBon. J. Rudnjck, R. Cleveland and C. gplster. 4cf/uiffes in Mathematics- 
Prgbabiiity. Glenview, III.: S.ccitt, Fqresman & Company, 197L 

Johnson, Eric. How to Live Through Junior High School. Philadelphia: J. B. Llppjncott Co.. 1975. ^ 

Johnson. S. W. Arithmetic and Learning Disabilities: Guidelines for IdenllfwQtion and Renmediation, 
. Boston: Allyn 8i Bacon. 1979. ' 

Jor|€S. B. Helping Teachei^s 1 ifach the Learning Disabled btudeni, luJay 's tducation, 1977, Vol 66, No= 4. 
pp. 46-48. " j , - . 

Jones. Phillip. ''Discovery Ttfaching --f^om Socrates lo Modtsi nity/' I tte ArithnwUc Teacher, Vol. 17 
(October 1970). pp. 503^510. ( ^ 

Journal qf Clinical Child Psychology, 1977. Vol 0, No 3 1 IJit ,\^holK issue is devoted to exceptional 
children and youth.) 

Junge. Cticirlotte. ''Adju&tiiieiK ut Insii ut-iion (Ll^ms^nttii ^ b4.ii<jw0 t tt^. biL>a> Lcuttitt in M Lithe tftuiii. s 
Thirty-fifth Year book of the National Council of l^achers of Mert^henidtics. Washington. D=C.i 
NCTM. 1972^ . . ^ ^ 

Kane. BJ. M. A. Byin*? ^ind A. Hafer Helpitig Childfi^n Head MathefmikB. New York; Aiki^iicjan 
Book Co., 197^-^ 

Karau. Earl. '^Arithmetic Football.** The Arithmetic Teachtr, Vol. 3 (NoMember 1956). pp, 212-213, 



L9 

19C 



Karplus. Elizabeth, Robert Karplui and Warren Wollman^ ''LZntellectual pevelopjiient Beyond Elementary 
'School IV^ Ratio, the Influence of CogmtiviB Style," Schod i Sctmce and Mathematics, VoJL J4 (October 
1974). pp. 476^482. , \' ' - ^ ' ' , . ' 



KaufmahVBe!. "Letter to a Dead Teacher,** T6day*s Educa^tion, Vol, 64/ No. 2 (March-April 1975),, pp, 
20-23, ^ J ' ^ 

Ka\)anagh. Classroom Teacheir Looks at MainstreamMng,'' plementary. School Joumal, 1977, 

pp. 318-322, ' ■ ^ ^ 

Kennedy, L, and R, Michon. GameBfor Indwtdualmng Mathez mattcB Leaming, Coliimbu^ Ohio: Charles E. 

Merriil Publishing Company. 1973/ - " ^ . 

Kidd. P,» S, S. Myers an^ D. X^fttt^TThe Laboratoii; ^^^pproach to Mathemattcs, Chicago: Science 
Research Associates, I^T^l/ ' ' ' ' * , 

Kinsella, John. "Probleixi Solving." the Teaching of S^^^condary SchoBl MathematicB,'' Thirty-third 
YearbooK of th^ National Council of Teachers of Mat^3iematics. Washington, D,C.: NCTM, 1970, 
pp, 241-266, , \ ^ ' - 

Kleinman. Gladys. "Teachers' QuestTons and^^udent Under— standing Of Science," JdUmal of Research in 
^Science Teachtng, VoL 3 (December 1965), pp. 307^317, , ^ ^ ' 

Klingele, William B. Teaching h the Mlddie School, Bostofi i Allyn and Bacon, Inc. f9?9: ^ 



Knaupp. Jonathan. "Areighjidren's Attitudes Toward- Le'air^ning Ari)^met4C Really Important?" School 
Science Mafhemafics^^fe^ (January 1973), pp ' 

Koch.. Elmer, UHpniew^Fin'ArtlliEnertc/' T%e\rithmetic V^^acher, VoL 12 (January 1965), pp, 9-43. 

KrathwohL David R., Benjamin Bloom and Bertram B, ^^lasia. Taxqnom^ oj Educational Objectives,^ 
The Classification of EducqtlQnGodfB. New V^rk: David r^^cKay Company, f956. 

Laffey, James, ed. Reading Jn t\w -Content Areas. Newar^k. DeLi International Readings Association, 
1972. . / . ■ 

Laing. Robert and -John Peterm ^^Assignments: Vesterd^ay, Today. an,d Tommorrou/— ^day," The 
^ Af afhematics Teacher! VoL 66 (Odobef 1973). pp. 5 

Lankford, Francis Jr, "Checking the Answer&^Js Not En«3ugh," The Mathematics Teacher, VoL 47 
(January 1954), pp.^46-47. . ^ 

Lankford/ Francis Jr, ^A/hat Can a Teacher Learn About a Pupirs Thinking Through Oral Injirviews?*' 
The Anfhmetic Teacher, Vol. 21 (January 1974); pp. 26^S^2. 

^ _ 

LeBlanc. J, F. Addition and Suhmction, Reading, Mass.: A^Jdison-Wesley Publishing Co,, 1976. 

LeBlanc, J. F. Multiplication aMmsion, Reading.^Mass.: ^Addison-Wesley Publishing Co,. 1976, 

LeBlanc,§. F. Numeration, Reading, Mass^^ddison^WesIey^ Publishing Co,, 1976. 

LeBlanc, J. F. Rational Numbemith Integers and RealB, Re^^duag, Mass,: Addison-Wesley Publishing Co., 
« 1976. • , 

Le4er, Gilah, '*Sex Differences InMathematics Problem Appe- al as a Fun^ion of Problem Context/' Jouma/ 
©/ Educational Hesearch, Vol 67 (Ajsril 1974), pp. 351-35 ' 

Leffin, Walter, '*A Stufly of Three Concepts of Probability Pos^sessed by Children in the^Eourth, Fifth, Sixth, 
and Seventh Grades." ERIC No._^ ED 070* 567, Wiscort^sin Research and Development Center for 
Cognitfve Learning, (Septenibef 1971). « 

Lerchi Harold and Helen Hamilton. **A Comparison'of a Structured-equation Approach to Problem Solving 
with Traditional Approach/* Schdo/ Science and Mathetr^a^icB, Vol, 66 (March 1966), pp, 241-246. 



Ley. Terry C L'bran ^^enry and Robert E Rows^^. **Eighth Graders* Performance in Rfeading and 
Computirtg for Science ^Relatea^Word proUeiiis,'' Journal of Reading 3" (1979) pp. 222'228. 

Lilly, M. S. •'Special Educ^at ion— a CooperativeEffort " Theory into PrQCtic€;i975, .Vol. 14! No. 2, pp, 82^88. 

Loomis, Mary. The Pr^ad^^leBcent. New York: Applet»ri-C€ntui^-Crofts, 1959, 

bounsbury, John and Je^sn Marani. Th^ Junior High School We Saw: One Day in the Eighih Grade* 
Washingtqn. D^C * Assc^^ciation for Supervislon.and ^Ourriculum Development, 1964/ 

Lovell, Kenneth. '*Propo-^riionality and Probability, " Piagetian Cognimve-DeveloprnerU Research and 
Mathernatical EducQtlc^n, Edited by Rosgkopf,*'My3'on. et aU U/ashiagton/ D,C,: National CouncLI of 
Teachers of MathemgitLScs. 1971. pp, 136^148, ' ^ / ^ ' 

_ 

, Lowry, W, ed. The Sloc^v Learner in Mothem^lc^i T&^irty-fifth Yearbook of National Council of Teachers 
of Mathematics. ^estor=i, Va,: NCTIVl, 1972. \ 

Magen R. F. PrepaHrtg Ij^^stnictional Objectfc P^o A|to,. Calif.: Pearson Publishers, 1965. 

Mager. Robert. Developlrj^g Attitudes Toward leaniin^ ^ Palo Alto. CaliL: Fearon,^1968i 

Mager. Robert. Preparing ^ instructional OWcAs. Pa lo Alto. Calif.; Fearon, 1962. ' ^ 

Mahaffey, M. L, and A. F. Perrodin. Teaching Elementary School Mathematics, Itasca, IIL: F. E. PeAock 
Publishers. Inc.. 197^. , ^ - . 

Margenau, J. and M, Sent zlowitz. How to Stud^Mbthemafics, Reston, Va. National Council of Teachers of 
Mathematics, 1977. 

Mathematics Educatton Development Ceril^r, R^p^ mf the Conjeretjce on tke K-12 Mathematics 
Curriculum. Bloomihg^iori, Ind.: MathemMics Edi^ cation Development Center, Indiana University, 
1973. ' - . / • . * 

Mathematics for Georgia Secondary Seho9ls.k\6nta^ Georgia Department of Education, 1981. 

Mathematics ObjectiueB^ ^=Ann Arbor, Mich.: National ^^^ssessment of Educational Progress, 197S, 

*• * 

McGill, Melvin and Clyd^s Wiles. "Oral. Reafliny and X/pq^^ulary Let/el ^s Factors in Arithmetic Word^ 
Problem Achievement.'^^ P^er presented anlieannu^al meeting ofThe Natio}iaI Council of Teachers of 
Mathematics, 1975 at L^^verjColo. April 26, " 

Mcintosh. Jerry. Perspecti^ ve§ &n Secondary l^alhematff^B Educatiijn. Englewood Cliffs. N.J.: Prentice^Hall, 
1971. . . . - ■ " . . 

Meady Margaret. "Are"\VV^» yquee-cirig Out j^dolescenc^e?" National Parent Teacher^ V^. 5 (September 
I960), pp. 4^6. ..- ^ 

Merwin. Jack. **Cunstruc^=ing ALliiev^rnfent "fbts arid If tterpr^tiny Scuies," Evaluation in Mathematics. 
Twenty-sixth Yearbook _ of The National Countii ^of Teachers of Mathematics, Washington. D^Cti 
NCTM, 1961, pp. 43-69^. 

Moran, M. R. Assessfn^n^^ th^ Exc^piiottdlwm^ in ttiti Heyulur C/ussrooni, Denver. CuIo=; Love 
Publishing. 1978. 

Mordack, J. B. Thh4Jth£^r^^CJhildren^ N^w Voik, Hatpt^^ ik Ki,w 197S*=-. 

Morse, William, *'SeH;rTOrt^cept In the School batting,' ^ Childhoad EduL-QtiLJti, Vol. 41 (December 1964), 
pp. 195-198. ' 7 . ^ 

National Adv^dfitiCornrnf^Tttee on Mathertiatictjl Education. Overview and Analysis o>^choo/ Mathemut- 
tea, Gradm K-lB, WaghEangton, D.C.^ iConfgrence Bo^ard of the Mathematical Sciencesr 1975, 




rog|e 



National Assessment of E^3ucation Prog^esi- MQih Fynt^arnMntals: SeleGted Results from the First Naiional 
Assessment of iMathem^^tics, Report No» OI'MA^^^^-^tfanua^^lSM, Washington, D.C; U.S. Office of 
- Education, 1975. ^ — ^ 

111 



i96 ' ; 



National Council of Teachers of Mathematics. A Mgtric Handbookfor Teachers. Reston^ Va,: NCTM, 1974. 



National Council of Teachers of fviathemdtiqs: An Agenda for Actlort: RBCommendaiions for Sch0Ol% 
' Mathematics of the 1980[s, ^ston, Vnr. ' ^ , ' * 

National Council of Teachers of Mathematics, Experiences jri Mmhematic^l ideas. Vols. 1 and 2, Reston, 
\/a,i NCTM, 1970, ^ \ ^ >^ ' >^ _ . " 

NationaF Council of Teachers of Mathematics. Measurement in Sghool Mathematics, 1976 yearbook of 
NatidnaL Council of Teachefs of Mathe/Watics/^ ^ ^ ■ * 

Nattonal CouWil of Tochers of Mather|atics, pn'ot#ies in School Mgfhematics. ^Bton, Va,: National 
Council of Teachers of Mathematics, 1981. . , 

Neale. David. "The Role of Attitudes in Learning Mathematics/' Thd^k^ihmetic Teacher. Vol 16 
(December 1969), pp. ^31^640. _ ^ ' 

Neisen, Jeefhne. "Pe^rc vA- A Rational Number or^a Ratio^** The Arithmetic Teacher.^oL 16 (February 
1969). pp.JQ5-10> ^ ^ . ' f \ 

JSichols, Eugene, **^re Behavioral Objectives the^Ansuze^j; The Arithmetic Teacf^r, Vol 19 (Qtctober 
1972), pp. 419, 474-476. , - . ' C^*- 

Nuffield Foundation. Environmental Geometry, New York: pohmWiley & Sons, In^., 1969. ^ r 

Nuffidd Foundation, Pictorial Representation. New York: John Wiley Sons, Inc 1967. 

Nuffield FouiH^ion. Shape and Size. John WHey & Sons, Inc., 196^, 1968/ 

0*Daffer, P. and S. R. Clemens. Geomefn;: an Inkiestigative Appi^ach,- Readuig, Mass,; Addison- Wesles^ 

Publishing Company, 1976. / , . ^ r " . 

O'Daffer. P. and S. R. Clemens. Metric Measutement for Teachers. Rea^g, Mass.: Addlson-Wesley 
* Publishing Company* 1976, ' 

Osborne, Alan and F. Joe Crosswhite. *'Forces and Issues Related to Curriculum and Ins^ucUon, 7-12," A 
History of Mathematics Education in the United States and Canada, Thirty-second Yearbbok" of 
The riational Countil of Teachers of Mathematics, Washington, D.C.: NCTM, 1970. 

Pachfman, A. ri. and J. D/BLle^'Teaching Vocabulary of Mathematics through Interaction, Exposure and 

Structure," Mmal of RSading 22 (197§), pp. 240-248. ' 
Payne' J, N. ed. Maihematics. Leaming in Early Childhood, 37th Y^BTbook of National Council, of 

Tfeachers of Mathematics. Reston, Va: NCTM, 1975. * 

Petl|soh. John./^pur Organizational Patterns for Assigning Mathematics Hopnework,*' School Science 
^and Mathematics. Vol 71^ (October 1971). pp. 592;596. ^^^^^^^^^^^^^^ 

Phifljps, Robert, Jr. **Teacher Attitude as Rejated to Student Attitude and Achievemenj Jn Elementary 
Srfiool Mathematics," School Science and MathimaticB. Vol 73/june 1973), pp. 5p^J£(7. y 

physical Science Group. The Cape Ann Conference on Junior fiigh S^ool Mathematics. Newton, 

Mass.: Physical Science Gjoup, Newfon College, . , 
Piaget, J ean^ "Cognitive Devglopment in Children: Development and Learnihg," Journal of Research in 
^Scien^ reachmg,^Vol.^2. No. 3 (1964). pp, 176-186. ^ 

Piaget, Jean. *TntellQctual gvdiution Ffom AdoNscence to Adulthood," Human Development, Vol. 15, No, 
1 (1972), pp. I 12. ^ ' 3 

Piaget, Jean. "Piaget Takes a Teacher^s Look," (Interview by Eleanor Duckworth, Atlantic Institute of 
Education, Halifax, Nova Scotia, on special assignment for Learning), Leaming, Vol. 2 (October 1973), 
pp, 22-27. ^ J/ ^ 

' 112 



■ ' . ' /' ^ ^ ; ' 

U,.,. Se/ence o/ Education and the Psychotogy of the Chifd. Translated by Derek Coltman, New 
# -C: sman/1971. . ^ - ' ^ I . ' 

P!4 . u To UndirstQnd% to Invent: The Futurje of Education, Translated by Gebrge-Anne Roberts, 

rC,,^, Jt rand Barrel Inhelder. Tft^ Child's Conception of Space. Translated P. j: Langdon and J, L.^ 
^v^ u >lew Yo?k: Norton and Company, 1967. ' ^ ^ J - 

Fi ic; Jean and Barbel Inhelden The Origin of the !dea of Chdnce in Children, Translated by, Lowell 
de^M-, Paul BurreH and Harold Ftsh^ein. New'YorK; Norton and Company. 1975. . ' 

.rd, Anthony, "The qanger Value' of Leaping to Conclusf^Vf/' The Arithmetic Teacher. Vol, 17 
FeWiiary 1970). pp.151-153. - / ^ - ^ ' 

incus, Morris, et al, 'if You Don't Know How Children Think, How Can You Help Them?''^ The Arithmetic 
teacher, Vdt 22 (November 1975), pp. 580^585. . * ^ / / . * ' 

Practice in Problem Solving Skills. Bopks A. C. Dansville, New York: Th^ Instructor Publications, Inq.. 
1974. • / \ ^ C ' ^ ^ ^ 

Price, AcH, "Why Teach Division^of Common R^actions?" The Arithmetic Teacher. .Vol 16. "^No, 2^ 
(R€bruar|ri969), pp, 111^12. ' ' ^ - - ^ 

Polya, G. H^u/ to Solve It, 2nd ed. Princeton: Princeton University Press, 1973. 

Polya. faeorge, Mathematlcql DlscoveiV. VoL II New York: Wiley, 1^65. ' _ ^ 

Popham. W. J. and E. L^ Baker,^ Estab/ishmg Instructional Goals. Englewopd Cliffs, I^J.: Prentice-HalL 

ific.T 1970, . : 

Popham, W. J. and E. L. Bakef Evaluating Instruction- Englewood Cliffs, N.J. : Prentice-Hall. Inc,, 1973, 
Pulaski, Mary, tjnderstanding Piaget. New York: Harper and Rou/, 1971^ 

Purkey, William. ^elf^Concept and School AchievemenL Englewood Cliffs. N.J.: Prenticc-HalL 1970=- 

'^Quast. W. G. *'On CQnTputation and DrilL" The Arithmetic Teachen Vol 16 (December 1969), pp. 
627^630. Reach Out; A Handbook for the Support of Physically Handicapped Children in the^ Regular 
Classroom, 1978. A product of SAC (Serving All Children); Title VL Ph 91^230, Part B. ^ordo.i County 
Schools, Calhoun, Gjeorgia. ^ - ^ J ^ I ^ 

Reading Mathematics, Atlanta: Georgia Department of Education. 1975. ^ 

RiedeseL C. -Alan: "Research Suggestions: Use of^^^Time in Teaching Elementary School Mathematics," 
The Arithmetic Teacher. Vol 18 (March 1971). pp. 177^179. - \ 

RiedeseL C. Alan. "Verbal Problem Solving: Suggestions for Improving Instruction/' The Arithmetic 
Teacher, Vol. (May 1964). pp, 312-316; ' ^ ^ ' 

^eideseL C. A. and L G. Callahan. Elementary Scho^fMathenmtics for TeacherB. New York: Harper & 
Row Publishers. 1977. K J ' 

ReideseL C, A. and-P. C. Burns. Handbook for Exploratory and Systematic Teaching 0f Elementary School 
Mathematics. New York: Harper & Row Publishers, 1977, 

ReismarK F. K. A fiuide to the Diagnostic Teaching of Arithmetic. Colum'bus. Ohio^.Charles E. Merrili 
Publishing Co/, 1972 cfr 2nd ed.. 1977. ^ * 

Reisman. F. Ki and S. H. Kaufman. ^Teaching MathematicB to Children with Special Needs. Columbus. 
Ohio: Charles E, MerHII Publishijig^WSO. 

Reisman. F. K. Diagnostic Teaching of Elementary School Mathematics. Chicago: Rand McNallK 
Publishing Co. 1977. ^ 



ERIC 



Reynolds, M. C. and J. W. Birch. Teaching Exceptional Children in AU Americans SchoolB. Reston, Vai 
The Cbunqfl for Exceptional Childr^rt, 1977* ' . \ ^ 

Reys, Robert. "Mathematics, Multiple Embodtnient. and Elementary Teachers," The Arithmetic Teacher^ 
Vol 19 (October 1972) pp. 489^493. ^ . . 

Reys* R. E.4 and T, R. Post. The MathematicB Laboratorp, Theory tm Pradtiqe. Boston: Pr indie* Weber & 
Schmidt, Inc.. 1973, ^ 

Rising* Gerald R^ and Joseph Harkin. The Third *B*: MathematicB Teaching in Grades K-S. BelmoDt, 
Calfft: Wadsworth, J978, ^ ' ' \ . ' . 

Romberg, Thomas, "A Note on Multiplying FractionSi" The Arithmetic Teacher, Vol. 15 (March 1968), pp; 
263-265. J ^ * . - 

^Romberg*" Tfiomas and WiUpn, Jamesj^TM^evelopment of Tests for the National Longitudinal Study of 
Mathematical AbiHtles," fhe^Mathdn^tlcB Teacher, Vol 61 (May 1968), pp. 489'495. 

rtosskopf, Myron. "Transfer of Training," The Learning oj MathematicBf ItB Theory and Practtce. 

Twenty-ftrst Yearbook of The National Council of Teacher^^ of ^Mathematics. Washington^ D.C.: 
, NCTM, 1953, pp. 205^227, , / * , . ^ 

Roubinek^ ff, L. "Individualized Mainstreaming: Another Option- for Principals," National Elementary 
^ Principal 1977^ Vol. 56, No^ 6, pp. 4*'46,, ' ^ 

Rowe, MkrV' "Science, SileOi^e, and Sanctions." Science and Children, Vol. 6 (March 1969), pp, 11-13. 

Russell, Seldon and William P. Dunlap.^iAh InterdiBcipHnary Approacfj to Reading and Mathematics. San 
Rafael, Calif,:' Academic Therapy Publications, 1977.- 

Sandel, Daniel, "Teach So Your Goals Are Showing!" The Arithmetic TepcHer, VoL 15 (April 1968), pp. 
320^323, - . ; Ml 

Sanders, Norris. Second Look at Classroom Questions," High SchoqhiJQUmaL Vol. 55 (March 1972). 
^'^p^265-277, 

Sanders, Norris. ClaBsroom Qaestions: What Kinds? New York: Hamper & Rou/. L966. 

Schmalz, Rosemary. S. P. "Categorization of Questions That Mathematit^^ Teachers^Ask," The Mathematics 
Teacher, Vol, 66 (Novembef\197a), pp. 619-626. 

Schmuck, Richard and Patricia Schmuck. Group Procemes in the Ojassroom. 2nd ed. Dubuque, Iowa: 
/ Wm. C. Browni 1975, ^ 

Schnur, Janmes,and Leroy Callahan. "Knowledge of Certain Gedmetri^ Concepts Possessed by Students on 
Leaving Elementary School," Sphool Science and MathematicB^ y ol^ 73 (June 1973), pp. 471-478. 

Sch^en, Harold. "Self-paced Mathematics Instruction: How Effective Has It Been?" The ArithmetrG 
Teacher, Vol, 23 (February 1976), pp. 90-96. 

School Mathematics Study GVoup. An S^SG Statement on Objectives in Mathemdtics Education, 
Newsletter No, 38 (August 1972), 

Seymour, D., et aL Aftermath. Palo Alto, Calif: Creative Publications. 1975. 

a ■ _ I 

Shipp, Donald and George Deer. "The Use of Class Time in Arithmetic," The Arithmetic Teacher^ Vol 7 
(March 1960), pp. 11742L^ ^ 

Shulman, Lee. "Psychology and Nfathematics Education," Mathernatics Education. Sixty^ninth Yearbook, 

Part I of the National Society for the Study of Education. Edited by Begle, Edward, Chicago: National 

* Society for the ^Study of Education, 1970, pp. 23-71, / = « » 

^ ^ ^ ' \ . / "I - . . .. . _ ^ 

Shumu/ay, Richard. "Student^ Should See *Wrong* Examples. Anf Idea From Research on Learning," The , 

Aritfimetic TeacAier, VpL 21 (April 1974). pp. 344-348. . ; ' , . » 

• ■ . . . ,.i4' 3 93. \ , • . ■■ 



Shuster, Afcert and Fred Pigge\ ''Retention Efficiency of Meaningful Teaching,*' The Arithmetic Teacher, 
Vol; 12 (Januat^ 1965), pp^ 24-31/ ^ ^ \ * , ^ 

' ^Simmorfs, Roberta, Florence Rosenberg and Morris^ Rosenberg. "Disturbance in the Self-irriage at 

• ^ Adolescehce/^ American Socloiagtcal Rev 

Sims, Jacqueline/"Improving Problem-solving Skills," Thf Arithmetic Teacher, Vol, 16 (January 1969), 
. pp. 17-20.. . . ^ ^ • 

Sinclair, Hermine, **Piaget's Theory of Development: The Main Stages,'* Piagetian Cognitive-Development 
Research and Mathematical Education. Edited by Rosskopf, Myron, et. al. Washington, D.C.: NCTM, 
1971, pp. 1-11, k 

Sinclair, Hermine^ '*Representation and Mennory,*^ Piagetian Cognitive^Development Research and 
/l^athematicai Baucation, Edited by Rosskopf, Myron* et. al. Washington, D.C.; NCTM, 1971, pp, 
125jl35. . ^ . ' ^ 

Skemp, Richard. R. Intelligence, Learning, and Action: A Foundation for Theo^ and Practice in Education. 
, Sufsex, Engjand: Wiley; 1979. ' ' ' \ % ^ 

Skemp, Richard R. The pBychBlogp of 'beaming Mathematics. Hafmondswocki Penguin, 1971. 

Sloan, Fred, Jr. and RcAert Pate. . "Teaftier*pupil Interaction in Two Ap^proaches to Mathematics," 
Elementary Joumai Vol. 67 (December 1966), pp. 161^167. ' - 

Smithi D. E. NuTnber Stories of Long Ago. Classics in Mathematics Education Series. Reston, ^Va.: 
National Council of Teachers of Mathematics, 1969, ; , 

Smith, *David and WilJiam Reeve. The Teaching of Junior High &chool Mathematics, Boston: Ginn, 1927. 

Smith, Frgnk. UnderBtanding Reading. New York: Holt, Rinfehart and Winston, 1978.^ , 

Smith, Louis. Group Processes in E4ementary and Secondary Schools. What Research Says to the Teacher 
Series, No. 19. Washington, D.C.: Association of Classroom Teachers o\ the National Edi^cation 
Association. 1959. ^ * ' - 

jSnrith. S. E. Jr, and C. A. Backmrfn. eds. Games and Puzzles for Elementary School Mathematics. 

y Reston, Va.: National Council of Teaehers of Mathematics. 19^5. 
/ ' ' ^ 

, Smith, S. E= Jr. and C. Backman, ed^. Teacher Made Aids for Elementary School Mathematics. Re^ton, 

• Va -. National Council of Teachers of Mathematics, 1974. 

' *Sm6ck, Charles and G#tcheji Belovicz. "Understanding of Concepts of Probability Theory by Junior 
High School Children?' Fihal repprt Project No, 6^295^ ERIC No. ED 020 147. Lafayette, 'ndiana: U.^ 
Office of Education Bureau of Research^ (February 1968). - - - 

Snyder, Henry. ''Problem Solutions That Ask Questions," School Science and Mathematics, VoL 66 (April 
1966), pp. 373^76. ' 

Soared, Loujge, Anthony Soares and Philip Pumeraniz. *'Self-perceptioii of Middlg-school PupiU,** 
Elementary School Journal^<A^JS {Apr\\ 1^^ ^ . ^ , ^ 

Sobel, Max and Evan Maletsk^Treaching Mathematics: ^ Sourcebook of A/ds, ActivitieB^ and strategies. 
Englewood Clife, N.J.fPrehtice Hall. 1975. 

Spencer, Peter Bnd ^avid Russell, ''Reading In Aritf^meiic/' Insti'uctton in Arithm&tl^. bdiled by 
Grossnickle. "Foster. Twfenty-fifth Yearbook of the National Council of Teachers of Mathematics. 
Washington, D.Q: NCTM, 1960, pp. 202^223. 

^ Streby, George. ^'Reading in Mathematics,'* The Arithmetic /eocher, Vol 4 (March 1957), pp 79-81. 

Suchjnan, J. Richard. Developing rnquiry. Chicago: SRA, 1966. 



M5 

200 



ERIC 



Suydam; Marilyn. Evalua^^tion^in the Mathematicsl Classroom: Fron^What and Why toHow and Where, 
Columbus, Ohio: Ffei r : Information Analysisipfinter for Science, Mathematics and Environmental 
Education, 197l4, 

Suydam, Marilyn. Unpu^^Ushed Instruments for Evaludtion in MathernaticB Education: An Annotated 
Lhilng. Columbus, Ohioo: ERIC Information Aifalysis Center for Science, Mathematics and Environmental 
Education, 1974, 

Suydams Marilyn and D. DesBan. ClaBBroom Ideas from Research on ComputatlonQl Skills. Reston, Va,; 
National Council of Te^schers of Matliemat|cSj lft7€. 



S^ydam, Marilyn and Ala.^n Osborne. Algontt 




arhing: Columbus, Ohio: ERIC Information Analysis 
Sducation, 1975. 



Center for Science, MAtej hematics and Enviror^ 
Su/art, William, "EvalUatttaon of Mathematfc^ Instruction in the Elementary Ciassroom/' The Arithmetic 

SM/enson, J, Teaching i^S^athematics to jChtldren. New York: The Macmillan Company, 1973. - 
Teacher'Made 'AidsfQf El* ementary School Mathematics. Reston, Va.: NCTM, 1974. ' ' ^ 

^rheSlow Learner in M^athematics, Thirty-fifth Yearbook of The National Council of Teachers of 
Malhematics. Washington. D.C.: NOTM, 1^74. . ^ . 

The Teaching of SecondMary School I MatheniaticB.^Th\tty 'third of the National Council of 

Teachers of Maithemati* ICS. DiX^.: MCTM. 1970. ' 

- / * - 

Thomason, M\ E. Modem ^ Math Garpes Activities and Puzz/es. Belmont, Calif.: Lear Sleglej, Inc. Fearon 

' Publishers, 1970. . / * ' ^ ' ^ 

Thompson, George. **Disc=ipIine an^ the High School Tfeacher," The Clearing Hou^e,VoL49 (May 1976); 
^ pp.408. 

^ThQiiipson, M. ProbabiUt^^ and Statistics. Reading, Mass.: Addison-Wesley Pu'blishing Co.. 1976. 

Thompson, M. Graphs: TWhe Picwhng of Informatian. Reading, Mass,: Addison- Wesley Publishing Co,, 
, I9?6. 

Trafton.Paul and ivtarilya ^ Suydam, "Computation Skills: A Point of Viejv," TheArithmiic Teacher, Vol 
2^; No. 7 (November 1^75) pb. 528-537. \ ^ \ 

Trimbk Harold C. Math^smatics Around Us. Glenview. ill.: Scott, Foresman and Company, 1978. 

■ f * ■ , 

Trimble, Harold, "Probler^Tris as Means,'* The Mathemfltics Teacher, Vol. 59 (January 1966), pp. 6-8. 

Trueblood, Cec^l. ''Prom^^ting Problem-solving Skills Through Nonverbal Problenis,' The Arithmetic 
Imcher. Vol. 16, (Janu-.ary 0969)* pp. 7^9. < ^ 

Uniiid Science and Mat^hematics for Elementary Schools? C/assroom Managemenl. Newton, Mass,: 
Education Development^ Qenter, 1975. 

VanceJames and Thoma^.s Kieren. "Laboratory Settings in Mathematics: What Does Research Say to the 
Teacher?" The Arithmetic Teacher. Vol. 18 (December 1971), pp. 585-589, 



=More Than Fun?" School Science and 



I - 
Vance, James and Thom^ss Kieren. ^'Mathematics Laboratoriei 

Affl(hema«cs, Vol. 72 (^pctober ^1972), pp, 617^623. 

VanderUnde, Louis.. **Doe&s the Study of Quanfitaiyve Vocabulary Imprdve Problem Solylng?'\£lementa^ 
5c/iODMour7ial, Vol, 6$ i (December 1964),, ppriw^ ^ 



Van Engei 
(Decembe 



n, Henry; ''RafeBe Pair 
ber I960), pp. &^^S9»39! 



s. Fractions, and Rational Numbers, 
9. 



The Arithmetk Teacher, Vol, 7 



1.16 



201 



Van Engen, Henry* **The FormatiaTn of Concepts," The Learning of Mathernatics; Its Theory and Pr^actice. 
Twenty-first Yearbooli of the National Council of Teachers of Mathematics. Washington, D.C.: OSCTM, 
1953. pp, 69-98. 

Van Engen, Henry. "Twentieth Century Mathematics for the Elementary School "The Arithmetic T^sacherf 
Vol 6 (March 1959). pp; 71*76. ' s . 

Van Enge(n, Henry ^and Ray Cleveland. "Mathematics Models for Physical Situations;" The Math^^rnatics 
Teathip, Vol, 60 (October 1967). pp. 578^581. 

Wahr J, and S; WahL / Can Count the Petals of a Flower, Reston, Va,: National Council of Teac liers of 
Mathematics, 1976. ' ^ 

WalbesilrT^'Heqry, ,**Behavioral Objectives: A Case Celebre," The Arithmetic Teacher, Vol. 19 (^3tctobef 
1^72), pp. 418. 436-440. ' 

Walbesser. Henry and Theodore Eisenberg! ^4 Review of Research on Behavioral Objectives and L^^aming 
Hierarchies, ' ColurnbuB, Ohio: ERIC Information Analysis ^ Center for Science, Mathematic=s, and 
Environmental Education, 1972. ^* ^ " 

Walter. M. L Boxes, Squares, and Other Things. Reston, Va,: National Council of Teachers of Mat&iemat- 
^ ics, 1970, ^ * , * 

Walson, Larry. "Stating Broad Goals of Mathematics Education," School Science and Mathemati^^s, Vol. 
72 (June 1972). pp. 535*538. , 

Weaver. J- "Evaluation and tKe QIassroom Teacher," E,,G. Begle ed., Mathetnailcs Education^ Sixty* 
ninth Yearbooli: of the National Sociew for the Study of Education,. Chicago:.UntVersity of Cl3iicago 
press. 1970. ^ 

Weaver. Ji Fred and Marilyn N. Suydam, Meaningful instruciion In MathematkB Education. S_^1EAC 
Information Report, June. 1972, Columbus, Ohio: ERIC/Science, Mathematics, and Environ MTiental 
Education Information Analysis Center. 1972. ^ 

Webster, Staten. Discipline in the Classroom^ San Francisco: Chandler. 1968. 

Weintraub, Samuel. "Reading Graphs*, Chisrts, and LJiagrariis Heading Teacher. Vol. 20 (January 1967), 
pp. 345. 347. 349. ^ 

Weyl. Peter. Men, Ants, and ^lephants: Size in the Animal World. New York: Vil^lngp 1959. 

'Where Do Vou Stand? Cumputationai ^klll is Passe," i h^ MuthematicB ieacher, Vol. 67 (October 1974), 
pp, 485 488 . i ' 

^ Wickelgren, Wayrie. Huw to Solv^ f^roblerri^. ban hraiicibco; W, W hitf^nioi^ 1974 

Wiederholt. J. L, "Interaction Between Special and Regular hducaluis; Seiviny the'Miidly ^andicat — *pedV" 
Journal of Special Education, lS77. Vol. II, No. 2, p. 5E 

Wilkinson, Jack. "A Revi#^^ oi Research Hegaidiny Math^iiiatit-a l.^but^iutiH^," Mutheiftutics L ^buia 
tories: Implementation, H^f^na/} ctnd Evaluation. Edited by Fitzgerald, U/illidm and Higgin^s. Jon; 
Columbus. Ohio: ERIC Infomiation Analysis Cent%fr for Science. Mathematics, and Environ cTnental 
Education, 1974, pp, 35=59. \ 

Williams. Mary and Russell McCieiylu bhail Muvc tli*; Que^ti^nj*" Adthimtii^ ieut^ier, W^ot 12 
(October 1965). pp. 418-42E 

Wills, Herbert. **Generaiizations." The Teaching of Secoridary S oo/ Afaihemuf/cs. Thirty -third Ve^arbook 
of The National Council of Tethers o£ Mathematics. Washington, Dd NCTM, 1970, pp. 267-r290. 

Wilson. James. **Do Standardized Tests Measure the Wrong Things?" The Mathematics Teacher, S^qI, 66 
(April 1973), pp. 295. 367 370, 

M7 

■ ■ ' ^202 . ■ ' ^ ^. 



ERIC 



Wilson. Jam^s. **EvaIuationo(Uarning in Secondary Scho^^ o! Mathematics.^ Handbook on Fonnatttjmd 
Summat'we EvalUQitori oj Student Learning, =Bd\tQd by BEDoom. Benjamin and Hastings, J. Thoni^ii^nd 
Madaus, Geojge, New Vcrk; Mc6raw-Hill, 1971. pp, 64^3-^96. J 

Wison. John, "The Role of Structure in Verbal Problen^-i Solving," The AHthni^tic Teacher/yiAi 
(October 1967). pp. 486497. ^ \ . 

Wirtz. Robert Bankhm onprobhrn Solving. Palo Alto, ^ Calif: Creative Publications. 1976. 

Wirtz. Robert W, Drill artel Practice at the Prdblem Solving ^ LiveL Palo Alto, Calif Creative Publicadoiii, 
1974. . ' % / 

Young. J/W.A, "Tire "te^clilng of Nfathematics/' The !^Mathematic& Teacher, Vol. 61 (M^rch M, 
pp/287-295. ^ 

Zahn, Karl. "tJse of Class Time in Eighth-grade Arithm^stiCp" 7:he Arithmetic Teacher, Vol l3, No. 2 
(February 1966), pp, 113120, ■ 

Zweng* Marilyn. **A Reactionlothe Role of Structure in VgrKiial Problem Solving," The Anthm&tio fe^te 
Vol. 1 (March 1968). ppJ51-253. 



148 



s 







1.. . 

f 

1- 


. 1 


1 

.' f ^ ^ 


t V 




ERIC 



204 



I I 



j ! 



- ' . Apipiendix A 

"^^ ^ ^ ^ prgahiiAtip 

Essentials^' ok EjAul^^ 

(a .stirteinent w^ittgniramd endprsed by professlpriel^educatlona! organizations) 



Society must reafflrni the value of a balanced educatlQn* # ^ 

4 Leaders of several professional orgahizations reached this conclusion In 1978. They circulated a statetinent 
on jhe cessentialg.^of educatidn -amctng a number'of prb^^ associations whose gqvernmg boards 

endbrsed^the Stat en^eht and ur^edvthat it be cailed^o th^ of ,the eirtire education 

conirnunlty; of poHcy^makers and of the publi^^ large: : ^ V ^ - 

The statement that follows enibodies the collective cqiicirn of theHendorsing associations. It expresses their 
. call for a renewed conifnitnient to a rnore conn 

;T The iisdcidtidns invite :th# concurrencer su^^^ and pa 

: The E^sehtials of Educati^ ^ ^ ^ 

, Public concern about basic knowledge and the basic skilU in education,is valid. Society should continually 
^ seek out* deflne and theh provide for every person those elements of education that are essential to a 
^productive aild meaningful life. ^ ^ 

"The basic elements of knowledgii arid skill are only a :part o?the essentials of ed Irt an era-: 

dominated by cries for going "back to the basics,'' for ''minimal competencies," and for "survival skills," ' 
' society should reject sirnplistic solutions and declare a cornmitmint to the essentials of edubation^ 

sJA definition of the essentials of education sliouid avoid three easy tendencies: to limit the essentials to "the 
three RV ' in a socitty thatjs highly tgchrtploglcal and complex^ to define the^sentials by whatJs tested at 
a tlnne U%en tests arje^sever in what , they can measurer and to reduce the essentials to a few 

' ''skills" when It is obvious that pleople use a combination of skflls^ knowledge and feelings td cDttie to terms 
With their world. By Tejecting these siniplistic iendencles, educators will avoid concentratipn on training In 
a few skills at the expense of preparing sti^ehts for the world in which they must live. 7 

-Educators should resist pressuW easy^toftest bits^^of k^owledgei- 

, \:and must go beyond short-teirni objectives of training for jobs or producing citizens whp can perfprniYputine 
/ tasks, but cannot apply their knowledge or skills, cannot reason' about their society, and bannot make 

Informed judgments. / * . " . = : : \ 

' What* Than inre the Esseiit^ ' * - . . ' 

: Educators agree that the overarching goal of education is. to develop informed, thinking citizens capable of 
participating In both domestic and world afhirs. The development of such citizens depends not only upon 
- educatiori forcitizenshipp but also upon other essentials of education shared by all subjects. 

The Interdependence of skills and ^ntM the central concept of the esientrals of education.^ Skills gnd 
abilities do not grow in isolation from contehtp In all subjects, studenti develop skills in using language and 
' other symbol systemi^s; they deverop the ability to reason|they undergo experiences that lead to emotional 
knd social maturity. ^€tudents^master;the^ observingi ll^eningt reading^ 

talking, and writing about science, mathehiatics, history and the^sociar sciences, the artS: and other 
aspects of pur i/itellectual, social and cultural heritag^^ they learn about their world and its heritage they . 
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necessarily deepen their i^iils in lahguage and reaspnirig ahd acquire the basis for enib^hal, aesthetic and 
\ social growth. .They alsb^become^aware of the them and develop an urMerstanding and 

appreciation of the iriterdependence of the many facets, of that world. 

More specifically* fh^ essentials of education' include the ability to use language* to think* and to'; 
communicate effect ively; to use mat hennfat leal knowledgp and methods to solve problems; to reasori 
Jogicallyi to use abstractions and symbols with power and ease; to apply and to uriderstahd sctentlflc 
knowledge and methods tp make use of technology and to understand its limltalionsr to express oneself 
; fthrough the arts and to understand the artistic eKpressions pf others; to^ uriderstand other languages and y 

cultures; to, understand spatlial relationship^; tb apply knowledge about he gltf^" nutrition^ and physical 
" activity; to acquire the capacity to meet unexpected challenges; to make informed value judgments to 
recognize and to use one's fall learning potential; and to prepare to g lifetime. 

Such a definition'^ calls for a realization that all disciplines must Join together and acknbwle^e their ^ 
Interdependence. Determining the essentials of education is a continuing processi far more demanding and ^ 
slgnlflcant than lining isolated skills assumed to' be basic. Putting the essentials of education intg| practice 
requires Instru^ional progranns t^sed on this new sense of i^^ • 

Educators niust also join wirf^niamy segments of society to specity the essentials of education more fally. ^ 
Among these segments are leglslatorsp school boards* parents* students, workers' organisations* business- 
es, publishers, arid other groups and individuals with an interest in education. All must now participate in a 
coordinated effort on behalf of socieft? to confront this task^ Everifone Has a stake In the essentials of 

Professional Associations Endorsins This Statement V 

American Alliance for Health, Physical Education, Recreation and Dance 
1201 16th Street, N.W., WisW^ 

Anierican Council on the Teaching of Foreign Language^ 
2 Park Avenue* Room 1814, New York^ 

Association for Supervision and Curriculum pevelopme 
225 North Washington Street, Alexandria* Virginia 22314 (703) 549-9110 

international Reading Association 
800 Barksdale Road, P.O. B^^ 8139, Newark, Delaware 19711 (302) 731-1600 

— . .... " " . '■ ■ . ■ ■ . . - ^ . . ' ^ - ; , ■ . .,. 

Music Educators NationarGonference ^ ^ ' ^ 

1902 Association Drive, Reston, V \ ^ . : 

National Art Education Association 

ipa Association Drive, Reston, Virginia 22091 (703) T « 

National AssoQiation of Elementary School Pri^ 
1801 Modre Street, Arlington, Virginia 222 

National Council for the Social Studies 1^ . . / 

3615 Wisconsin Avenue! N.W,/ Washington, D.C 2 

National Council of .Teachers of English 

1111 KeiwonRbad. Urbana, Illinois 61801 (217) 328^^^ \ 

National Council of Teachers of Mathematics © 
1906 Association Drive, Reston, Virginia 2 

National Sclehce Teachers Assbclatlon - 

1742 Connecticut Avenue, N.W.,Washin^^^ . 

Speech Communication .Association r \ - 

V 5205 Leesburg Pike, Falls Church, Virginia 22041 (703) 379-18^^ 
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Ppsitibii PapOT on Basle Mathematical Skills ^{ 
th^Natlonar CowneU off Su^ 

Introduetlon - ' - A- 

Jhe currently popular slc^an "Back to the Basics*' h£itbecdme a rallying cry of many who perceive a need 
for certain ehangesr in^ducatlon. The result Is a trend that ^has gained considerable momentum and has 
initiated dema^s for prbgrarn^ and evaluations jMhich emp^ defined skills. ' 

Mathematics educators find themselves under considerable pressure ^firdm boarcls of educationp legisla- 
tures, and citizen's groups who are demanding instructional programs which will guarantee acquisition of 
computational skills. Leaders in mathematics education have eKpressed a need for clari4?ing what are the 
basic skills needed by students who ho ^ 

The narrow deflnitiQn bf basic^skills. which equates mathematical competence with computationarability 
has evolved as a result of several fdrcesr - ^ 

1^ Declining scores on standardized achievement tests and coUege entrance^ ' ' 

2* Reactions to the results qf the National Assessment of Educational progress; ^ ^ , \ 



.3^ Rising co^m of education and increasing demands for accbuntab 

4.. Shifting emphasis in mathematics education firom curriculum content to instructional methods and 
.alternatives. 

5. Increased awareness of the need to provide rernedial and compensatory programU; 

6. The widespread publicity given to each of the above by the media. ' 

This AVidespread publicity^ in particularV has generated a caU for action from governmental agencies, 
educational organizations and community groups. In responding to these calls, the National. Institute of 
Education adopted the area of basic skills as 'a major pribrit^^ This resulted in a Conference on Basic 
Mathematical SkillsVand Learning, held in Euclidp. Ohio, in October, 19 . 

The National Council of Supervisors of Mathematics (NCSM), during the 1976 Ahnual Meeting in Atlanta, 
Georgia, met in a special session to. discuss the Euclid Conference Report. More than 100 members 
participating in that session expressed the need for a unified-positidn on basic mathematical skills which 
would enable them to prbvide more effective leadership within their respecttvej^chool systems, to give 
adequate rationAe and direction in their tasks of implementing basic mathefriatics programs, and to 
appropriately expand the deflnitlbn of basic skills. Hence, by an overwhelming majority, they mandated the 
NCSM to.establish a task force to formulate a position dn bdsic mathernatical skills. This statement is the^ 
result of that effort.^ . ■ ^ 

Rationale for the Expanded Definition . 

There are many reasons why basic skills must include more than computation. The'present technological 
society requires daily use of such skills as estimating, problem solving, xnterpreting data/ organising data, 
measuring, predicting and applying mathematics to everyday situations. The changing needs of society, the 
eKplpsiph of the amount of quantitative data, and the availability of computers and calculators demand a 
re'd^flning of the priorities for basic mathenriatics skills. In recognition ofihe inadequacy of computation 
i^one/ NCSM is going on record as providing both a general list of basic itiathematlcal skills and a 
clariflcatioh of the need for s^ch an expanded definition bf basic skills. . . - : 
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Any list of basic sWIis must inci skills in mAhematics 

must be SMn in the lighf ofthf^epntfibutioM the^ to;use math^maties in eveivday^ 

nving. Ill isoifitionj .comput skills - contribute Uttlie to one's ability to participate in mainstrea^ 

^ society. Combined affectively with t^e 'pther skill areas, they proyiae the learner with the bas^ 
mathenratical ability needed by: adultsr^ , ^ ^ V : " ' f? :J ' 

Peffinins Basic Skills - ^' •■ -.-.'V" - ••^>h""= r;^;' 

The.;NCSM vie^^ basic matheniatical skills as fallirig under ten vital, areas. The ten skill areas are 
Interrelated and many . overlap ; with each other- and ^with other disciplines. AH are basic to pupils- 
deyelopment of the ability to reason effectivery in varied situations. " ^ ' * 

, This expanded list is presented with the conviction that mathematics education inust not emphasize 
computational skills to the neglect of other critical areas of mathematies^ The ten components of b^sitf 
mathematical skills are listed below* but the order of their li should not be interpreted as indicating 
either a priortty of importance or a sequence for ^^t - ^- . \ ^ _ j 

Furthermorep as society changes pur ideas about which skills are basic also change. For examj^j^ today 
our students should learn to meamire in both the customary and metric systems, but in the ffiiture the 
significance of the customary system will be mostly historicaL There will also be increasing emphasis on 
when and how to use hand^held calculators and other electronic devices=in mathematics, * 

Ten Basic ^111 Areas > , 

y.Probtmm Soiving ^ . ^ 

Learning to solve problems i^ the principal reason for studying mathematics: Problefn solving is the process^ 
of applying previously acquired knowledge to aew and unfamiliar situations. Solving word problems in texts 
is one form of problem so W^g* but students also should "be faced wth non-textbook problems/:' 
Probrem-solving strategies involve' pbsing questions, analyzing situations, translating results, illustrating 
resultb, drawing diagrams, and using trial and error. In solving problems^ students need to be ablf to apply, 
the rulesof logic necessary to arrive at val id conclusions; They m ust he able^fd deterini ne which fairts are J 
relevant. They should Jbeunfearftil of arriving %t tentative conclusions and they must be willing t^subject 
these conclusions to scijjtiny. ^^ -^ j " . 

Appfying Mathematics to Bvmrydap SU^ ; ^ ■ ^ 

The use of mathematics is interrelated with all computation acti^cs^ Students should be encouraged.to 
take everyday situations, translate them into mathematical expressionSi solve the mathematics* and 
interpret the results* in light of the initial situation. - 

Almrtinmmm to ihB-Rmasanabimnm _ i - _ — ^ — :^ :i _ _ 

Due to arithmetic errors or other mistakes, results of mathematical work are sometimes wrong/Students 
should learn to inspect all results and io check for reasonableness in terms of the original problem. With the 
increase In the use of ^Ictilating devices in society* this sk^ ^ 

EmtiMaHon and Approximation ^ ^ „ . . . ^ ^ 

Students should be able to carry out rapid ^proKimate calculations by first rounding off numbei^s. They 
should acquire some simple techniques for estimating quantity, length, distance, weight, etc. It is also 
necessary to^ decide when a particular result is precise enough for the purpose at hand. 

Appropriatm Computational Stditm 

Students should gain facility with addition, subtraction, multipWcation, and division with whole numbers 
and decimals. Today it must be recognized that long, complicated computations will usually be done with a 
calculator. Knowledge of single-digit number facts is essential and mental arithmetic is a valuable skill. 
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vSlorcov€t| thif c "are everyday sitn^ions " which demand recognitiQn- of, and iimple computation withi 
common fractions^. ; ;\. / : \\ - v ; / - . ; V/^ * - ■-■ , . ■ ' , ' : ■- 

Because consumera continually deal with many situations that involve percentage, the ability to recbgnize 
-and use percents should be^develpped and niainta^ed. , v ^ . . " ^ " ; : * " : 

Gm^m^try v/..- ' ' ^'-"v-;- 

' Students should learn the geometric concepts they will need to ftin^io'n effectively in the S^d^ensional 
world. They should have knowledge of p6ncept5 such as point, line, plane, parallel, ai^ perpeiidicular/They 
should know basic properties of siinple geometric^ flgiTres, particularly those properties which relate to 
measurement and problenviolving skills^ 'Hiey also nniust be-able to recognize slrnllaritles and difFerehces 
among objetts. ^ ^ , ^ ; ' i* . : 

MmamurmMnmnt ^' ' v : v 

As a minimum skill, students shoftid be lible to measure distance, weight, time, capacity, and temperature. 
Measurement of arfgles and calculations of simple areas and volumes are dlso essential. Students should be^ 
able to peijbrm nrieasurement in both metric and customary systems using the appfopriate tools, ' 

Rmadingr intmrprmtingf Mnd Construct ° . 

Students should know how to read and draw conclusions from simple tables, maps, charts ahd graphs. 
They shoul^ be able tpjcondense Numerical informatloh into more manageable or meaningftrf^jei^ns by 
^setting up^ijmple tables, 

' ^. f.: '- ... . - . . ^ ' ' ^ . ■ ■ ■ ■ ^ 

Uming MdthmmaHcs to Predict . ' • * 

Students^should learn how elementary notions of probability are used to determine the likelihood bf hiture ^ 
eyerifs. They shouFd learn Ho identify sitoations; wherfe immediate pjist eKperiehce does, riot affect the 
likelihoo'd^f ftiture events. They should become familiar with how mathematics Is used to help make 
predictidrts such as election forecasts.^ .. . :. ■ . . - ^ ^ . ' _ 



rlt is iKiportarit for all citizens to understand what computers can and cannot do. Students should be aware 
of the many uses of computers in society, such as their use in teachlng/learnihg, fiifancial transactions, and : 
information storage and retrieval. The "mystique" ^ surrounding computers- ^i^ disturbing and c^ti put. 
persons with no understanding of computers at a disadvantage. The increasing use 'of computers by 
government, Industry, and business demands an awareness of cort T 



Basic SklUs and the Students ^Futute 



Anyone adopting a definition of basic skills should consideF the "tdodr^opehihg/door^closlng'Mmplicattons 
of the list. The following diagram lllustrat eg expected outcomes associated %lth vari6us amounts, of skill 
development. , \ ^ / ' * 



Scope of Skill Deyeloprrient - 



Expe^ed Outcomes 



EXPANDED SKILLS 

Mathematical skills beyond 
plus a desire to learn mori^ 


those described here 


. — ^ — . — ^ . — ^ 


BASIC SKILLS^ 

The skills described here. 









POTENTIAL LEADERS 

Employment and educational opportunities will 
continue to Increase as mathenniatlcal skills con- 
tinue to grow; 
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EMPLOYMENT VERY LIKELY 

Employment opportunities are predictable. Doors 
to ftirther^ education opportunities are open. ^ 
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nputatioii^%!i 


■■'-u *;•;■• - 


Limited skills, primarily cor 
- potura j to the dt her^ ski 1 1 arc 




Ihere/, 



Unemployment Utfeely J; Potential^ gerieral^ limited 
to low-Ievel jobs* :\ p • V ^ ^ . 



Miniin|iii| Essf nrials For H|gli-Sclip<M^« ; " 

. Today some schdol bdards and state legjsl^ures we startle to mandate taastery of mini^ essantial ^ 
skills in reading and matheriiatrc^ a re^urrement for high-s^ graduation. In the process, they shduld. 
.'/Consider the potential pitfaljs pf doing thit-^^ deftnitiph^f "basic skills.- If tj^e r 

liiathematicfs^r arcsit iribrdinately;highi then a signiflcent nurriberW^udents may^ able - . 

itb graduate. On the other hand^ if^the iTi;athernatics requirements are set too low and mathematical skills 
are too nartowly^deflnedp the result cKiuld be a sterile mat program cdncentrating exclusively 

- learning pf Ipw-Ievel mathematical/kin§^This position pdper neither recommends nor cdhdemns minimal 
competencies for.high-iichoot graduate the ten. components ^of basic skills stated here *can, 

serve as guidelines far state md local school syrt^ that are considering the establishment of minimum; 
essential graSuatiph rgquirement^^^ ^ ; / . ' / \ ^ ^ " ^ ^ 

D|evel6pl^s the^ jjasie Skills v V _ ^ _ 

' Dnfe^individual difference among riudtfirts is style or of learning. In offering opportunities to l^^n the 
brfsic skills, dptions miist be provided to rqeet these varying leiirning styles. The ptesAt "back-to-btfsics"* 
' movement ma^ lead to an emphasis on drill and practice as a way to leari^^^ ^ 

. Certainly drill and practice is a Viable optipn, but it Is only one of many po^ible iways^ t^^^^ 
learniiS and to create InteresP and motivation In todents. Learning centerj/contrarts. tutd^^^^^ 
Individual and small-group projects/ games^ simulations and community-based artivij are iome of the 
other options that can provide the bppprtunity to learn b^sic skllli. Ftfrthermpre, to^help ^tud^ 
understand baSiq. mafhemattt^al confc^epts, teachers should utilize the full range of activities and materjalS i 
available. Including bbjectsj^he students can actually handle. The leani|ng of bas^^^ 

:oritirting p*tpces^ which extend^ all of the yeart a srtudent is in schooL In particular, a ffendency to^ , 

emphasize computaflpn while neglectilp th nine skill areas at the elementary level must-be avpided. 

ETOluafing and ReprcMrting Stu ^ ^ - ^ 4 ^ ! 

Any^^^ basic skills must necessSriry b^ concerned with evaluating and reporting 

• = pupil progress- " ■ ^"T- JV^" ' ■ " " - ' 'T' .'■ ^-^^ / v ==i>:^ ■ . - -.r^/ ^ - \ 

. In evaluation, test results are used tb'judge'the effectivene§^ of the iristnictip^ mak^ 
^ heeded adjustments in the curriculum a^Jnstrucfion for the individuai student. In general, both educators • 
and the public have; aocepted and emphasized an overuse of., and ovprconfldence in the results of 
_ standardized t^sts. Standardized tests yield coniparisons between students and can provide a rank drderirig 
of Individuals, schools, or districts. However, standardized tests have several limitations including the 
following: ^ ^ ^ ' ' ; ^ : . ^ ^ . ^ ^ . ; 

^ a. iteitis are not necessarily generatedito measure a specific objert or instructional aini. - 

. b. The tests measure only a sample of the content that makes up a erogram; certain outcomes ar% not A 
measured at all.' . , - . . . ^ ' - 

Because they do not supply sufficient information about-how ihuch mathematics a student knows, 
J standardized tests are not the best iristruments available for reportlftg' individual pupil growth.^ Other \ 
alternatives such' as criterion tests or cdmpetericy tests must be considered. In criterion tests, Items^re 
generated which measure the specific objectives of the program and which establish the student's leverof 
mastery of th^f objectives. Competency tests are designed to determine if the individual has mastered trac 
skills necessary for a certain purpose such as entry Into the job market. There is also need for open-ehded 
assessnT(ints such as observations, interviews, and manipulatlyl tasks to assess skills which paper ^d v 
penclUfests do nof measure adequately, * 5ii ; 

• ' ^ . ■ ■■ : " = /■ .■ ■ . ^ ' ■ . ■ ••■ 
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Reports of puplti]p^ib9f^s& w made.: Butrwhile standafdlzfB^testf^^ 

domi n at e t t g^lng ^sceirie: ifpr si vera! yearSp there is an urgent heed tp^J^gtn; report ing pup 1 ^ ^ogress i n 
other terms* sucK:^ crit^rion.tests and competenSjjiTieasures. This will5alsp~djeniai^^ Imniediate^d 
extehsive program of inservice jf^ucation to instruct the general public on the' meiriing OT of 
such data a^nd to ipajble teactre^^ij^^ part of the lhstruetionai>^B^ta^ > : , 

Large sca!e^esting*:iwhetHe^^^ all students or a random samplji can reBpT^in inteuref^tibns w 

have great tnfluetice on cuft^lculam revfs and deveiopment^ Test results can indlcd^,ifdf example, that a 
particular mathernatical to^lc is being taught at thejA/rong time in the student'^ devitoprnentrand that It - 
might better^be intrbduccd latier p in the curriculum. Or, the resultf^ might Indicate th^-itudents are 

c6nfusi%^bbut*SDme-tpp as^ result of inappfcppfiate teaching procedures. In any case, test results sho&ld 
be c^^J^ly^^^^ned by^eiJucators with special skills in the area of curriculum developimnt* 

C^w^AUslp^:^^]' ;/-^- V : ' -■ . V . ; . - '■;C= 

pap% r^presiErits a atten^t by the National Council of Supervisors of Mathematics 

ifFcTcohibiuHrM skills^ The NCSM posltibn establishes a 

franigwc^ \^ltHin^^ tin program planning and irtiplementation can be made J It also sets forth 

the underlying T_at to nal&ylbr t^ dey^loping basic skills and for evaluating pupils! acquisition of 

these cbmpetehciesV The^^NC^M position undericbfes the fun^ Natibnal Council of" 

Supervisors ^^ Wath^ effective prdgratn of ba|ic rnathematlcal skilli must be directed not 

back but foiwiird ib the esserrtiar and ftiture, y - 

Yow^e enco^^ged to make an \ - i f ; 

Members of NCSM Tail^prM on B : - / V^ - O 

Mildred baniels, Detroit Public Sthools, Detroit, MIchu ^ ■ \; 
-David DpfTMffiiiesota Departijnient of Educ^qn, St^Paulp Mihh.v 
Jane Donnelly Gawronski, San Diego County Department of EdiifraMori^^^^^^^ 
W^IIiarn J^ Geppert," Delaware Departn^nt of Public Instrtictien,;D©^£riBel 

President* Assoclatlon:.of StatS Supervisors^f Mathemaflcs 
Peggy A. House, t^pi^'ersity of Minnesptap Minneapolis, Minn- 
Elgin Schlhab, Austin Independent School District/ AustlnvTeKas .^^,^-%^^ 
Glyn Sharpe, Jefferson County Public Schools, Lakewood, Col; ^ J 
Albert P. Schulte, Oakland Publlt Schools, Pontlac, Mich f ' ^ ' .^^^l^'^^^'^^^iZl^ 

Dorothy Strong, Chicago Board of Education, Chicago, III. - * /"^-i^r 

B. Ross Taylor, Minneapolis Public Schools, Mlnrieipbysp Minn:^ / '^^^ ^ -^t^ ^ 

"^ NCSM Basic Skills Task Force Chairperson ^\ V 
Afex tpbih^ School District of Philadelphia, Philadelphia, Pa. > ; 
■^-^PresidentrNCSM^'^'-^ -----r'-":-^'"'- 

Kay Tobinp Lexington Public Schools^ Leki^ ; ^ ; 

Edward Esty, National Institute of Educatio^Washingtbn; ^ 
J Resource Person, National Institute of Educatioh ^ - 
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Sugs^^ted Corricfultti^ Guide Format 



Concept Ottjactiv^s 



General 
objectives 



Enabling 
objectives 



Subjert area 



Thinking 



Suggested/^ Suiigested ^ Msthods forperfor-^ 
. activities^ ^^ourcu ^- manM appraisal ^ 



^tudy 



2^ o 
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Gtossarir for "Fe^^ 



THe purpose of the gloss^^ is for clariflcatlon of terms for the teacher and is not to be used by BUpils. Each 
teacher she uld have a reputable ^udjint^^t heniatics dictionary for use by i he pupili. 'v^ * 

; Abseissa - jf the brdered pair jp^umbers (tf pfc) are the coordinatea of a point of a graph, the number a is 
^ Tthe abscissa.. For comparison, seoOrd : - . / ^ V * 

Absolute Errorj:^^ One-half t^f^smallei^ marked irtten/al on the scale being used. 

. l4b5oiute ValUe " The ab^fute valul of thejeal number a is denoted by o . If a > 0 then a ^ a and If a 
< 0,> a ^Q. On the number-line absolute 

A^enrMfp The accuracy of a nneasurement depends up 

number of ^significant digits i s . ^ . ^ 

■ " AddiidVe Mm tl^\7^~ TOe num s^lof HuiTOers thflj has the fp dV 

^ + / ^ Q for all a In thjfe sit . The si/mbol for the a'ddit i ye identity is usually 0; In tKe complex numbers It Is 0 + : 
^01, and in some' jE^stems bears no res ; 

Addlilva Invmwmm , ' For any given number a in a set of numbers the inverse^ usually designated by (~a) 
' is that number which/ when added to CI will give the a " t 

Als^braic Expression An algebraic expression may be a single numeral or h single variahlei or. It 
inairconsi^^^ cdmbi nat idris of numbers &nd i^ariables, together with symbols of operation & nd sy n^bbls of ^ 

grouping, -.. : ' • . " .. . . ^ \ > . ' ' ^ 

Alsorithm (Alpo Algdrism)' Any pattern of computa[tionar procedure. . ' . 

An9l6 Th^ set of all points on tWo rays which ^ve thp same^nd*poirit, Th6 epd^point is called the 
uertasf of the ^gle^p' and the tw©, r^ys are called the sides of ft . 

AngiUar Veldcity The amount of rotation per unit 6f time. 

: ApproicinilMe Measur^ ^ Any measure not found by counting. 

^Apprpxiniadon _ : AH- estimated answer. Also a _decimaj_ apprpx^atlon i^_ aj m of finding any. 
desired decimal representation of a number- by placing it within successively smaller intervals. 

Arc If A and B are two points of a, circle with P as center, the arc AB i$ the set of points 'of the circle 
which are in the interior of ^APB and the ^o^points, A and B, the points of intersection of the circle and* 
the angle. ^ — / ^ ^ / • : 

Ar€a off a Sorfaea Area measures the amount of sdrface, ^ ^ 

Arithmstric Means. The terms that should appear between two given ternis so that all the terms will 
be an arithmetic sequence. ■ ' / ^ • . 

Arithiaetle SsQuanee (Also Progfassloii)' V . A sequence of numbers in which there is a coinmon , 
difference between any two successive numbers. ^ ■ . ; \ _ 

Arithmetic Seriu The indicated sum of an arithmetic sequehce^^ ^ V 

Away A rettangular artangement of elements Jn rows and columns. . * * \ 
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Associative Property / A basic mat hametical cqncepVthat the way terms we irouped as certain types * 
^ of operations Are perfonned do 

- - / 

= ^ Aiymmetrie Having no p^nt Hne or plane of symmetry. 

^ Average A measure of centraltendency. See mean. 

Asds of Symme^ A line is called an a«is of symm^^ 
- portions so that every point of one portion is a mirrct image inihefllhe of a cprresponding point in tHt other 

■ portion. r ■ ^ ■ ^ ■ ■ / ^ ■ ^ ' ' ^ ' j'/' 

V * Base The first jEoIIeition in a number series which is used as a special kind of pne,|It is used in 
. combination with the sWialler numbers to form the next riumber in the series. In the decirnal sy^em ^ 
numeration, eleven^ which is one more than the ba^e of 10, literally me|ns 10 and one. Twewty means twp 
tins or two of the bpse. In an expression such as aHp tfie or is called the base and n the eKpbnertt; 

^ Base of a NumeratioD System . The base of a numeration system is the number of luilts in a given 
digits place which must be taken to denote V | - V 

Base Teh^' A system of numeration or a place-value arithmetic using the value 10 as Rs base value* 
Ba^ie Facts The name given to any operational table in a base of plM^ as, basic 

addition tables, subtraction tables, multiplication tables, division tables, power table*, logarithmic tables. 
Basic addition facts include all addition facts in which neither of the addends exceeds 9. Basic subtraction^ 
* V^iacts inci air 

ordered pairs composed of the nui^^bei^ 0 through 9 are called basic multipllcatioh fa^. Basic division 
facts Include all thfe^i vision facts which correspond to the basic multiplication facts such that a/b - c 
provided'b >c c -^a. except a/0 is mteningless for ^ ^ / / 

Betufeenness B is between A and C if A, B and C We distincft points 

■ Bia^ W the method of selictmg samples does not satisfy the condition that every possible sample 
that c^n be drawn has mn equal chance of being selerted. the sampling process is said to be biased. 

^ Binafv Operation An operation involving two numbers such w addition; simU^^ 
involves only one nurnber ^s *lthe square of." _ . , ^ 

Binafv Nameratioii Systfem A system of notation with base two. It requires only two symbols. 0 and 

Bpunded*^ A point set S is bounded if and only if there Is a cte^ (or sphere in3-space)^udijhat S lies 
entirely in the interior of that circle (sphere). \ ^ 

-^.Ctodiiial Number If two sets can be put in one-to-one corresponded 

to have the same cardinal number. A whole number which ans'wers the question of how many in a given 
' finite set is called the ca^Ral number of a iet, ^ 

Cartesian Coordinates In a plane, the elements of ordered pairs which are distances fronf two 
^intersecting lines § axes, which are usually per^ndicular. The distances Ihrom one line is measured along p 
. parallel to the other line. , ' / ^ ' , ^ . 

45artesian Plane A plane described by a Cartesian coordinate system. ' . • 

" Cartesian Product > The CartesiaQ product of two sets A and B. witt^^ and read "A cross B'' is 

the set of all prdered pairs (x, y) such tjiat X e ;^ 
Central Tendency A measure of the trend of occurrences of an event* See tnean, median and mode. 
Cheek To verity the corre^tes of^n ai^wejr or solution. It is not to be conftisrid wlt^ proue. , 
> Circle The set of points in a gi ven planfie Ach of which is at a aivferi distance from a given point of the 
plane. The given pbint is called the centen ^ ; 
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Closed Cui^^ <Sittiple) A path which starts at one point ancl comes b^dk to this pdint without 
intersecting itself represents a sfm^^ ° ^ 

Clpsnret Ptopmrty of A set Is said to have the property of closlire for any given operation If the result 
^lof perforniing the operation Qh any two members of the set is a number uiftichls also a men^ber olthe set. 

Collaetion 'Elements or objects united firom the ^viewpoint of a certain commpn property; as coUecApn 
;Of pictures/ collection df ttanip^. num J - 

Combination : A cornblnation of a set of objects is any subset of a given set/ AH possible combinations 
of the letters a/ b and c are 3, b, c, ab, ac/bc, ahc, Also^ee permutation. 

CpmtDuiadve; Froparty A basic matheniatlcal concept that the order in whicK certain types of 
operations are performed does not affect the result. Addition Is commutativei for example, 2 4-4^4 + 2/ 
Multiplication is cprnrnutativep for exartpls, 2 ^^=^ 2. / 

. Compass (br- Compasses) ^ A tool used to construct arcs and circles, , 

ComplemeAt^ Set The complement of a set S is denoted by 5 and contains all elements in the 
^Universal Set thrt^are not in the set S. ' j ^ 

CompleK Fraetionr^ A A-action that has one or more fractions in its numerator or .d^npf^RTltor. ^ 

Compiai Niimber Any number of the f^^f a + bl where a and b are real nunibefs and = ^1. 

Composita Number . ^A; counting ^^mber which is diyisible byTa smaller counting number dif%rent 
j^om 1/ / / J - . , 

Congruent Two conflgurations U/hicli are such toat . when superimposed every point of either oneL lies 
on the otfier. Two, flg^res have th^ same size and shape. Angies having the same measure are congruent. 

Cpi^^pte Complex Numbers >THe Conjugate of the compleK nurriber a + bl is the complex number 

Co^unetioh A statement consisting of two stetfements connected by the word and. An example is x +. 
y ^ 7 and x^y — 3. The solution set fott B conjunction of this type is the intersection of the solution sets of 
the separate statements* ^~ - . /- / . - ^ -4 

Conditional Equatidn An e^^atlon that is true for only certain values of the variable, for example, x 

+ ■3 - 7. \^ . ^ ■ V ■ V- . ^ } \. 

^ ^ - - ■ ... ;. . ■ . ^ ^' " ^ 

Conie, Conic Section The curves/which can be obtained as plane sectloQS of a right circular cone^ 

Consistent System A^system whose solution set contains at least one mernber. 

- Co^taiit A particular mfember of a specified set^, -■ . _ _ _ . / _ _ _ ___ _ 1 /_: _ :^ 

Gonversent Sequence A sequence that has a limit. ■ 

-. Coordinate Plane A plane^whose points are^ named by oraered pairs of numbers which measure the 
distances Arom two intersecting lines. Each distance is measured firom one line alonq^a parallel to the other 

ling. ■ y . ^1 ^ _ ' \ 

Co^erminal Angles Two angles which have 
in degrees differ by 360 or a rnultipk^f 360. 



ithe same initial and terminal sides but whose measures 



Countable In set theory, an ihflnite set is countable if it can be put into one-to-one correspondence 
with the naturai rtumberSv \ 

Cbuntihg Numbers Thf counting numb . ^'^^ . ' V - ^ . 

Decimal Fraction A linear array of tnttegers that represent afif art ton, every decimal place indicating a 
multiple of a positive or negative power of tern For example, the decimal .1 ^ .12 = .003 

V-:- ■ ^ ' ■ 0-3,.; 'r^ . . 
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Deductive Reasoniiig^ of using previously assumed or known statements to i^k^ aii 

argument for new statements. The .process of making ■inferences by reasoning from the general to the 
speciflc. For comparisoni see Indurtive Reason ^ ' _ - . 

Oms^mm _ In angular mfeasure, a standard unit that is^ of thfe measure a right ^ngle. lit^rc measur#^^^ 
one of^he 36{) equal parts of a circle. ^ 

pegr^a of a Polynomial The general polynomial Oox" + Oi j<^^* + . . / + On^i^* + a'' is said to be of ■ 
degree n if oo — 0. f or example, the degree of the polynomial 4x^ + x—B is 3. 

Datiominator . The lower term in a fraction. It names the number of equal partk into which a numbir is 
to be divided. For example, the denominator of the fraction 3/4 is 4* For comparison see numerator. 

DepMdent Linear Equations . Equations that Have t4ie saipe solution set. _ ^ ^ ^ ^ . 

Deviation The difference between the p^irticular number and th)B average of the set of numbers under , ^ , 
consideration is this deviallpm v : - ,^^-:-^^yT^' ^ . 

Oifferance The answer or result of a subtrattiort.. For 8—5, the difference is 3^ ' ' / . ^ 

Digit Any one of the ten symbols used iff pur* numeratron system: 0,^ 1, 2* 3^ 4* 5, 6, 7* 8/9 (from the ; 
Latin, "digitus." or "finger"). - . . -. - " . _ : 

Diliedral Angle The set Of all points of a line and two noncoplanar half^planes having the given line ^ 
as a common edge.^he line; is called the edge of the dihedral angle. The side or /oce qorisists of the edge 
^and either heUtpiaim, .:V. :_..j.;:. r... :^ A.-: . '^.jj-.^^i:;!^ -:j;-.. * -.iV:-..':^.:/.. 

Direct^ Variation The number y varies directly as the number x if p — foe where k is a cortstant. 
Disc The uniori of a siniple closed curve tn a plane and its interior. : 

Disjtinctiori A statement consisting of two statements connected by or, for exarhple, x =h y ^ 7 orx^y 
w .Z, The Solution set'of this type of disjuriction is th% union of the solution sets of the separate ^atements. 

DisMbutiva Property Links addition and multiplicatibh. Examples of the distributive prbp^rty of. 
rriultiplication over addition are a ~ . . ^ . ; i: :^ /y - .s y..: v 

3 (10 + 4) ^ (3 X id) + (3 X 4) " ^ 

^ 4 (3 + 4^ - (4-x;3) +^{4 K^- : ;-^r;: - V ^ - ; . J:/- ; " / ^ r ^ --.^ ^ ; 

Diversant Sequence A sequence that is not convergent. " / . 

Divisible An integer a is divisible by an integer b if and only if there is some integer c such that b Kc ^ 



--Division The inverie-of multiplication^ The procesi^of flndihg how inany.times one quanti or "number : 
is contained in another. For any real numbers a and b, b ^ 0, d ^ b means a multiplied by the reciprocal of 
b; Also, a-j- b^ A if^nd only if a ^ b^ ^ 

Domain of a Variable 'The set of all possible values of an independent variable of a fiinction. 
Compare range. - 

Duodeciinal Numeration Systeni A system of notation with base twelve. It requires twelve symbols^ 
0. 1. 2, 3, 4. 5, 6, 7. 8. 9, t, E, : \- — 

Edge The lincsegment of inferaection .o^^ [ 

' Elmmmntm In mathematics the individual objerts included in a set. ^ 

Empty Set ' The. set which has no, elements. The symbol for this set is ^ or | ^ . 

> End Point The point on a line from which a ray eKtends is called the end point of the ray. Similarly line 
t segments have <wo endpoints. ^ ^ * - 
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- the relation la eguflf to deM^ ' ^ 

A/ientence (usually «Kpre4ed li> symbols) in which the verb is "ft e^ual toJ V;/ - ; ; ^ 

•Eqtii^^ei^^Qua^sns 'Equations that have the same solution 'set» > J >^ u l - - ■ • - ^ 

Eqtiiva^^ii^ Relation Any relation which Is refleHive, symmetric and transitivei i fort exd^ple*' v-^^ 
Teflexive: a o; symmetric: if a ^ b then b ^ a and transitive : if a % b'and b ^ ^ c, then b ^ c. - * ^ ^ 

Equivalent Fractions ' Two fr^cfions^ which represent the same mimbeii ^ V - V v 

Equilateral Triarigle A triangle whose sides ^ ^ ^ 

^jEstiniSe A quick and frequently mental operation to ascertain the approximate val'le of an lnvplved ^ 

operation. "' . - . . ^ " '.' " :. ■•• ... - J. • ..- ■ ■ - . ■ • "■' . ■ ■ 

EvenNunibW - An integer that Is divisible by 2. All even nui^^ 

Is an Integer. . - '.-S • • v/v ■ ■^-■^ ^- . = .r 

. Expanded E%ponentlal Form The expanded exponential form of a nunpieral Is the form m^ wjhich the 
^additive, multiplicative and place value properties of a numeration syriem are expllaitly/ihdicated^^ 
value of each.plape is written in exponen^ai fomit for example, 365 - 3fl0^) + 6(10*) + 5(10^). * 

Exponent ^ " In the expresslonr a'* the nuniber n is called a^xponent. If a Is a posltive^nteger it indicates 
;^how mariy^imes ci^ls used a^^^ ' ^ ' ^ ^ " ^"^\^'-^'-'^'''''''' ' ^ \ ' 

, ^f = " n^factors . ^ ^ ^'^ - ' ' ,.- " _ ; ' ^ . ^^'^^^ \^ 

Upder other cpnditions exponents can include iero, negatfvelintegers^ rationaUand irrational numbgr^^ ; 
EWpohehtial Equation An equation in whith the Independent variable a 

Ekpohj^ntiai Function A fririiftibn defined by the j^ponential e^atipn ^ where a > 0. - ^ - 

of a 



ExfTanedus Rppts _ Those rodts In the soIdticypLset of a derived (equation whi^ are not members of the = 
solution set of the origlneil tquatlon. [ - . yt^fv r ^ - - . , ^ ^^^v r v: 

Ektt^polatfiig- Vv^Estlr^ than or less thaiv the known valtfes; making 

dnferentees fifpm data W ■ ; . ; ^ 

Fdelpr The Integer m is a factor of the integer n if m H q = ri where q is an integer* The polynomial H(x) 
Is a*f3ctor ofltheipblynomial F W x Q W ^ P (k) where Q (x) if ^ pblS^nomW^ i^ the 

rproce^ of ftf^lng the. factors* . / ^ ' - 

ipictprial: The expression **nfV Is read n factorial, n! ^^ n(n=l) (n-^^^ - ^ 2 x 1. ^ ' - 

Figurata Numbers Figiirate numbers include the Qumbtrs rnore corhinnionly'Teierred to as square 
numbersv triangular numbers, etc. _ ^ & ^ * 

ipinite Set - IBn set theory, a set which ii hot inflnite. A set whose eardirikUnumberis a. whole number. V 

Fraetioh ' Ah indicated quotient of two quantltiea such as ^ wher^ q and b are numbers^ with b not zero. 

Frequency V A collection of data Is generally brganl^ed Into seyet al categqries acc 

intervals or subcollertions. A frequency is the number of sqores or measures in a particular category. 

FraquencyV Cuintulativ^e The sum of frequencies preceding and including the frequency of measures 
in a particular category is the cunriulative fre^ , >^ ' \ . \' 

Freque^ir Dlstributlori A tabulation of tfie frequencies of scof es or measures in each of the 

cat^goriel of datar^ , '\ - ^ = ^ J'--' - " i 

Funetioii A relation in which no two of the ordered pairs have the same first .rmember* Also, 
alternately, a function consists of (1) a set A called the domain, (2) a set B called tlie range, (3) a table* rule, . 
formula or graph which associated each member of A with exactly one member of B. - 
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Fatidam@ntat:Theor#ni of 

pilmesin fssentieilly on€'^ order of tlie primes may di^^ A^ll ba present. 

i_ ternately; : ta eKcept zero ca n be expressed as a unit times a • product of Its. positive pr imes. 

Fandameiital Thebram^ off Fractions If the nuftierator and denominator are both mult ipl led (or 
divided) by the same non-ierb num \ \ ■• . 

G^pmetrie MeMs rThe terms that should appear between two givtn terms so thatall of the terms wUl 
^ Jorni a geometric sequence, - ' ' ' '■ ' - 

Gmpmwttlc S^^^^i^^ A^equence in which the ratio bf any term its pri^deceisbr Is the samt lbrall ' 

-.pterins/ 'Vi'V ^' / - V ■ - : ■ ^ 

OepmeWc Series . ' T 

Graph A pictorial representation of a i set of points associated with a relation which Involves one or 
V more; variables. -r-.- - ' , ^ ^ 'V-^ '^r^-''-^' " ^' - ' 

Greatest Integer Fiiiiction ^ Is daflned by the rule /(x) Is the greatest integer not greater than x. It Is 
usually denotrf by the equation /(x) = . . , _ . : 

Greatest Lower Bound ^ lower bound a of a setS of real numbers is the greatest lower bound of 5 If 
no lowe^ bound p 

H^niisphere > If a sphere is divided into two parts by a plane through Its center, each half Is called a 
hemisphere. ' . ^ ^ , 

Histogram A bar graph representing a frequency distribution. The width of each of the contiguous 
re^angular bars represents the range of measures within a particular category, and the height of each of 
the bars represents the freijuency of measures in the same category. 

Identical Equatibn A statement of equality, usually denoted by ^ which is true for all values of the 
variables. The values of the variable whfch have no meaning are excluded, for example j(x + y)^ P x^ + + 

-^j'^-.v'. . -.- . -l. ■ • . ' - 

Identity A number, I,^in a set of numbers ||^at for a given operation, ^, has the property that ^ bml 
: a for aH a in the set. See Additive Identity and . 5 . r 

Ineonsistent Systeni. dff Equations A system whose sblution set is the empty set; 

Independei^ Events Two events are said to be independent if the occurrence of one does not affect 
the probability of occurrence of the other. ^ " . , ^ 

independent System o£ Equations A system of equations that are not dependent. ^ 

Indax 'The number used. with a radical sign tp Indicate tjie root. (\/^~^ ) In this example the index is 
three*).If no nurnber is used, the index it two. (v'^^ )* ' , 

Inductive Reasoning The process of drawing a conclusion by observing what happens in a number of 
particular cases. Reasoning firom the particular to the general. For comparison, see Deductive reasoning. 

Inequality The relation in which the verb is one of the following— is not equal to* Is greater than or is 
less than* denoted by the symbols respe^ 

. Inflnife Decimal (Also hon^terminating) A decimal^representation that has an unending string of 
digits, other than Mroes, to the right of'the decimal point. * 

'Jnflnite ^Repeatins^Deeinial A decimal represehtatlbn containing a flnitie block of digits which 
repeats endlessly. ? , 

Infinite Set ■ In mt theory, a set which can be placed in one^to^one correspondence with a proper 
subset of itself. ^ , , " ^ * 

Integer Any one of the set of numbers which consists of the natural numbers, their opposltes and zero. 
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inicrMpt^ ^ tt^ and (0,b) are points oa the graph of mi r equation, 

they are called intercepts. The point whose coordinators are (0,0) is the x-intercept, and thi point whos^^ 
■cotirdinatea m^^^^ ' ^ -~ ^^J^-^Y^ /'-^ . / / - , := . . - . ~ 

Interpolation The process of estiniating a value oTa funrtipn between tw values other thpin by 

the rule of the table of th ^ > , .^^^ 

Int jVsMtiiEs Lines . Two or more lines that pasp through a single polnt-in^^^ce * 

Int^sMtion j»f Sets If A and B are sets, the intersectlbn of A and B, denoted by A n* B, is the setof f 
all elemerts which are membfers bf both :A fln^ \ v 

Inv^^se off aii Operation That operation which, when performed after a given operatiqni annuls the 
given operationl Subtraction of a quantity is the inverse of addition of that quantity. Addition is likewise the 
inverse of subtraction. Multiplicatidn and division are inverse operations* / ? 

Inverse Variation The number y is said to vary inversely as the nuiAber x if x ^ y ^ k where k is a. 

constant. •" ■ ■ ^. . . . ^ .• ' ■■ • ; - / . ■ 

Irrational Number An irrational number is not a rational number. That ii, it is a number that cannot 
be Expressed integers^ The union of the: set of rationals and: thfe set of 

irratiorKls"ifytKe^s^ ^.....^^ ....^^^ 

Joint Variation : A quantity varies jointly as two other quantities if the first is equal to the produ ct jof a 
constant and the other two, for example, y varies Jointly ^a^ -locw. *^ f 

Lattice Points An array of points named by ordered pairs. ■ 

Least Comnion Multiple _ The least common multiple of two or more numbers is the common 



multiple which is a factor of all the other conimpn. multiples. _ : ^ ^ . . . ^ - : ■ , ' ..J.-^ 

Least Upper Bound An upper bound b of a set S of real numbers Is the least upper bound of S if no 
upper.' bound of S is less than b. , . , ■ 

Linear Equadoil A^;^quation in standard form in which the sum of the exponents of the variable in 
any term equals one. ForJkample y ^ 3x— 2 is a linear equation. The graph of a Unear equation is a line; 

Linear Measure A measure used to determine length. ^ 

Losaritlim The exponent that saf isfles the equation 2^ =^ n is called the logarithm of n to the base b for 
any given positive number n*- For example, logio 1000 ^ 3 since 10^ ^^1000. 

LowerBdund ~ ^ number a is- bound of set S of real numbers if q<x for every x^:5^ n 

Magic Squai^e A square of numbers possessing the particular property that the sums in each row; 
colunrin and diagonal are the same. ' 

Matrix A rectangular array of numbers. - 

Example ■ . ;■ , .; ■ 
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>Iean In a frequency distribution, the sum of the n measures divided by n Is calledthe mean; The mean 
is commonly called the average. - " ; - 
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Hmmmm^&iA^ Measutfemfirat of Implies that W number ^is aMlgnted 

magnitude. Usually the ass^nment can be .made by a simple comparlspn. The magnitudg of the quantity is 

compared td a "standard* - qirantity, the ^^m which is arbitrarily chosen to have the rneasure K 

Median \ In a frequency distribution^ the measure that Is in the middle when elements are arranged 
: fronl highest to lowest Is called ihe median. Jn geometry, a median of a triangle tp a line-joinicig a verteK to 
the midpoint of the ppposi^ side* j / i ^ 



Mode In a frequency distribution, ^the rneasure *^hich appears most frequently in the set of 
observat i ohs is c^l led t he moa^^hgre liiay he more than one mode iri a set of measures. > 

Modulo Arithmetie For a given positive integer !rii modulo n is 'obtained by using the integers 
^ 0 , . , n 1 and defining addition and multiplication by letting the sum of o and the product of a b be the 
remainder after division by n of the ordinary sunn and product of q and fa, (This is •pften called clock 
arithmetic.) ■ ■ ■■- ■• 

Modulus A statement of the type x i^congruent to y modulus (or modulo) uj. ivJs the modulus of the 
congruency; If 2 is congruent to 9, then the modulus is 7. » ; 

Multiple If o and .fa are integers such that a ^ b >< c where c as an integer, then a is said to be a 
"multiple ^orb: ^ ^.-.-w.^-...^.-^-^^....--.>Ly:-.>^.=:. - .-i-.,^ -^^.^-^..^ 

Multiplication A short method of adding like groups or addends of equal size. It may be illustrated 
PD a number line by counting forward by equal groups. V . ^ ^ 

Multlplicatlye Identity The number I In any set, of nurhbers that has the following property^ I a 
^ a X I = Q for all a in the set. The symbol for the multiplicative identity is usually li . ' y 

Multililicatlve Inverse The multiplicative inverse. of a non^zero number a is the- number fa such 
that a X fa^ 1/It is usually desighated by ior a^'. & 

- :.^:.: 'y: . . ■ \ - ■ ■ , - ^ ^ - - / < 

Mutually Disjoint Sets Tvuo sets having no elements in conimon. 

Mutually Exclusive Evsnts Events which cannot occur sirnultaneously. Mutually eKcIusiye subsets 
are subsets that are disjoint. - 

Natural Numbers Any of the set of counting numbers. The set of natural numbers is an infinite set; 
it has if snniallest rnemb largest member: 1, 2, 3; * ^ ■ ^ . . . . \ 

Null Set , A set containing no elements. It is sometimes called an empty set. Thp symbol for the null 
set ii^ or< _ ^ ^ ■ / ^ ^ ^1 _ 

Number Systein A number systerh consists of a set of numbers, two operations deflned on the set, 
the prbperties^eionging to the set and a definition foir equivalence between any two members of tfie set. 

Numeration System A coding system for recording numerals. Modern systems of numeration arfe 
characterized by a set of symbols, or digits, a place value scheme and a base. ^ 

Numerator The upper term in a fraction. For example, the numerator of the friction 3/4 Is 3. For 
comparison see denominator. " ■■ . \. _ . - - ; 

Numeral ^ A written symbol for a humberg for example, severat numerals for the same number are 8, 
VIII, 7 + 1, 10 - 2, ; , - _ / 

Obtuse Angle If the degree mepsure of an angle is between 90 and ISQ, thte angle is called an 
obtuse angle* ^ ' * \/. - * 

Odd Number An odd number is an integer that is hot divisibte^^2- any number of the form 2n + 1* 
wherein is an integer. ^ . ' 

One^To«Ope Cojrregpondence /A pairing, of the members of a set \4 with members of a second 
set B such that each member of A is paired with exactly one member of B, and each rrieniber of B is paired 
with exactly one member of A 



1 



ERIC 



O^n SenjUiiice : r^^n^dpen sentence is a,seritence inyolying one or arud the^iiestloii of. -. 

'whether it Is true icannbt be decldgd until definite values are given to the variables, for eKatnple» Je + 5 

Ordered iN<Tnple A linear array of numbers (cri, flj, Os* V . VtOn) such that Oi is the first numberp fl2 is W , 
the setqnd numberK^ is the third number, * . and On is the nth nuniber. 

Ordered Pair A pair of numbers (o^b) where a is the fir^ meinber and b is the s^ond member of ' 
the pair, - '•■ _ ' ' ' . . • . . ■ . ^. ■' . _ ; . 

Ordind Naiiiber ^ A number that denotes order4of the. members in a set. j . . . - v 

Ordinate If an ordered pair of numbers (flpd) are coordinates of a polntgP^d is called the ordinate of P. 
For comparisons see Abscissa* . . 

ParaUei Lines^ Two straights lines in a plane that do not intersect however far e?^ended. 

Parali^logram ; A quadrilateral whose opposite sides are parallel - 

Parameter An arbUrary constant or a variable in a mathematical eKpressionp which distinguishes 
various specific cases. v 

Pa^al Prbduet Used in elementary arithmetic with regard tp the written algorithm of multiplica- 
tionT Each^ digit in "the multiplier produces' one jpartial product. The final prdduidt is thfen the sum of thfe 
partial productsr"^^ — 7^:—.^^. .^^^^ ^^^^^ ' . . _\ . . = . ^ ^ 

Partial Quotieiit In long divisidn,L any of the atrial quotients that must be added to obtain the 
complete quotient^ : ■ ' ^ 

Perimeter The sum of the measures of fhe sides of :a polygon. The measure; of the outer boundaryfof ; . 
a polygon region. ^ f 

Period The humber of digits set off by a comma in an integer or the integral part of a mixed decimaL 
In a repeating decimal the periods is the sequence of digit " ^ 

Periodie Fanetioii A fiinction.firom R to Ht where H is the set of real numbers, is called periodic ift 
and only if*/(x) is not the same for all and there is a real number p such that/(je + P) — /(jc) for all x in the 
domain of / The smallest positive number p for which this holds is called the period of the fiihction. 

Permtitatioii ' Permutation is an ordered arrangment of all or part of the members in a set. AH 
possible permutations of theietters, a, b and c are a* b, c, ab, ac, ba, be, ca, cb, abc, acb, b^c, bca, cab, cba. 

Perpendicular Lines Two lines intersecting to form a pair of angles of equal measure are said to 
be perpendicular.^ ~r — : — ^— — _ j — ^ — _ _ _ _ — __ 

Place Value The value of a numeral Is dependent upon its position/ In the number 324, for eKampIe, - 
each digit has a place value 10 times that of the place value of the digit to Its immediate right. 

^Plane Angle ThrQU^h>any point on the edge of a dihedral angle pass a plane perpendicujar to the 
edge intersecting each^de in a ray. The angle formed by thege rays is called the plane angle of the dihedrail 
angle^ . \ ' 

Point Set A cbllection of pbints such as the set of points on a line segment or within a circle, v^., . 

. ' ■ = ■ ~ • ■ " . " ■ ' ' ■ ■ ■ ' 

Polar Coordinates An ordered pair used to represent a complex number. The first member of the 

pair Is the number of units In the radius vector, and the second member is the angle of rotation of the 

radius vertor. ^ / 

.Polygon A simple closed curve which is the union of line segments is called^ po^ 

^Polyhedrpn A solid bounded by plane polygons. The bounding polygons are the /aces, the 
intersections of the faces are the edges arid fhe points where three or more edges intersect are the vertices. 

Polynomial An algebraic eKpression of the form a^x" + ciix""^ + 
designated by the symbol Ffx^i 



EKLC 



^ Polynomial Equation. statement that P(xl^ O,y^ ^- .^^ - - --^--^v ■■ 

Polynomial Fiinrtion A ftihrtion definfed Syra poIyTO equatiort ^/: 'x --*P(K),' - 

PreeisionT The precision of a measurement Ms inversely related to the absolute 'eiroi^^Thus ti\m 
smaller the absdute^nror, the greate the precision, . . = ^ / . T ^ 

v IMme Number. A counting number other than one* wW^ divisible,pnlsf^y Itself and onc*= 

Prism If a ppTyhedrbn has two faces parallei and^ts other faceslrf the form of para 
' called a prism: ' ''^'^ ^ - V; ' ^ ■ ' '-^.^ " " '-y ^^-. - 

Pro6sblIlty The numerical of the Ilkelihobd of an event is called the probability: of the e^ent. It is a 
rational number p such that 0 ^ p^l. ^ > 

Proper Subset A subset R is a proper subset of a set S if J? Is a subset of S and B ^ S. R Is a proper 
subset of Sis indicated by H CS. See Subset, / ' ■* .I - 

Pyramid A pplyhedron, one jof whose faces Is a^polygoh of any number bf sides and whose other faces 
are triangles having a comiTion vertex. ^ ^ : 

Quadrilateral A polygon forrned by the union of 4 Une segments. - ^ 

Quinary System of INrum€ration [ A system of notation wi th the $ a se re quires only tiyg-^ 

symbols or digits-^. If 2* 3, 4. v , ■ ) L-.. V ^ ' ■ 

Radian Measure Angular measure where the unit Is the measure of an angle whose arc on a circle 
with center at vertex of angle Is equal in length to the radius of the circle. 

Radius An^ line segment with one ehdpolnt at the center of a circle and the other endpoint on 
the circle is called a radius of the circie.^ ^ " _ /I 

Radius Vector ; A line segment with one end fixed .d^he origin oh the Cartesian plane and rbtating 
from an Initial position along the positive x-axIs so that its free end point geherates a circle. 

Range (Statistics) The range of the set of numbers is the difference between the largest arid 
smallest numbers In a set. For example, if the set of numbers vary from 7 to 25, the range Is 18. 

^ange (of a Functipn) , the sgt of all elemehts assigned to the elements of the domain by the'rule 
of the ftiric^on/ r ^ 

Rate l'air . An ordered pair of counting numbers which expressed a rate relation — e.g*, aerate of 
exchange. In general, a rate pair ^ where a and b are counting numbers, expresses a ratio of the number of ; 
elements In one set to the number of elements in a second set. ^ 

Ratio \. The relative size of two quantttief expressed as the quotient of one divided by the bth^n the 

ratio of 5 to 3 is written 5:3 or 4 > ^ ^ ^ 

' * , ^'-^ ■ y ■ - - 

Rational Expression A rational expression is a quotient of two polynomials or in symbols ^^'^ 
where P(>c) and are polynomials; 

Rational Number If a and^. b are whole numbers with b not iero< the number represented by the 
fraction f is called a rational nunriber. u 

Rational Numbers of Arithmetic In the elementary schooU one generally defines a set of 
equivalent fractions to be a rational number. Alternatively, a ratiorial number is an equivalence class of 
^rderei pairs of integers a and ^ 0. ^ \ 

Ray Let\A and B be points on a line.— Then ray i4B Is the set which is the union of the segment AB and 
the set of all poLnts C for which It Is true that B is between A and C. The point A is called the end pom* of 

Reciprocal Multiplicative inverse. For example, the reciprocal of 2/3 Is 3/2 hinc^ 2/S\x 3/2 ^1. 

' ■ ■ ' ,. \ ; ■ \ ^ ... r- . '•■v-, , 
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/ Recipirbeal: FuiiGiioii^ Pairs; of ftmctlons in the set of r^l . numbers whpsg product js: 1^ 'for 

;.exampJe,^sin^) (esc ^) — 1^^^ ^ - t , ^ - ^^^^^ ^ ^ - . ^ ' ' — ' V_ 

; ReetangN ; A paralleldgrmn with right-angles : ? M^^^^^ • ; 

r " Reference Triaiiglip For any a^gle on the pirtesian plane with vertek at the oHgIn, the triangle 
fornied by thf radius vector, its projection on the x-axisatid^a line drawn frorn the end of the radius vector: 
perpendicular tp the Ataxia Is called the refefence^i 

Reflation in a Line A point P has a mirror itnage in the line AB if P' and AB all lie in the ; 
sanfe plane with P and P' on opposite sides of and if the perpendicular distances PO and P'O to. the 
point O in AB arc equal. " ^ ? . - * % ^ . 

Reflexive Prpperty If q is any elemerit of a set and if R is a relatipn on the set such that oRo for all 
a, then H if refleKive. ' ' / ' » 

Regioih The union of a simple closed curve and its ^ ' 

Related Ansle For any angle on the Cartesian plane, the related angle is the angle in the refetetice 

: triangle formed^ by the radius vector and X-axis, v . ; V" 
" * " , . • : ■ ; • _ .■ . ■ ^ . ' ■. ^ 

, . Relatipn : A relation firon^ set A to jetvjS (where A and B may represmt the same;set or 
^==jiiny.set of ordered pairs ^^^(^^^^ 

Relative Eirbr ; . Ratio pf the absolute ertdr to the measured v^^ : ^ " 

Relative Frequeney : The relative frequency is the number of measures in a given category divided . 
by the total Tnunnber of measures in all cat egorie^^ 

Relative Prime Two integei^Sre relatively prime if they have no commoh factors other thart +^ or 
^ 1; two polynominals are relatitj^y prSn™e tf they have ho common factors eMcept constant^. 

Repeatins De€imel_ A decimal f^yUon which never ends and ujhi'c h repeats a sequence of digits 
other than all zeros. It is indicated in thif manne^^ 

R^Meted Domain Domain of a functibn or relation ^om which certain numbers are excluded fpir 
^ reasons iuch as division by zero is not permitted and need for the inverse of a*function to be a ftinction. 

Right Angle Any of the four angles obtained at the point of intersection df two perpendicujar lines. 
The angle made by two perpendicular rays* Its measure is M * ; 

Right "Aiangle/ A triangle with one right* angle. / 

^ottndiiifl Off ReplMing digits with leroV td^ a certalrT desig^nated place In aliumbef with the last 
remaining digit being increased or decreased under- Certain specific . : ^ 

Sample Space The set of all possible outcomes of an experiment. 

Scalar In physical science, a quantity haying magnitude but no direction. In a study of matherhatlcal 
vector, any real number, - ^ S^^^ 

Scale A system of marks In a given order and at fixed intervals. Scales are used on rulers^ 
thermometers and other measuring Instruments and devices as an aid in measuring quantities. 

Scientific Nolation A notation generally used for very large or very small numbers inlvhich each 
numeral is cWan^d to the iform & x 10^ where a is real number such that 1 10 and k is any integer. 

Example: / 

' 6,710,000 - 6.71 X 10^ 

; / .000000052 - 5.2 X IQ-s ^ 

Segment For any two points A and the set of points consisting of A and B and all points 
between A and B /is the line segment determined by A and B. Tlie segment Is a geornetrical figure 
while the distarice Is a number which tells how far A Is from B. 
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S^riaf vTh^ sum of a sequence. ; \^ > : : / ; V J^ V/^'^i^V' ' ■ .\ y 

■^^^t • ^ =A coUadtlbn of particular thingSi as a set of ^ri 3 and 5, the ^rt 'St^piirts on thC 

. segment of a line or within a cirole.^^^^^^^^ ^^^^^ ^^^^ ^^^^^^^c^ ; v "/'^ - ■^''1^-%'^ : t : - 

^ 7; -.^ :;- - ; . ^ - . ; 7 ' v-.. ^;;"^: 7 •. ^ : ■ K.. •=■ ; 

Set BnUdi^r Nqtatiob:^ ^^^^^^^^^ des^cribe the member^ of a Vei^ largefor irifinite set, it is qfte^^ipftil t6~ 

denote the set and its memberaasjn tRi^ 0<3efci |^ read '^The set of all if sufch that k 

is a rnember of the set H of real numbers and x is grgater than or equal tg 0 and less than or equal to l.^'^pie 

sifinbol device/ ^ x \x... j ,read/**the s<^ of all x such tha^ set builder notation/ J V ■ 

1 Sisniflcant -pisit / Any digit in a numeral ncK used frSlely fpr placement of the decimal point, for ^ 
example, 703,000; .0056, 5,6Q. ; ^ ^ : ^ ^ ' . ' ■ 

Similar : Two geometric ; figures are similar if one cm be" made , congrueiit tb the ' other by usi ng . a 
transformation of simijitude if one is a fhagnlflcatiqri or reductioh of the other; Geometric figures are 
V similar if their corresponding angles are congruent and ^on'espondlhg line segments proportiohal. 

Skew Lines; - Two lines which are not coplanar are said to be skew. . - - 

Slope 'The slope of a given segment (P|F^J|ns the number such that rn — .^^i^ where Pi is the 
ordered pair (xiri^y a^ ^ . = ^ . ..^.^^ ..^^^ 

Solid Any simple closed surface; the t^rm/ is usually used with reference to polyhedra (rectangular ; 
solids^ pyramids), cylinderSs cones and spheres. . . 

Solution Sat The set of values that satis^ (or make true) an equation or a system bf equatipni. ^ 

Sphere The set of all points in space each of iM^hich is at a g|iven distance from a given point. The given 
point IS ^lled.the.center of the sphere and the given distance is cailed^^jxi^ ug. ^ ^ v.\^ < 

Square A quadilateral formed by four line segments of .equal length which meet at right angles/ 
A. rectangle with sides of equal length. f m ^ : 

Stahdard Deviation The square root of the Vi^rithmetic mean of the squares of the deviations ^ 
firom the mean, ' V \ * 

Statistic An estimate of a pdranieter obtained Arpm a sample, as of the populirtion mean or 
standard deviation. - 

Statistics The concepts/ meaiufes and techniques related to methods of obtaining, organizing 
and auialyzing data ls^ ln(^^ : _ . _iL ^ " ■ . - - " ■ / _; 

Subset A set cpntainid\^Uit^^ of another set. The fac^ 

that*H is a subset pf 5 is indicated by flC See also Proper Subsrt^ ' \ 

Subtoaetion ^ To subtract the real number b from the real number a, add Ihe opposite (additive 
inverse of b) to a; o — b — a + (^b)* AlsOp a b ^ c ifand only if a ^ b + c. 

Siiceessor The successor of the integer a Is the Integer a + 1. - ; 

Sumniation Notation The symbol Sa^. The symbol 2p the. Greek letter '*sigma," corresponds to 

'"^ . . - . ■- " . ■ _ ^ ; ■ -'.^ 'y ^ ' , ■■ 

the first letter of the word * -sum" and is used to indicate the sumrning process. The h and i represent 
the upper and lower' indexes and indicate that the suniming begiris with the Ith term and includes 
the nth term/ for example, - 

% Ofc — "Gg + ^3= ^ + a^, ^ - • ■ ■ < . .'',v - . \ ■ - ^ ^ . .. . 

ikli ^ , , ■ ■ ^ . , \ . ' - ' ' \ " - ■' - - . ■ . _ , =. ■ 

When the summation includes infinitely many terms it Is wrjften ^^fc^ this case there is no last teifin 
n because ^ is not a number.>The symbol 9° ii used to indicate that the summation Is infinite. 



iSinraneMc Prop^intv V "If a and d are any^^lemerils of a set and if R is a ralation on the set such^ 
that tiRb Irnplies bHa, then the relatiort is said to have the symmetric property. / 

Jtmtm In a^phrase which has the form of an indicated sum, i4 + ; B, i4 and B/are calledT teirms of the 
" phrase, ^' ' ^1 ' - ■ - '•/'■■■'^^ \ / \ ■. . ; * ^ v.^: \r ^-^'^ r ^ ■-:::■= 

Terminating Decimal (Also flnitf . decimal) A decimal rrepresentation that ^ 

of digits or that repeats an Infinite sequence of zeros/; ;^ ■ . • 

Topoioi^ A branch of mathematics which is the ' study :^ of properties of point sets which ar^ 
preserved under specific transformations. i-, ' - ^ 

Transitive property If Or,^ and c are any elements . of a set and if R is a relation on the t 
sjit such that oRb and bRc imply oHc, then the relation is said to have the transitive property. . 

Trapezoid A quadilateral with two^ parallel sides. It is sometimes required that the other sides 
hot be parallel. ' J ^ " s v , 

Triangle If i4, B and C are three non-collihea^ points in a gij^en plane, the set of all points in 
the segnients having Ap C as their end points is called ' 

Unary: Operation An operation involving one^ number juch as "'the o^be of V or "the square: 

\^bqunded:^ Not bounded. - , - * 

Unequal Not equal* symbolized^y ^ . \ . ' ■ ■ 

Union of Sets . If A and B are twb sets, the union of A and B is the set A u B which 
\xontains all the elements and only those elements that ^re in A or in B, for example/ A |2pSf3|t 
' B - { 5,2,7,6 [ then A U B - \ 2,8,3,5,7,6 ). . : . ■ r: -, \-: . . -.. ^ - .. 

Unique One and only^^ne. * i " * > 

Universal Set The largest set under consideration in the contest of a problem situation. 

Upper Bound A number b is called an uppei^ bound of a set S^of real numbers If b^x for every 

x Vs: - ■ ■ - ■ . -■ - : - ■ : " '\ ' : . ^ 

Variable A letter used to denote any one of a given set of numbers. Another name' for variable Is 
placeholder in an equationi for example, X + 5 — 7. * 

Victor In^ physical science, a quantity having magnitude and direction. In/matheitiatics a vector 
is a matrix of one row oFOM - - — - - - ^ - - 

da 
03 

Vertesi The point of intersection of two or more rays or line' segments. A vertex in 3-space is 
formed such as for a polyhedron where 3 or more edges intersect. The plural form of vertex is vertices^ 

Volume The anmount of space occupied by a solid or enclosed within it. 

Whole Numbers The whole numbers are 0,1, 2j3*4? - ' • * ' 
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VDafRiimatical^yiftbols 

V 





is not equal to 




is approximately equil |o \ 




is greater, than ' 




is not'greater than v 


< 


is less than 




is not: less than 




Is greater4han or equel to:^^ 




is not'greatGr than or equal to 




is less than or equal to 




is not less than or equii to 




IS a subset 01 \ Ir 


C/ - -T- - - 


is a proper subset of ^ 


^ '' ' ^ -. ' 


is congitient to 




is similar ip V , 




is ^rt element of 


4" 


Js not an element of 




universal set ^ - ; v 
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solution set 




complement set 




Cartesian produ^ s€tofsgtsi4 andB 




is interpreted as inhere 0 ^ 0 






- II r - . 


is parallel to 




is perpendicular to 




straight line containing points 




A and B 




straight line segmerit with end points 




A andB. 




. ray from point i4 through point B 




ordered pair 0 and b 


- H 


set containing elements a 
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" " w elements ■ ^-j^ '^ V' ■':/;'=^ ^jV^J 



^ \ l ' ^ I J the empty srt \:v. v l ; , ! Z^- • 

>\ ^4BC trfan^e with varices Ap B/fand C 

applies to any {^ygon 



\ □!□ > 5 k the set of all □ in the upiversal 

■ '"'-■}:'-' -izl^ v set such that Q great€^hdn 5 

Q:b ' ratio of a to b (al&o whttm-i): 



ij ^ union' of two sets 

n ^ intersection of two sets 
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eers in Mathematics 



To the middla grades teacher _ 

The_ purpose of this career education material l| to provide ^ggestions to help students, becom% aware of 
matheniatlcs in various careers. 



* SWsgested activities 

uimphasis m^career education In the elementary school Is on awareness and eKploration, not t^n career 
deci^On makings Career awareness should be appropched through tnulti-dlsciplinary stydleSr for instance,.^ 
through the study of comrnunity helpers. At the same tinie the service occupations are studied, other types 
of occupations should also be corisldered. .The brbchurie enclosed here may be reproduced and used to 
. help stmulate career awareness an . l.^ 

Some pahs for Its use Include these/ \ ^ ^ . ' / \ / 

^duce at least one copy for each child. , ^ 

2) Let^st^lents circle those occupations that represertf people they know. " — 

3) fi^CDurag|j^our students to W 

4) ^Have your students talk with a few people In these vmous occupations. Help them pose some questions 
they might ask. Here are some iampIfeSp : i ^ ^ ^ . • 

/ a) What do you do? : 

b) What do you like afeout your work? . . 

c) What don't you like about your work? ' / ^ 

d) What do I n ^ed to learn (especially in mathema^^ 

e) When do you work? ^1 i \ ? 

f) Where do you do your work? . \ 



g) Would yoi^ come talk to our class a^out your work? , 

S) Work In small groups (u^th individuals) discussing, "'What kinds of things 1 like to do" or, "'How I fe^^I 
about these jobs." 



.6) Let the student use the sanie sheet to identic or state different carers that they might be Interested in 
; pursuing.' ^ . " ■ ' ^ " ^ ^ ; ^ r -/ / ' 

7) Encourage them to use available resources (e.g., from the media center— books, films, film strips; local 
public library, people In the communityr material In counselor's office) for a presentation (oral or 

- written). ^ ■ ■■ ' ■ - ■ • , ■ : . ■ , ' 

8) Let them play **Twenty Questions" or *'\^hat*s My 'Line" with students playing roles in various 
occupations. v - - 

■ ■ ■■■ ■ •■ ■■ ■ ■ c-i . ' • ■ .. '. 
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mi^™^TISB|APMTOFMFUT^ 

:Yes. Qur sociily using 'njatteatics more and 
more. More doors are closed without it, ; . 



^CANIGETAJOBAFTERfflGHSeHpOLWlTHOUT- 
- TAKING MATHEMATICS?: . ■ , 

YbS| but the.bBtter youcan do mithematicryoii may 
■ have mQre.chences for jobs and fpidvanceraent. 



i 



WHAT IS TIffi BEST WAY TO PREPARE FOR MY 
FUTURE WHILE I AM IN MIDDLE GRADES AI^D 
HIGHSCHOOL? ' . / . . 

'■■ . ■ ! . I ■ . • . ■ ■ . . ... • . . ,. 

L ■ •. • •. ■■ i ■ r.' ■■ 

You can expect mathematics to be needed for your 
future workrin schools inH "jobs;: You ;need to^be"' 
ready. Study mathematics now and in.highschDol to 
increase the number of careers available to you. ' 



DO I NID MATli^TIGS INHIGH SCHOOL IF I 
PLAJJ IO AriND VOCATIONAL SCHOOL? 

Yes. y^ou should elect as many matheinatics courses 
as you can schedule, . ■ , . 



Dp I NEED , MATHEMATICS TO PMPARE FOR 
XOIiEGE? . . 



Yesrthe colleie program you-plan )vjlI determine the 
lematics you need 



... , . - . 

CAN I EXPECT MY EARNINGS TO INCREASE AS 
A RESULT OF STUDYING MORE AND MORE 
MATHEMATICS? - ■ >, 

"^Whilrmoney-jsimpQitant-i^henjeledtinp 
pu should include . . 
' • jgb latiefiction , 
,# job security 

• oppoftunitiis for advanceniint / -v 
i employee benefits ■ 



HOWCMMMOREINFOE^^ 

, ! Mathematics teachers- 

, ■• Sourcea in- the guidance office/ such as .the 
curpt edition of Occupafional Ofc 
book ' - - ■ 
t Sources in the media center 

. • Sources in .the cifaer education center ■ : 
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Federal law prohibits disenmination on *he basts oi raee, eolor or national origin {Title VI of th€ Civil Rights Act of 1964); i^x (Titlt IX of lh€ 
Educatjonal Amendments of 1972and Title II of the Vocational Education Amendmenti of 1976); or handicap (Section 504 of the Rehabilitation Act 
of 1973) in educational programs or activ/ihes receiving federal financial assistance^ . , ' . 

Empbyees, students and the general public are hereby notified that the Georgia Department of Education does not diieriminate in any educational 
programs or activities or in employment policies, . . " 

The following individuals have been designated as tlie employees reiponiible for coordinating the department's effort to implement this 
nondiicrimmatorv policy. . .. " 

Title — ^Loydia Webtefj V^atKjnal Equity Coordinator ' = 
' Title VI=Pfeyton WTdJiarnSi Jr^» AsstKiate Superintendent of State SchooU 

Title DC — Myra Tolbert, Coordinator , ^. . - . , 

^ Seetioh 504=Jane Lee, Coordinator of Special Education . 

. Inquirie& concerning the application of Tille II, Title^Vj, Title IX of Section S04 to the policiesand practices of the department may be addressed to 
the persons listed above at the Georgia Department of Education, Twin Towers East. Atlanta 30334; to the Regional Office for Civil Rights, Atlanta 
30323: or to the Director, Office for Civil Rights/Education Department,^ - , 



Division of Curriculum Sarvices 
Office of Instructional Services 
: Georgia Department of Education 
Atlanta, Georgia 30334 r 
Charles McDahicl '^ 
State Superintendent of Schools 
1982 



m 



ERIC 



